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PREFACE 

This is the third edition of Principles of Real Analysis, first published in 1981. 
The aim of this edition is to accommodate the current needs for the traditional 
real analysis course that is usually taken by the senior undergraduate or by the 
first year graduate student in mathematics. This edition differs substantially from 
the second edition. Each chapter has been greatly improved by incorporating new 
material and by rearranging the old material. Moreover, a new chapter (Chapter 6) 
on Hilbert spaces and Fourier analysis has been added. 

The subject matter of the book focuses on measure theory and the Lebesgue 
integral as well as their applications to several functional analytic directions. As in 
the previous editions, the presentation of measure theory is built upon the notion of 
a semi ring in connection with the classical Caratheodory extension procedure. We 
believe that this natural approach can be easily understood by the student. An extra 
bonus of the presentation of measure theory via the semiring approach is the fact 
that the product of semirings is always a semi ring while the product of a-algebras is 
a semiring but not a a-algebra. This simple but important fact demonstrates that the 
semiring approach is the natural setting for product measures and iterated integrals. 

The theory of integration is also studied in connection with partially ordered 
vector spaces and, in particular, in connection with the theory of vector lattices. 
The theory of vector lattices provides the natural framework for formalizing and 
interpreting the basic properties of measures and integrals (such as the Radon
Nikodym theorem, the Lebesgue and Jordan decompositions of a measure, and the 
Riesz representation theorem). The bibliography at the end of the book includes 
several books that the reader can consult for further reading and for different 
approaches to the presentation of measure theory and integration. 

In order to supplement the learning effort, we have added many problems (more 
than I 50 for a total of 609) of varying degrees of difficulty. Students who solve a 
good percentage of these problems will certainly master the material of this book. 
To indicate to the reader that the development of real analysis was a collective effort 
by many great scientists from several countries and continents through the ages, 
we have included brief biographies of all contributors to the subject mentioned in 
this book. 

ix 
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CHAPTER } _____________ _ 

FUNDAMENTALS OF REAL 
ANALYSIS 

If you are reading this book for the purpose of learning the theory of integration, 
it is expected that you have a good background in the basic concepts of real 
analysis. The student who has come this far is assumed to be familiar with set 
theoretic terminology and the basic properties of real numbers, and to have a good 
understanding of the properties of continuous functions. 

The first section of this chapter covers the fundamentals of set theory. We have 
kept it to the "minimum amount" of set theory one needs for any modem course 
in mathematics. The following two sections deal with the real and extended real 
numbers. Since the basic properties of the real numbers are assumed to be known, 
the fundamental convergence theorems needed for this book are emphasized. Sim
ilarly, the discussion on the extended real numbers is focused on the needed results. 
The last two sections present a comprehensive treatment of metric spaces. 

1. ELEMENTARY SET THEORY 

Throughout this book the following commonly used mathematical symbols will 
be employed: 

V means "for all" (or "for each"); 
3 means "there exists" (or "there is"); 

==> means "implies that" (or simply "implies"); 
{:::::> means ''if and only if." 

The basic notions of set theory will be briefly discussed in the first section of this 
chapter. It is expected that the reader is familiar in one way or another with these 
concepts. No attempt will be made, however, to develop an axiomatic foundation 
of set theory. The interested reader can find detailed treatments on the foundation 
of set theory in references [8], [13], [17], and [20] in the bibliography at the end of 
this book. 
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The concept of a set plays an important role in every branch of modem math
ematics. Although it seems easy, and natural, to define a set as a collection of 
objects, it has been shown in the past that this definition leads to contradictions. 
For this reason, in the foundation of set theory the notion of a set is left undefined 
(like the points and lines in geometry), and is described simply by its properties. 
In this book we shall mainly work with a number of specific "small" sets (like 
the Euclidean spaces lR" and their subsets), and we shall avoid making use of the 
"big" sets that lead to paradoxes. Therefore, a set is considered to be a collection 
of objects, viewed as a single entity. 

Sets will be denoted by capital letters. The objects of a set A are called the 
elements (or the members or the points) of A. To designate that an object x 
belongs to a set A, the membership symbol E is used, that is, we write x E A 
and read it: x belongs to (or is a member of) A. Similarly, the symbolism x ¢. A 
means that the element x does not belong to A. Braces are also used to denote 
sets. For instance, the set whose elements are a, b, and cis written as {a, b, c}. A 
set having oniy om: element is called a singleton. 

Two sets A and B are said to be equal, in symbols A = B, if A and B have 
precisely the same elements. A set A is called a subset of (or that it is included in) 
a set B, in symbols A s; B, if every element of A is also a member of B. Clearly, 
A = B if and only if A s; B and B s; A both hold. If A s; B and B =/; A, then A 
is called a proper subset of B. The set without any elements is called the empty 
(or the void) set and is denoted by 0. The empty set is a subset of every set. 

If A and B are two sets, then we define 

i. the union A U B of A and B to be the set 

AU B = {x: x E A or x E B); 

ii. the intersection A n B of A and B to be the set 

An B = {x: X E A and X E B}; 

111. the set difference A \ B of B from A to be the set 

A\ B = {x: x E A and x rf. B). 

The set A\ B is sometimes called the complement of B relative to A. Two sets A 
and B are called disjoint if A n B = 0. 

A number of useful relationships among sets are listed below, and the reader is 
expected to be able to prove them: 

1. (AU B) n C =(An C) U (B n C); 
2. (An B) U C =(AU C) n (B U C); 
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3. (AUB)\C=(A\C)U(B\C);· 
4. (AnB)\C=(A\C)n(B\C). 

The identities (I) and (2) between unions and intersections are referred to as the 
distributive laws. 

We remind the reader how one goes about proving the preceding identities by 
showing (I). Note that an equality between two sets has to be established, and this 
shall be done by verifying that the two sets contain the same elements. Thus, the 
argument for (I) goes as follows: 

xE(AUB)nC ¢:=::> xEAUBandxEC ¢:=::> (xEAor.rEB)andxEC 

¢:=::> x E An C orx E B n C ¢:=::> x E (An C) U (B n C). 

Another useful concept is the symmetric difference of two sets. If A and B are 
sets, then their symmetric difference is defined to be the set 

At:.B =(A\ B) U (B \A). 

The concepts of union and intersection of two sets can be generalized to unions 
and intersections of arbitrary families of sets. A family of sets is a nonempty set 
:F whose members are sets by themselves. There is a standard way for denoting 
a family of sets. If for each element i of a nonempty set I, a subset A; of a fixed 
set X is assigned. then (A;};E/ (or (A;: i E /}or simply (A;}) denotes the family 
whose members are the sets A;. The nonempty set I is called the index set of the 
family, and its members are known as indices. Conversely, if :F is a family of sets, 
then by letting I = :F and A; = i for each i E I, we can express :F in the form 
(A;};E/· 

If (A; };E1 is a family of sets, then the union of the family is defined to be the set 

U A;= (x: 3 i ~I such thatx E A;}. 
IE/ 

and the intersection of the family by 

nA; = (x: X E A; foreach i E /}. 
IE/ 

Occasionally. uiE/ A; will be denoted by u A; and niE/ A; by n A.;. Also, if 
I = IN = (I. 2 .... } (the set of natural numbers), then the union and intersection 
of the family will be denoted by U~1 A, and n~1 A,, respectively. The dummy 
index n can be replaced, of course, by any other letter. 
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The distributive laws for general families of sets now take the form 

( U A;) n B = U<A; n B) and 
ie/ ie/ 

( n A;) U B = n (A; U B). 
ie/ ie/ 

A family of sets {A;};er is called pairwise disjoint if for each pair i and j 
of distinct indices, the sets A; and A j are disjoint, i.e., A; n A j = (/). The set 
of all subsets of a set A is called the power set of A, and is denoted by P(A). 
Note that (/) and A are members of P(A). For most of our work in this book, 
subsets of a fixed set X will be considered (the set X can be thought of as a frame 
of reference), and all discussions will be considered with respect to the basic 
set X. 

Now, let X be a fixed set. If P(x) is a property (i.e., a well-defined "log
ical" sentence) involving the elements x of X, then the set of all x for which 
P(x) is true wiii be denoted by {x EX: P(x)j. For instance, if X = {1, 2, ... j 
and P(x) represents the statement "The number x EX is divisible by 2," then 
{x EX: P(x)J = {2, 4, 6, ... }. 

If A is a subset of X, then its complement A e (relative to X) is the set A e = 
X\ A= {x EX: x ¢A}. It should be obvious that (Ae)c =A, An Ae =(/),and 
A U A e = X. Some other properties of the complement operation are stated next 
(where A and B are assumed to be subsets of X): 

5. A \ B = A n Be; 
6. A~ B ifandonlyif Be~ Ae; 
7. (AU B)e = Ae n Be; 
8. (AnB)e=AcuBe. 

The identities (7) and (8) are referred to as De Morgan's 1 laws. The generalized 
De Morgan's laws are going to be very useful, and for this reason we state them 
as a theorem. 

Theorem 1.1 (De Morgan's Laws). For a family {A; };er of subsets of a set 
X, the following identities hold: 

and ( nA;)e = UA~. 
IE/ ie/ 

1 Augustin De Morgan ( 1806-1871 ), a British mathematician. He is well known for his contributions 
to mathematical logic. 
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Proof. We establish the validity of the first formula only, and we leave the 
verification of the other for the reader. Note that 

x E ( u A;)c <==? x fl. u A; <==?X fl. A; for all i E I 
iel le/ 

<==?X E A~ for all i E 1-<:::=>x En A~, 
iel 

and this establishes the first identity. • 
By a function f from a set A to a set B, in symbols f: A--+ B (or A~B or 

even x ~ f(x)), we mean a specific "rule" that assigns to each element x of A a 
unique element y in B. The element y is called the value of the function f at x (or 
the image of x under f) and is denoted by f(x), that is, y = f(x). The element 
y = f(x) is also called the output of the function when the input is x. The set A 
is called the domain off, and the set (y E B: 3 x E A with y = f(x)J is called 
the range of f. It is tacitly understood that the sets A and B are non empty. 

Two functions f: A --+ B and g: A --+ B are said to be equal, in symbols 
f = g, if f(x) = g(x) holds true for each x E A. A function f: A --+ B is called 
onto (or surjective) if the range off is all of B; that is, if for every y E B there 
exists (at least one) x E A such that y = f(x). The function f: A --+ B is called 
one-to-one (or injective) if xi =I= x2 implies f(xi) =I= f(x2). 

Now, let f: X --+ Y be a function. If A is a subset of X, then the image f(A) 
of A under f is the subset of Y defined by 

f(A) = (y E Y: 3 x E A such that y = f(x)J. 

Similarly, if B is a subset of Y, then the inverse image f- 1 (B) of B under f is 
the subset of X defined by f-I(B) = (x EX: f(x) E B). Regarding images and 
inverse images of sets, the following relationships hold (we assume that (A; lie/ is 
a family of subsets of X and (B1 }1e1 a family of subsets of Y): 

9. f(Uie/ A;) = Ule/ f(A; ); 

10. J<ne,A,) s; ne,f(A;); 

11. f-I(Uie/B;) = Ule/f-I(B,); 
12. f-I<ne/B;) = ne,f-I(B;); 
13. f-I(Bc) = u-I(B))c. 

Given two functions f: X --+ Y and g: Y --+ Z, their composition go f is the 
function g o f: X --+ Z defined by (g o f)(x) = g(f(x)) for each x E X. 

If a function f: X --+ Y is one-to-one and onto, then for every y E Y there 
exists a unique x E X such that y = f(x); the unique element x is denoted by 
f- 1 (y ). Thus, in this case, a function f- I: Y --+ X can be defined by f- I (y) = x, 
whenever f(x) = y. The function f-I is called the inverse of f. Note that 
(f o f-I)(y) = y for ally E Y and (/-I o f)(x) = x for all x EX. The latter 
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relations are often written as f o f- 1 = ly and f- 1 of= lx, where lx: X-+ X 
and ly: Y -+ Y denote the identity functions; that is, lx(x) = x and /y(y) = y 
for all x E X and y E Y. 

Any function x: IN -+ X, where IN = {I, 2, ... } is the set of natural numbers, 
is called a sequence of X. The standard way to denote the value x(n) is by x 11 

(called the n1h term of the sequence). We shall denote the sequence x by {x11 }, 

and we shall consider it both as a function and as a subset of X. A subsequence 
of a sequence {x11 } is a sequence {y,} for which there exists a strictly increasing 
sequence {k11 } of natural numbers (that is, 1 ::;: k1 < k2 < k3 < · · ·) such that 
y, = Xk., holds for each n. 

If now {A; };er is a family of sets, then the Cartesian2 product ri;eJ A; (or 
riA;) is defined to be the set consisting of all functions f: I -+ Uie/ A; such that 
x; = f(i) E A; for each i E I. Such a function is called (for obvious reasons) a 
choice function and quite often is denoted by (x;);er or simply by (x;). 

If a family of sets consists of two sets, say A and B, then the Cartesian product 
of the sets A and B is designated by A x B. The members of A x B are denoted 
as ordered pairs, that is, 

Ax B ={(a, b): a E A and bE B). 

Clearly, (a, b)= (at, bl) ifandonlyifa = Ot andb = bt. Similarly, the Cartesian 
product of a finite family of sets {A 1, ••• , A,} is written as A 1 x · · · x A, and its 
members are denoted as n-tuples, that is, 

A 1 x · · · x A,= {(a1, ••• , a,): a; E A; for each i = 1, ... ,n}. 

Here, again (at, ... , 0 11 ) = (bt, ... , b,) if and only if a; = b; fori = 1, ... , n. 
If At = A2 = · · · = A 11 =A, then it is standard to write At x · · · x A, as A". 
Similarly, if the family of sets {A; };er satisfies A; = A for each i E I, then ri;er A; 
is written as A1, that is, A1 = {f If: I-+ A}. 

• When is the Cartesian product of a family of sets {A;};er nonempty? 

Clearly, if the Cartesian product is nonempty, then each A; must be nonempty. 
The following question may, therefore, be asked: 

• If each A; is nonempty, is then the Cartesian product riA; nonempty? 

Although the answer seems to be affirmative, it is unfortunate that such a state
ment cannot be proven with the usual axioms of set theory. The affirmative answer 

2Rene Descartes or Cartesius (1596-1650), an influential French philosopher and mathematician. 
He is the founder of analytic geometry. 
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to the last question is known as "the axiom. of choice." This axiom will be assumed 
throughout this book without further explanation. One of its forms is stated below. 

Axiom of Choice. If {A; lie/ is a nonempty family of sets such that A; is 
non empty for each i E I, then n A; is nonempty. 

A useful equivalent formulation of the axiom of choice is the following: 

• If {A; };er is a non empty family of pairwise disjoint sets such that A; i= (/)for 
each i E I, then there exists a set E ~ U;er A; such that En A; consists of 
precisely one element for each i E I. 

For a discussion of the axiom of choice and its history, the reader is referred to 
[8] and [13]. 

By a (binary) relation on a set X we simply mean a subset n of X x X. If 
(X, y) E R., then X is said to be in the relation R. with y, and this is denoted 
by xR.y. Among the most interesting relations are the equivalence relations. A 
relation n on a set X is called an equivalence relation if it satisfies the following 
three properties: 

a. xnx for each X E X (reflexivity). 
b. If xny, then yR.x (symmetry). 
c. If xR.y and yR.z, then xR.: (transitivity). 

Let n be an equivalence relation on a set X. Then the equivalence class 
determined by the element x E X is defined by [x] = {y EX: xR.yl. It is easy to 
observe that any two equivalence classes are either disjoint or else they coincide. 
Since X E [x] for each X E X' it follows that n partitions X. That is, there exists 
a family {A; lie/ of pairwise disjoint sets (here, the family of equivalence classes) 
such that X = U;er A;. Conversely, if a family of pairwise disjoint sets {A; };er 
partitions X (i.e., X= U;er A;), then by letting 

n = { (x, y) E X x X: 3 i E I such that x and y are in A;}, 

an equivalence relation is defined on X whose equivalence classes are precisely the 
sets A;. Thus, the equivalence relations on a set correspond precisely in one-to-one 
fashion with its partitions. 

Another important type of relation is an order relation. A relation, denoted 
by ;::::, on a set X is said to be a partial order for X (or that X is partially ordered 
by ;::::) if it satisfies the following three properties: 

a. x ;:::: x holds for every x E X (reflexivity). 
{3. If x ;:::: y andy ;:::: x, then x = y (antisymmetry). 
y. If x ;:::: y and y ;:::: z, then x ;:::: z (transitivity). 
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An alternative notation for x :::: y is y 2::: x. A set equipped with an order 
relation is called a partially ordered set. 

Now, let X be a partially ordered set. A subset Y of X is said to be a chain if 
for every pair x, y E Y, either x :::: y or else y :::: x; a chain is also referred to as a 
totally ordered set. If Y is a subset of X such that x :::: u holds for all x E Y and 
some u E X, then u is called an upper bound of Y. An element m E X is called 
a maximal element of X whenever the relation m :::: x implies x = m. (Warning: 
A partially ordered set may contain more than one maximal element.) 

The next statement guarantees the existence of maximal elements in certain 
partially ordered sets. It is known as Zorn 's3 lemma, and it is a powerful tool in 
analysis. 

Zorn's Lemma. If eve I)' chain in a partially ordered set X has an upper bound 
in X, then X has a maximal e!emellt. 

Zorn's lemma (as a statement) is equivalent to the axiom of choice. For a detailed 
discussion, see [13]. 

EXERCISES 

1. Prove statements 2 through 13 of this section. 
2. For two sets A and B show that the following statements are equivalent. 

a. A£;B. 
b. A UB =B. 
c. A nB =A. 

3. Show that (AAB)AC = AA(B AC) hold for every triplet of sets A, B, and C. 
4. Give an example of a function f: X --+ Y and two subsets A and B of X such that 

f(A n B)=/= /(A) n /(B). 
5. For a function f: X --+ Y show that the following three statements are equivalent. 

a. f is one-to-one. 
b. /(An B)= /(A) n /(B) holds for all A, B E P(X). 
c. For every pair of subsets A, B of X satisfying An B = 0. we have /(A) n 

/(B)= 0. 
6. Let f: X --+ Y be a function. Show that f(/- 1 (A)) £; A for all A £; Y, and 

B £; r 1<f(B)) for all B £;X. 
7. Show that a function f: X --+ Y is onto if and only if f(/- 1 (B)) = B holds for all 

B £; Y. 

8. Assume X -4 Y -4 Z. If A£; Z, show that (go f)- 1(A) = r 1(g- 1(A)). 
9. Show that the composition of functions satisfies the associative law. That is, show 

that if X -4 Y -4 Z ..!4 V, then (h o g) ~ f = h o (g o f). 

3Max Zorn (1906-1993), a German-born American mathematician. He worked in settheory,topo1-
ogy, and algebra. 
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10. Let f: X ~ Y. Show that the relation "R. pn X, defined by x 1 "R.x2 if f(:q) = f(x2), 
is an equivalence relation. 

11. If X andY are sets, then show that P(X) n P(Y) = P(X n Y) and P(X) U P(Y) £; 
P(X U Y). 

2. COUNTABLE AND UNCOUNTABLE SETS 

In this section we shall deal with questions concerning the "size" of a set. Two 
sets are said to have the "same number of elements" if their elements can be put 
in one-to-one correspondence with each other. By a one-to-one correspondence 
between two sets A and B, we mean a function f: A --+ B that is one-to-one and 
onto. 

Definition 2.1. Two sets A and Bare said to be equivalent (in symbols A~ B) 
if there exist~ a fwzction f: A --+ B that is one-to-one and onto. 

It is easy to verify that for sets the following properties hold: 

I. A~ A. 
2. If A ~ B, the B ~ A. 
3. If A ~ B and B ~ C, then A ~ C. 

The dividing line for the sizes of sets is the set of natural numbers IN= { 1, 2, 
3, ... } . Any subset of IN of the fonn { 1, ... , n} is called a segment of IN, and n is 
called the number of elements of the segment. Clearly, two segments { 1, ... , n} 
and { 1, ... , m} are equivalent if and only if n = m. This shows that a proper 
subset of a segment cannot be equivalent to the segment. 

A set that is equivalent to a segment is called a finite set. The empty set is 
also considered to be finite with zero elements. A set that is not finite is called an 
infinite set. 

Definition 2.2. A set A is called countable if it is equivalent to IN, that is, if 
there exists a one-to-one correspondence of IN with the elements of A. 

There is a standard notation for a countable set A. It is usually written as 
A = {a1, a2, ••• }, often called an enumeration of the set A, and it indicates the 
one-to-one correspondence of A with the set of natural numbers IN. 

An infinite set that is not countable is called an uncountable set. Our first result 
compares the infinite sets with the countable ones. 

Theorem 2.3. Eve1y infinite set contains a countable subset. 

Proof. Let A be an infinite set; clearly A =1= (/). Pick a 1 E A, and consider the 
set A 1 = A \ {a 1 } . Since A is infinite, A 1 is nonempty. Pick a2 E A 1, and consider 
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the set A2 \ {a1, a2}. By the same arguments, there exists an element a3 E A2. 
Proceeding in this way, a set {at. a2, a3, ... } is obtained tha~ is clearly countable 
and by construction it is a subset of A. • 

The following two principles of the natural numbers are needed in order to 
establish more properties of the countable sets. The first property is known as the 
"well-ordering principle" of IN. Keep in mind that a subsetS of IN is said have 
a least (or a first) element if there exists k E S such that k :5 n for each n E S; 
clearly k is uniquely determined. 

THE WELL-ORDERING PRINCIPLE. Eve1y nonempty subset ofiN has 
a Least element. 

The second property of IN that is needed is known as the "principle of mathe
matical induction," and is a powerful tool in mathematics. 

THE PRINCIPLE OF MATHEMATICAL INDUCTION. /fa subsetS of 
IN satisfies the properties 

a. I E S, and 
b. n + 1 E S whenever 11 E S, 

then S = IN. 

We now continue our discussion about countable sets. 

Theorem 2.4. Every subset of a countable set is eitherfinite or else countable. 

Proof. Let A be a subset of a countable set. Assume that A is not finite; then 
it will be shown that A is countable. An easy argument shows that one can assume 
without loss of generality that A is a subset of IN. 

Now, define a function f: IN -+ A inductively as follows: f (I) = the least ele
ment of A (that exists by the well-ordering principle); and then if f(l), ... , f(n) 
have been defined, let f(n +I) be the least element of A\ {f(l), ... , f(n)}. (The 
least element again exists by the well-ordering principle, and the fact that A is not 
finite.) It is now left to the reader to verify that f is one-to-one and onto. Thus, 
A~N • 

It is interesting to observe that (in contrast with the finite sets) an infinite set 
can be equivalent to some of its proper subsets. To see this, let X = {2, 4, 6, ... }, 
and note that X is a proper subset of IN. Now the function f: IN -+ X, defined by 
f(n) = 2n for each n, is one-to-one and onto, so that X ~IN. 

Some useful characterizations to ensure that an infinite set is countable are 
presented next. 

WIN7
Rectangle
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Theorem 2.5. For an infinite set A, t~e following statements are equivalent: 

i. A is countable. 
ii. There exists a subset B of lN and afwzction f: B --+ A that is onto. 

iii. There exists a function g: A --+ 1N that is one-to-one. 

Proof. (i) ==> (ii) Since A is countable, there exists f: lN --+ A that is one
to-one and onto. Thus, (ii) holds with B = 1N. 

(ii) ==>(iii) Assume that B is a subset of 1N and that f: B --+ A is an onto 
function. Note that since f is onto, f- 1(a) = {n e B: f(n) =a) is nonempty 
for each a e A. Now, define g: A --+ 1N as follows: g(a) =the least element of 
f- 1 (a); this natural number exists by the well-ordering principle. To complete the 
proof, it must be shown that g is one-to-one. Indeed, if g(a) = g(b) holds, then 
a = f(g(a)) = f(g(b)) = b also holds, which shows that g is one-to-one. 

(iii)==> (i) Assume g: A --+ lN to be one-to-one. Then A ~ g(A). Since A is 
(by hypothesis) infinite, g(A) is an infinite subset of 1N, and hence, by Theorem 2.4, 
g(A) ~ 1N holds. Therefore, A ~ 1N holds, and the proof is complete. • 

The next two results are consequences of the preceding theorem. The first one 
asserts that the countable union of countable sets is countable. 

Theorem 2.6. Let {AI, A2, ... } be a cowztable family of sets such that each 
A; is a countable set. Then A = U:1 A, is a countable set. 

Proof. Let A, ={a;', a!J., .. . } for n = 1, 2, ... , and A= U:1 A,. Also, let 
B = {2k · 3": k, n e 1N}. Now define f: B --+ A by f(2k · 3") =a;:. Then f 
maps B onto A, and hence A is a countable set by Theorem 2.5. • 

The Cartesian product of a finite collection of countable sets is always countable. 

Theorem 2.7. Let {A 1, ••• , A,} be a finite collection of sets such that each 
A; is countable. Then A 1 x · · · x A, is countable. 

Proof. It suffices to assume that A; = 1N for each i, and hence, A = 1N". Pick n 
distinct prime numbers, say Ph ... , p,, and define f: 1N"--+ 1Nby f(kJ. ... , k,) = 
Pi1 p~2 • • • p~". It should be clear from the fundamental theorem of arithmetic (ev
ery natural number has a unique factorization into primes) that f is one-to-one. 
Hence, by Theorem 2.5, 1N" is countable. • 

Our discussion will close with some results concerning the "big" sets. One may 
ask the question: How large can a set be? 

To answer this question a definition is needed. Let us write A ~ B whenever 
there exists a one-to-one function f: A --+ B; in other words, A ~ B if A is 
equivalent to a subset of B. It should be clear that in this sense one can say that 
"B has at least as many elements as A." 

WIN7
Rectangle
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The relation ::::5 satisfies the following properties: 

I. A ::::5 A for all sets A. 
2. If A ::::5 B and B ::::5 C, then A ::::5 C. 
3. If A ::::5 Band B ::::5 A, then A~ B. 

Statement (3) is known as the Schroder-Bernstein4•5 theorem, and is a very im
portant result; for a proof see [13, p. 88], or [28, p. 29]. 

The next result shows that the power set of a given set has more elements than 
the set; it is due to G. Cantor.6 

Theorem 2.8 (Cantor). If A is a set, then A ::::5 'P(A) and A ::ft 'P(A) hold. 

Proof. If A = (/), then the result is trivial. So, assume that A =f. (/). Define 
f: A --+ 'P(A) by f(x) = (x} for x E A, and note that f is one-to-one. Hence, 
A ::::5 'P(A). 

To show that A ::ft 'P(A)~ assume by way of contradiction that A ~ 'P(A). So, 
there exists g: A --+ 'P(A) that is one-to-one and onto. Consid~r the subset B of A 
definedbyB = (x E A: x ¢. g(x)},andthenpicka E Asuchthatg(a) =B. Now, 
notice that a E B if and only if a ¢. B, which is impossible. This contradiction 
completes the proof of the theorem. • 

Imagine that for every set A a symbol (playing the role of a number) can be 
assigned that designates the number of elements in the set. Without going into 
detail, this symbol is called the cardinal number of A, and is denoted card A. 

It should be clear that if A is a finite set, say A = {a 1 , ••• , a11 }, then card A = n. 
But what about IN? We use the symbol ~0 to denote the cardinal number of IN. By 
saying that a set A has cardinal number ~0 (in symbols card A = ~o), we simply 
mean that A ~ IN. In general, card A = card B means A ~ B. 

If a and b are cardinal numbers, then a :::;:: b means that there exist two sets A 
and B such that card A = a, card B = b, and A ::::5 B. Similarly, a < b among 
cardinal numbers means that there exist two sets A and B such that card A = a, 
card B = b, A ::::5 B, and A ::ft B. Note that according to the Schroder-Bernstein 
theorem, a :::;:: b and b :::;:: a guarantee a = b. 

We mention also a few things about "cardinal arithmetic." By Theorem 2.8, we 
know that there exists a set with cardinal number greater than ~0 ; this set is 'P(IN). 
It can be shown that 'P(IN) ~ 1R (see Exercise 6 of Section 5), where 1R is the 

4Emst Schroder ( 1841-1902), a German mathematician. He worked in algebra and mathematical 
logic. 

5Felix Bernstein (1878-1956), a German mathematician. He worked in set theory and contributed 
decisively to the development of the inheritance population genetics. 

6Georg Cantor ( 1845-1918), a German mathematician. He was the founder of set theory. He also 
contributed to the field of classical analysis. 
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set of all real numbers. The cardinal num~er of lR is denoted by c, and is called 
the cardinality of the continuum; thus, ~o < c. A cardinal number a satisfying 
~o ::;:: a, is called an infinite cardinal. 

It is easy to see that if 2 = {0, l }, then 2x :::::: P(X) for every set X. For this 
reason it is a custom to denote the cardinal number of P(X) by 2card X. Thus, the 
following inequalities hold: 

0 < I < 2 < ... < n < ... < ~0 < zNn = c < 2c < 22c < .... 

The outstanding question dealing with infinite cardinals is the following: 

• If a is an infinite cardinal, is there a cardinal number b such that a < b < 
2a? 

The continuum hypothesis assumes a negative answer to the above question 
when a = ~o. and the generalized continuum hypothesis assumes a negative 
answer for every infinite cardinal. It has been shown that the continuum hypothesis 
is "independent" of the ordinary axioms of set theory. There are models of set 
theory that satisfy the continuum hypothesis and there are models that do not. The 
interested reader is referred to [8], [13], and [20] for extensive treatments of the 
cardinal numbers. 

EXERCISES 

1. Show that the set of all rational numbers is countable. 
2. Show that the set of all finite subsets of a countable set is countable. 
3. Show that the union of an at-most countable collection of sets, each of which is finite, 

is an at-most countable set. 
4. Let A be an uncountable set and B be a countable subset of A. Show that A is 

equivalent to A \ B. 
5. Assume that f: A -+ B is a surjective (onto) function between two sets. Establish 

the following: 

a. card B :=:card A. 
b. If A is countable, then B is at most countable. 

6. Show that two nonempty sets A and B are equivalent if and only if there exists a 
function from A onto B and a function from B onto A. 

7. Show that if a finite set X has n elements, then its power set P(X) has zn elements. 
8. Show that the set of all sequences with values 0 or 1 is uncountable. 
9. If 2 = (0, 1}, then show that 2x ::::: P(X) for every set X. 

10. Any complex number that is a root of a (nonzero) polynomial with integer coefficients 
is called an algebraic number. Show that the set of all algebraic numbers is countable. 
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11. For an arbitrary function f: lR ---+ IR, show that the set 

A = {a E lR: .J~ f(x) exists and }~ f(x) =/= f(a)} 

is at-most countable. 
12. Show that the set of real numbers is uncountable by proving the following: 

a. (0. I) ~ P(IR); and 
b. (0, I) is uncountable. 

[HINT: If (0, I) is countable, then let {x1, x2, ... } be an enumeration of (0, I). For 
each n write x11 = O.d11 1 d,2 · · · in its decimal expansion, where each dij is 0, I, ... , 9. 
Now consider the real number y of (0, I) whose decimal expansion y = O.y1Y2 · · · 
satisfies y,. = I if d,, =/= I and Yn = 2 if d,., = I. To obtain a contradiction, show 
that y =/= x, for each n.] 

13. Using mathematical induction prove the following: 

a. If a ::: -I, then (I +a)" ::: I + na for n = I, 2, ... (Bemoulli's1 inequality). 
b. If 0 < a < I , then I + 3" a > (I + a )11 for n = I , 2, .... 
c. cos(mr)=(-i)" forn = i,2, .... 

14. Show that the well-ordering principle implies the principle of mathematical induction. 
15. Show that the principle of mathematical induction implies the well-ordering principle. 

3. THE REAL NUMBERS 

Without any doubt, the most important set for this book will be the set of real 
numbers JR. =. ( -oo, oo ). The set of real numbers is also known as the real line. 
The reason is that by considering a straight line, one can put (in the usual way) the 
real numbers in one-to-one correspondence with the points of the line. The terms 
"real line" and "real numbers" will be viewed as identical. 

While it is not our purpose to give a complete axiomatic development of the real 
numbers, it is important to stop and consider exactly what axioms characterize 
the real numbers. They consist of the field axioms, the order axioms, and the 
completeness axiom. In algebraic terminology, the set of real numbers is referred to 
as the one and only "complete ordered field." The name comes from the axiomatic 
foundation of the real numbers outlined below. 

The real numbers are the members of a nonempty set JR. equipped with two 
operations, + and · from JR. x JR. into JR., called addition and multiplication, that 
satisfy the following axioms: 

Field Axioms 

The letters x, y, and z denote arbitrary real numbers, unless otherwise stated. 

7Jacob (Jacques) Bernoulli (1654-1705), a Swiss mathematician and one of the most prominent 
members of the famous Bernoulli mathematical family. His major works were in calculus and proba
bility theory. 
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Axiom 1. x + y = y + x and xy = yx (the commutative laws). 

Axiom 2. x + (y + z) = (x + y) + z and x(yz) = (xy)z (the associative 
laws). 

Axiom 3. x(y + z) = xy + xz (the distributive law). 

Axiom 4. There exists an element 0 E lR such that x + 0 = x for all x E JR. 

Axiom 5. For each x E lR there exists an element in lR (denoted by -x) such 
that x + (-x) = 0. 

Axiom 6. There exists an element 1 E lR with 1 =f:. 0 satisfying 1 · x = x for 
all X E JR. 

Axiom 7. For each x =f:. 0 there exists an element in lR (denoted by x- 1) 

satisfying.u·- 1 = 1. 

It can be shown that the zero element of Axiom 4 is uniquely determined. Also, 
it can be established that the element -x given by Axiom 5 is uniquely determined, 
and that - x = ( -1 )x holds. In a similar manner, it can be seen that the element 
x- 1 of Axiom 7 which satisfies xx- 1 = 1 (where, of course, x =f:. 0) is uniquely 
determined. 

From the field axioms, one can derive the familiar properties of addition and 
multiplication. For instance, 0 · x = 0, -(-x) = x, (-x)(-y) = xy, x- y = 
x + (-y) = -(y- x), (.c 1)- 1 = x. (The reader will find the details in the 
exercises at the end of this section.) 

The next requirement is that lR must be not merely a field but also an "ordered 
field." This means that lR is equipped with an order relation ::: compatible with 
the algebraic operations via the following axioms: 

Order Axioms 

Axiom 8. For any x, y E IR, either x ::: y or y ::: x holds. 

Axiom 9. Jfx ::: y, then x + z::: y + z holds for each z E lR. 

Axiom 10. Jfx ::: y and z ::: 0, then xz ::: y:. 

An alternative notation for x ::: y is y _::: x. Any number x E lR satisfying 
x > 0 (i.e., x ::: 0 and x =f:. 0) is called a positive number (and likewise, any 
number x with x < 0 is called a negative number). From the order axioms, one 
can derive the ordinary inequality properties of the real numbers. Let us mention 
one very useful property dealing with inequalities: 

• /fx + E ::: y holds for each E > 0, then x::: y holds. 



16 Chapter 1: FUNDAMENTALS OF REAL ANALYSIS 

Indeed, if the conclusion is not true, then y -X > 0. Let E = ~(y -X) > 0, 

and note that our hypothesis implies tcx + y) = x + tCY- x) 2: y. This in tum 
implies y - x ::;:: 0, which is a contradiction. 

The usual way to define the absolute value of a real number a is as follows: 
Ia I = a if a ;::: 0 and Ia I = -a if a < 0. If a v b denotes the larger of the numbers 
a and b (for instance, ( -1) v 2 = 2 and 1 v 1 = 1 ), then a moment's thought 
reveals that Ia I= a v (-a) for all a E JR. In particular, it follows that Ia I= 1-al 
for each a E IR.. The absolute value satisfies the properties: 

1. Ia I ;::: 0 for each a E IR., and Ia I = 0 if and only if a= 0; 
2. labl = Ia I· lbl for all a, bE IR.; and 
3. Ia + bl.::;:: Ia I+ lbl for all a, bE 1R (the triangle inequality). 

The non-negative number Ia - bl can be viewed geometrically as the distance 
between the numbers a and b. 

The least understood property of the rea! numbers is the completeness axiom. 
or the axiom of continuity. Before stating this axiom, let us recall a few things. 

Let A be a nonempty subset of IR.. An upper bound of A is any real number a 
such that x ::;:: a for all x E A; similarly, b E 1R is a lower bound for A if b ::;:: x 
for all x E A. If A has an upper (resp. lower) bound, then A is said to be bounded 
from above (resp. below). If A is both, bounded from above and below, then 
A is called a bounded set. A real number is called a least upper bound (or a 
supremum) of A if it is an upper bound for A, and it is less than or equal to every 
other upper bound of A. That is, x E 1R is a least upper bound for A if 

1. A is bounded from above by x, and 
n. if A is bounded from above by y, then x ::;:: y. 

It should be clear that a given set A can have at most one least upper bound, 
denoted by sup A. A similar definition is given for the greatest lower bound (or 
infimum) of a set A, denoted by inf A. The completeness axiom asserts that every 
nonempty set bounded from above has a least upper bound and is stated next. 

The Completeness Axiom 

Axiom 11. Every nonempty set of real numbers that is bounded from above 
has a least upper bound. 

From this axiom, it follows easily that every nonempty set of real numbers 
bounded from below has a greatest lower bound. (If A is nonempty and bounded 
from below, then the set B = {b E IR: b .::;:: x V x E A) is bounded from above, 
and so sup B exists. Note that sup B = inf A.) It should be clear also that if a set A 
has a maximum (resp. a minimum) element, then max A = sup A (resp. min A = 



Section 3: THE REAL NUMBERS 17 

inf A). On the other hand, if the supremum ~fa set exists and sup A E A, then sup A 
is the maximum element of A. In other words, the supremum of a set generalizes 
the concept of the maximum element of a set. For more about this axiomatic 
foundation of the real numbers, see [3] and the exercises at the end of this section. 

Regarding the supremum of a set, the following approximation property holds: 

Theorem 3.1. Assume that the supremum of a subset A of lR exists. Then for 
every E > 0, there exists some x E A such that 

sup A - E < x :::: sup A. 

Proof. If for every x E A we have x :::: sup A - E, then sup A - E is an upper 
bound of A, which is less than the least upper bound. But this is impossible. Thus, 
there exists some x E A such that sup A - E < x :::: sup A. • 

Corollary 3.2. The set of natural numbers 1N is unbounded. 

Proof. Assume by way of contradiction that n :::: a holds for each n E 1N and 
some a E JR. Then by the completeness axiom, s = sup 1N exists, and by Theorem 
3.1 there exists some k E 1N with s - l < k. This implies s < k + l :::: s, which 
is impossible. • 

The next useful property of the real numbers is known as the "Archimedean 
property." It was used extensively by Archimedes in geometrical proofs but, most 
likely, it was introduced first by Eudoxus.8 

Theorem 3.3 (The Archimedean Property). lfx andy are two positive real 
numbers, then there exists some natural number n such that nx > y. 

Proof. If nx :::: y holds for each n, then n :::: y 1 x for each n. That is, 1N is 
bounded from above, contrary to Corollary 3.2. • 

An important density property of the rational numbers is described in the next 
theorem. Recall that a rational number is any real number that can be written as a 
quotient of two integers. 

Theorem 3.4. Between any two distinct real numbers there exists a rational 
number. 

8Eudoxus of Cnidus (ca 400-347 BC), a Greek scholar of great eminence and influence. He 
contributed to astronomy, mathematics, geography, and philosophy and helped in the writing of the 
laws in his home town ofCnidus (Asia Minor). He introduced the "method of exhaustion" for computing 
areas and volumes and was the first to give a rigorous definition of a real number. 
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Proof. It is easy to see that we need consider only positive numbers. So, let 
a, bE JR. be such that 0 <a <b. 

Consider first the set A = {n E IN: n > max{ b~a, k} }. Since IN is not bounded 
from above, A is nonempty. Fix an element q EA. Clearly, 0 < l < b- a and 
1 < bq. Now, let B = {n E IN: n < bq). Since 1 E B, we see thii.t B =f.(/), and 
clearly B is a finite set. Let p = max B; note that p E B and p + 1 ¢. B. 

To finish the proof, we shall show that a < I!. < b holds. To this end, note first 
that by construction ~ < b holds. On the other hand, since b ::: i!.f, we must 
have 

p + 1 1 p 
a= b- (b- a)<----=-, 

q q q 

and we are done. • 
With the help of the completeness axiom, we can also establish the existence of 

"roots" of real numbers. 

Theorem 3.5. For a rea/number a and any natura/number n 2::. 2, we have 
the following: 

I. If a 2::. 0 and n is even, there exists a unique b 2::. 0 such that b" = a. 
2. If a E JR. and n is odd, there exists a unique b E JR. such that b" = a. 

Proof. We shall establish both cases by assuming a 2::. 0 and leave the easy 
details for completing the proof to the reader. If a = 0, then clearly b = 0, and so 
we can also suppose that a > 0. We shall establish first the uniqueness of b. To 
see this, assume that x > 0 and y > 0 satisfy x" = y" = a. Then 

and since x"- 1 + x"-2y +. · · + xy"-2 + y"- 1 > 0, we infer that x- y = 0, or 
X= y. 

For the existence, consider the set S = (s 2::. 0: s" ::: a}. By the Archimedean 
property, there exists some m E IN such that ma > 1, or ;!; < a. So, 0 < (;!; )" < 
;!; < a, and thus, S is nonempty and contains positive numbers. On the other 
hand, if k E IN satisfies a ::: k, then s ::: k for each s E S; otherwise s > k implies 
s" > k 2::. a, a contradiction. Now, by the completeness property, b = supS > 0 
exists in JR. We shall complete the proof by proving that b" = a. This will be 
done by eliminating the possibilities b" < a and b" > a. 
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So, assume first that b" < a is possible. By the binomial theorem, for each 
k E 1N we have 

( b + ~)" =f--. ( 11 )bn-i ~ = b" +f--. ( 11 )bn-i ~ < b" + ~ (*) 
k £....- . k' £....- . k' - k· • 

i=O I i=l I 

where r = 2:.;'= 1 (j')b"-i ~ 0. By the Archimedean property there exists some 
k E 1N such that k(a - b") > r, or rf k < a - h". But then, it follows from(*) 
that for this k we have (b + t )11 ~ b" +(a- b") =a, which implies b + t E S, a 
contradiction. 

When b" > a, the situation is similar. As previously, we can use the binomial 
theorem to get 

b-- >b"--( I)" t 
k - k' (**) 

for some fixed t ~ 0 and all k E lN. If we choose again some k E 1N with 
f: < b" -a and t < b, then it follows from ( **) that (b - t )11 > a. But if we pick 
somes E S with 0 < b - t < s (such an s is guaranteed by Theorem 3.1), then 
we haves" > (b- t )11 > a, a contradiction. Hence, b" =a holds. • 

When feasible, the unique solution b of the equation b" =a provided by Theo
rem 3.5 is called the nth_root of a and is denoted ::/{i or a~. 

EXERCISES 

1. If a v b = max{a. b) and a 1\ b = min{a, b). then show that 

a v b = ~(a+ b + Ia -hi) and a 1\ b = ~(a+ b- Ia - bl). 

2. Show that llal- lbll ~ Ia + bl ~ Ia I+ lhl for all a, bE JR. 
3. Show that the real numbers ./2 and ./2 + ../3 are irrational numbers. 
4. Show that between any two distinct real numbers there is an irrational number. 
5. This exercise will introduce (by steps) the familiar process of subtraction in the frame

work of the axiomatic foundation of real numbers. 

a. Show that the zero element 0 is uniquely determined, i.e., show that if x + o~ = x 
for all x E lR and some O* E IR, then 0* = 0. 

b. Show that the cancellation law of addition is valid, i.e., show that x +a = x + b 
implies a= b. 

c. Use the cancellation law of addition to show that 0 ·a = 0 for all a E IR. 
d. Show that for each real number a the real number -a is the unique real number 

that satisfies the equation a + x = 0. (The real number -a is called the negative 
of a.) 
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e. Show that for any two given real numbers a and b, the equation a + x = b has 
a unique solution, namely x = b +(-a). The subtraction operation - of JR. 
is now defined by a - b = a + (-b); the real number a - b is also called the 
difference of b from a. 

f. For any real numbers a and b show that-( -a) =a and -(a+ b)= -a -b. 

6. This exercise introduces (by steps) the familiar process of division in the framework 
of the axiomatic foundation of real numbers. 

a. Show that the element 1 is uniquely determined, i.e., show that if I* · x = x for 
all x E JR. and some I* E JR., then 1* = I. 

b. Show that the cancellation law of multiplication is valid, i.e., show that x · a = 
x · b with x # 0 implies a = b. 

c. Show that for each real number a # 0 the real number a- 1 is the unique real 
number that satisfies the equation x ·a= I. The real number x = a- 1 is called 
the inverse (or the reciprocal) of a. 

d. Show that for any two given real numbers a and b with a # 0, the equation ax = b 
has a unique solution, namely x = a- 1 b. The division operation ..;.. (or/) of JR. 
is now defined by b..;.. a = a-1 b; as usual, the real number b..;.. a is also denoted 
by bfa or~-

e. Foranytwononzeroa,b ElR.showthat(a- 1)-1 =aand(ab)-1 =a-lb-1• 

f. Show that T =a for each a, ~ = 0 for each b # 0, and ~ = I for each a # 0. 

7. Establish the following familiar properties of real numbers using the axioms of the 
real numbers together with the properties established in the previous two exercises. 

i. The zero product rule: ab = 0 if and only if either a = 0 orb = 0. 
ii. The multiplication rule of signs: (-a)b = a(-b) = -(ab) and (-a)(-b) = 

ab for all a, bE JR. 
iii. The multiplication rule for fractions: Forb, d =1= 0 and arbitrary real numbers 

a, c we have 

a c ac 
-·-=-
b d bd 

In particular, if ~ # 0, then ( * )- 1 = ~. 
iv. The cancellation law of division: If a # 0 and x # 0, then ~ = ~ for each b. 
v. The division rule for fractions: Division by a fraction is the same as multi

plication by the reciprocal of the fraction, i.e., whenever the fraction ~ ..;.. ~ is 
defined, we have 

a c a d ad 
b..;.. d = b ·~=be 

8. This exercise establishes that there exists essentially one set of real numbers that 
satisfies the eleven axioms stated in this section. To see this, let JR. be a set of real 
numbers (i.e., a collection of objects that satisfies all eleven axioms stated in this 
section). 

a. Show that I > 0. 
b. A real number a satisfies a = -a if and only if a = 0. 
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c. If n = I + I + · · · + I (where the sum has "n summands" all equal to I), then 
show that these elements are all distinct; as usual, we shall call the set IN of all 
these numbers the natural numbers of IR. 

d. Let Z consist of IN together with their negative elements and zero; we shall call, 
of course, Z the set of integers of IR. Show that Z consists of distinct elements 
and that it is closed under addition and multiplication. 

e. Define the set Q of rational numbers by Q = { ~: m, n E Z and n =!=OJ. Show 
that Q satisfies itself axioms I through I 0 and that 

a= sup{r E Q: r ~a}= inf{s E Q: a~ s} 

holds for each a E IR. 
f. Now, let IR' be another set of real numbers and let Q' denote its rational numbers. 

If I' denotes the unit element of IR', then we write n' = I'+ I'+ · · · + I' for the 
sumhaving"11-summands"allequalto 1'. Now,definethefunctionf: Q-+ Q'by 

(m) m' f- =-
II 11' 

and extend it to all of IR via the formula 

f(a) = sup{f(r): r ~a}. 

Show that IR and IR' essentially coincide by establishing the following: 

i. a~ b holds in IR if and only if f(a) ~ f(b) holds in IR'. 

ii. f is one-to-one and onto. 
iii. f(a +b)= f(a) + f(b) and f(ab) = f(a)f(b) for all a, bE IR. 

9. Consider a two point set R = {0, I} equipped with the following operations: 

a. Addition ( + ): 0 + 0 = 0, 0 + I = I + 0 = I and I + I = 0, 
b. Multiplication(·): 0 · I = I · 0 = 0 and I · I = I, and 
c. Ordering: 0 :::: 0, I :::: I and I :::: 0. 

Does R with the preceding operations satisfy all eleven axioms defining the real 
numbers? Explain your answer. 

10. Consider the set of rational numbers Q equipped with the usual operations of addition, 
multiplication, and ordering. Why doesn't Q coincide with the set of real numbers? 

11. This exercise establishes the familiar rules of "exponents" based on the axiomatic 
foundation of real numbers. To avoid unnecessary notation, we shall assume that all 
real numbers encountered here are positive-and so by Theorem 3.5 all non-negative 
real numbers have unique roots. As usual, the "integer" powers are defined by 

a11 =a·a···a, 
'-v--' 

n-fuctors 

and 
-II I a =

all 

Extending this to rational numbers, for each m. 11 E IN we define 

'" 11c;;; m 1 1 
ali = va 111 and a-n =--;;;- = --. 

an :tam 
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Establish the following properties: 

a. a~ = (,ifa}m for all m, n E IN. 
p_ "' I! b. If m, n, p, q E IN satisfy ~ = q , then aT. = a " . 

c. If r and s are rational numbers, then: 

1. a' as= ar+s and ~ = a•-s, 
ii. (a b)'" = a'"b'" and ( ~ )' = f, 

iii. (a'" )s = a'""'. 

4. SEQUENCES OF REAL NUMBERS 

We start with the familiar definition of the convergence of a sequence. 

Definition 4.1. A sequence {x, I of rea/numbers is said to converge to x E lR 
if for eve!)' E > 0 there exists a natura/number no (depending on E) such that 

lx,- xi < E for all n > no. 

The rea/number x is called tlze limit of the sequence {x, 1. and we write x, -+ x, 
or x = lim,_00x11 , or simply x = limx,. 

We shall say that the terms of a sequence {x, I of a set A satisfy a property 
(P) eventually, if there exists some natural number n0 such that x, satisfies the 
proe.erty (P) for alln > no. In this terminology, a sequence of real numbers {x11 I 
converges to some real number x if and only if for each E > 0 the terms x, are 
eventually E -close to x. 

It should be clear that if lim x, = x, then lim y11 = x for every subsequence {y11 1 
of{x,l. 

Theorem 4.2. A sequence of rea/numbers can have at-most one limit. 

Proof. Assume that a sequence of real numbers {x, I satisfies x = lim x, and 
y = lim X11 . Let E > 0. Then there exists a natural number no such that lx11 -xI < E 

and lx11 - yl < E for alln > no. 
Now, fix n > no, and use the triangle inequality to get 

0::;:: ix- Yi::;:: ix- X11i + ix,- Yi < E + E = 2E 

for all E > 0. This implies x = y, and the proof is finished. • 
Recall that a sequence of real numbers {x, I is said to be bounded if there exists 

a real number M > 0 such that lx,l ::;:: M for alln. A sequence {x11 1 of lR is 
said to be increasing if X 11 ::;:: X11 +1 for each n, and decreasing if Xn+l ::;:: X 11 for 
alln. A monotone sequence is either an increasing or a decreasing sequence. 



Section 4: SEQUENCES OF REAL NUMBERS 23 

The symbolism X 11 t x means that {xn} is jncreasing and x = sup{x11 }. Similarly, 
X11 -1- x means that {x11 } is decreasing with x = inf{x11 }. If a sequence {x11 } satisfies 
x 11 = c for alln, then it is called a constant sequence. 

Theorem 4.3. Every monotone bounded sequence of rea/numbers is conver
gent. 

Proof. Assume that {x11 } is increasing and bounded. Since {x11 } is bounded, 
it follows from the completeness axiom that x = sup{x11 : n e lN} exists in JR. 
We claim that x = Iimx11 • Indeed, if E > 0 is given, then by Theorem 3.1 there 
exists no such that x - E < X110 ~ x. Since {x11 } is increasing, it follows that 
lx - x11 1 = x - X 11 ~ x - X 1111 < E for alln > no. and thus, lim x11 = x. The proof 
for the decreasing case is similar. • 

Notice that the preceding theorem implies that an increasing sequence {x11 } of 
real numbers satisfies X 11 t x if and only if x = lim x,. The basic convergence 
properties of real sequences are listed below. 

I. Every convergent sequence is bounded. 
2. If X 11 = c for each n, then lim x11 =c. 
3. If the three sequences {xn}. {y11 }, and {z11 } of!R satisfy x, ~ z11 ~ y11 for all 

n, and lim X11 = lim y11 = x, then {z11 } converges and lim z11 = x. 

For the next properties assume that I im x11 = x and lim y11 = y. 

4. For each a, f3 E lR the sequence { ax11 + f3 y11 } converges and 

Iim(ax11 + {3y11 ) =ax+ f3y. 

5. The sequence {X11 Yn} is convergent and lim(x11 y11 ) = xy. 
6. If IY11 1 ::: 15 > 0 holds for all n, and some 15 > 0, then {x,fy,} converges 

and limxn!Y" = xfy. 
7. If X 11 ::: Y11 holds for alln ::: no, then x ::: y. 

A real number x is said to be a limit point (or a cluster point) of a sequence of 
real numbers {x11 } if for every n E 1N and E > 0, there exists k > n (depending on 
E and n) such that ixk -xi < E. 

The limit points of a sequence are characterized as follows: 

Theorem 4.4. Let {x11 } be a sequence of real numbers. Then a rea/number 
x is a limit point for {x,} if and only if there exists a subsequence {xk.,} of {xn} 

such that limxk. = x. 

Proof. Assume that x is a limit point of {x11 }. Choose a natural number k1 
such that ixk, - xI < I. Now, inductively, if k1, ••• , k, have been selected, then 
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choose k11 +1 > kn such that lxk,+ 1 -xi < 11~ 1 . Thus, we construct a sequence of 
natural numbers {k11 } such that k1 < k2 < ···and lxk.- xi < ~for alln. Clearly, 
{x~ .. } is a subsequence of [x11 } satisfying lim Xk. = x. 

For the converse, assume that a subsequence [xk.} of {x11 } satisfies lim x~ .. = x. 
Let m E IN and E > 0 be fixed. It must be shown that there exists p > m such 
that lxp -xi < E. To see this, choose some no such that lx~. -xi < E for all 
n :::.no. Pick n > max{no, nz}, and let p = k11 • Then p > m (since k11 2:. n) and 
lx P - xI < E, and the proof is finished. • 

Among the limit points of a sequence, the largest and the smallest ones are of 
some importance. 

Definition 4.5. Let {x11 } be a bounded sequence ofiR. Then the limit superior 
of !x11} is defined by 

lim sup X 11 = inf[sup xk], 
11 k?;11 

and the limit inferior of {xn} by 

If we write 

lim inf Xn = sup[inf xk]. 
11 k?;11 

00 

supx~ = V Xk and 
J..?;ll ~=II 

00 

inf X~ = 1\ X~, 
k>11 

- 1..=11 

then the preceding formulas can be rewritten as follows: 

limsupx11 =A [ V x~J and 
11=1 ~=II 

liminfx11 = V [Ax~]· 
n=1 ~=n 

Also, since V~n+1 X~ < v~ll X~ and 1\'f:n Xk < /\~11+1 X~ for each ll, it 
follows that 

00 00 

V Xk .j.. lim sup X 11 and 1\ X~ t lim inf X11 • 

~=n ~=II 

Theorem 4.6. If {x11 } is a bounded sequence, then lim inf Xn and lim sup X 11 

are the smallest and largest limit points of {x11 }. In particular, 

lim inf X 11 :'::: lim sup X11 • 
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Proof. Let [x11 } be a bounded sequence of JR. Put s = lim sup X11 • We shall 
show that s is the largest limit point of [x;,}. The other case can be shown in a 
similar manner. 

We show first that s is a limit point. To this end, let m E 1N and E > 0. Since 
V'f:n Xt ~~~ s, there exists n > m such that s ::;:: V'f:11 Xt < s + E. This implies 
the existence of some k 2: n > m such that s- E < Xk < s +E. Hence, s is a 
limit point of [x11 }. 

To finish the proof, we show that s is the largest limit point. Let x be a limit 
point of [x11 }. and let E > 0. Then for each n E lN, there exists m > n such 
that x - E < Xm < x +E. It follows that x - E < V'f:11 Xk for each n, and 
so, x - E ::;:: A';·= I V'f:n Xk = s for each E > 0. Thus, x ::;:: s .. and the proof is 
complete. • 

The next result is known as the Bolzano-Weierstrass9· 10 theorem. 

Corollary 4.7 (Bolzano-Weierstrass). Every bounded sequence of lR has a 
convergent subsequence. 

Proof. Let [x11 } be a bounded sequence. By Theorem 4.6, [x11 } has a limit point 
which by Theorem 4.4 is the limit of a convergent subsequence of [x11 }. • 

If lim X11 = x. then x is the only limit point of [x11 }, and hence, lim sup X 11 = 
lim inf X 11 = x holds. The converse of this statement is also true, as the following 
theorem shows: 

Theorem 4.8. A bounded sequence [x11 } of rea/numbers converges if and only 
if lim inLt11 = lim sup .t11 = x. In this case, lim X 11 = x. 

Proof. We assume that lim inf X11 = lim sup X11 = x and show that lim x11 = x. 
The inequalities 

00 00 00 00 

.t11 - X ::;:: v Xk - 1\ Xk and X - X 11 ::;:: v Xk - 1\ Xk 

k=n k=n k=n k=n 

9Bemard Bolzano (1781-1848), a Czech mathematician, philosopher. and theologian. He is well 
known as one of the early mathematicians who emphasized the need for a foundation of mathematics 
as well as for rigorous proofs. 

10Karl Theodor Wilhelm Weierstrass (1815-1897), a German mathematician and one of the most 
prominent mathematicians of the nineteenth century. He made numerous contributions to analysis and 
he is remembered for his belief that the "highest aim of science is to achieve general results." 
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imply that lXII - X I :::: v~ll Xk - /\':':,X~. Since 

}~~ [ V Xk - A x~J = x - x = 0, 
~=II ~=II 

it easily follows that lim x11 = x. • 
A sequence {x11 } in JR. is said to be a Cauchy 11 sequence if for each E > 0 there 

exists no (depending on E) such that lx11 - Xml < E for alln, m >no. 
Clearly, a Cauchy sequence must necessarily be bounded. Also, it should be 

clear that every convergent sequence is a Cauchy sequence. The converse is also 
true, and it is expressed by saying that the real numbers form a complete metric 
space. 

Theorem 4.9. A sequence of real numbers converges if and only if it is a 
Cauchy sequence. 

Proof. We have only to show that if {x11 } is a Cauchy sequence, then {x11 } 

copverges in JR. 
By Corollary 4. 7 there exists a subsequence {x~ .. } of {x11 } such that lim x~ .. = x. 

Now, let E > 0. Choose no such that lx~ .. - xI < E and lxn- Xm I < E for n, nz > no. 
Now, if n > no. then k11 2: n > no, and so 

lx,- xi:::: lx11 - x~ .. I+ ix~ .. - xi < E + E = 2E. 

Hence, lim X 11 = x. • 
Now, let {f,,} be a sequence of real-valued functions defined on a nonempty set 

X. Suppose that there exists areal-valued function g such that lf,,(x)l :::: g(x} for all 
x E X and alln. Then for each fixed x E X, the sequence of real numbers {f,,(x)} 
is bounded. Thus, lim sup f,,(x) and lim inf f 11 (x) both exist in JR. Consequently, 
lim sup f,, and lim inf f,, of the sequence of functions {f,,} can be defined for each 
x EX as 

(lim sup f,, )(x) = lim sup / 11 (x) and (lim inf / 11 )(x) = lim inf f,, (x ). 

11 Augustin Louis Cauchy ( 1789-1875), a great French mathematician. He was a highly creative and 
prolific researcher who made numerous original contributions to all fields of mathematics of his time 
and to mathematical physics. His 1821 book Cours d' analyse is the first rigorous written treatment of 
calculus. Because he was on the conservative side during the period of the French revolution he was 
denied, in many occasions, the academic appointments appropriate for a scientist of his stature. 
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EXERCISES 

1. Show that if lx I < 1, then lim x" = 0. 
2. Show that lim x11 = x holds if and only if every subsequence of (x11 I has a subsequence 

that converges to x. 
3. Consider two sequences (kn I and {m 11 I of strictly increasing natural numbers such 

that (k,, k2, ... 1 U {m,,m2 •... 1 =IN. Show that a sequence of real numbers (x11 1 
converges in lR if and only if both subsequences (xk, I and (x111 , I of (x11 I converge in 
lR and they satisfy lim Xf.., = lim x111 , (in which case the common limit is also the limit 
of the sequence). 

In particular, show that a sequence of real numbers (xn I converges in lR if and only 
if the "even" and "odd" subsequences (x211 I and (x211-1 I both converge in lR and they 
satisfy lim X211 = lim x211-l· 

4. Find the lim sup and lim inf for the sequence {(-I )11 I. 
5. Find the lim sup and lim inf of the sequence (x11 I defined by 

r- 1 r - 1 r ·I- 3• ·211- 3·211-1• and x211+l = ! + x211 for n = 1, 2 ..... 

6. Let {x11 I be a bounded sequence. Show that 

limsup(-x11 ) = -liminfx, and liminf(-x11 ) = -limsupx11 . 

7. If (x11 I and IYn I are two bounded sequences, then show that 

a. lim sup(x, + y,) ::;: lim sup x, + lim sup Yn, and 
b. lim inf(x11 + y11 ) ;::: lim inf x, + lim inf y,. 

Moreover, show that if one of the sequences converges, then equality holds in both 
(a) and (b). 

8. Prove that the lim sup and lim inf processes "preserve inequalities." That is, show 
that if two bounded sequences (x11 I and (y11 ) of real numbers satisfy x, :::: Yn for all 
n;::: no, then 

lim inf x, ::;: lim inf y11 and lim sup x11 :::: lim sup y,. 

9. Show that lim ::/fi = 1 (and conclude from this that lim ,:j(i = 1 for each a > 0). 
[HINT: Let ffn = 1 + x,, where x11 > 0. Using Bernoulli's inequality (see 
Exercise 13 of Section 2), we see that ..jii = (l + x11 )11 ;::: 1 + nx, > nx,, and so 
0 < x, < .);; for each n.] 

10. If {x11 ) is a sequence of strictly positive real numbers, then show that 

I. . fXn+l 1. . f "'-" 1. .~ 1. X11+l tmm --::;: tmm ..:fx11 ::;: tmsup..:fx11 ::;: tmsup--. 
x, x, 

Conclude from this that if lim x't 1 exists in IR, then lim -::;x,; also exists and lim -::;x,; = 
lim&±!.. . " 

X" 

[HINT: Note that x 11 = Xn0 • x._o+l • Xno+2 • • • ..:!!!.. for each 11 > no.] 
.t,0 -'"no+l X,-1 

11. The sequence of averages of a sequence of real numbers (x11 ) is the sequence (an I 
defined by a, = x1+x·; .. ·+x,1 • If {x11 ) is a bounded sequence of real numbers, then 
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show that 

liminfx, _::: liminfa, _::: limsupa, _::: limsupx,. 

In particular, if x, -+ x, then show that a, -+ x. Does the convergence of [a,) imply 
the convergence of [x,)? 

12. For a sequence of real numbers [x,) establish the following: 

a. If x11+I - x, -+ x in 1R, then x,/11-+ x. 
b. If [x,) is bounded and 2x, _::: X11+I + X11-I holds for all 11 = 2, 3, ... , then 

Xn+I -Xn t Q. 

13. Consider the sequence [x,) defined by 0 < XI < 1 and x11+I = 1 - Jt - x, for 
11 = 1, 2, .... Show that x, ,!. 0. Also, show that x~·:' -+ i· 

14. Show that the sequence [x,) defined by 

Xn = (1 + ~r 
is a convergent sequence. 

15. Assume that a sequence [x,) satisfies IXn+I - x,l _::: alxn- X11 -II for 11 = 2, 3, ... 
and some fixed 0 < a < 1. Show that [x,) is a convergent sequence. 

16. Show that the sequence of real numbers [x, ), defined by 

17. 

18. 

19. 

20. 

1 
XJ = 1 and Xn+ I = -- for II = I, 2, ... , 

3+x, 

converges and determine its limit. 
Consider the sequence (x11 ) of real numbers defined by XI = I and x,+ 1 = 1 + ~x .. 
for 11 = I, 2, .... Show that {x,) is a convergent sequence and that lim x11 = ~. 
Define the sequence (x11 ) by XJ = 1 and 

Xn+l = ~ (x, + 2.), II= 1, 2, .... 
2 Xn 

Show that (x,) converges and that lim x, = ./2. 
Define the sequence x, = Lk= 1 t for n = I, 2, . . . . Show that (x,) does not 
converge in 1R. 
[HINT: Show that X211 - x, ;::: i·] 
Let -oo < a < b < oo and 0 < 'A < 1. Define the sequence (xn) by XI =a, x2 = b 
and 

X11 +2 ='Ax,.+ (1- 'A)x11 +I for n =I, 2, .... 

Show that (x11 ) converges in 1R and find its limit. 
21. Let G be a nonempty subset oflR which is a group under addition (i.e., if x, y E G, then 

x + y E G and -x E G). Show that between any two distinct real numbers there exists 
an element of G or else there exists a.E 1R such that G = (11a: 11 = 0, ±1, ±2, ... ). 
[HINT: If G i= (0), let a = infG n (0, oo).] 

22. Determine the limit points of the sequence [cos n). 
[HINT: ConsiderthesetG = (n+2nm: 11, m integers) and use the previous exercise.] 

23. For each n define J,,:[-1, 1] -+ 1R by J,,(x) = x". Determine limsupf, and 
lim inf J,,. 
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24. Show that every sequence of real numbers has a monotone subsequence. Use this 
conclusion to provide an alternate proof o"f the Bolzano-Weierstrass property of the 
real numbers: E1•ery bounded sequence has a convergent subsequence. (See Corol
lary 4.7.) 

5. THE EXTENDED REAL NUMBERS 

The extended real numbers IR.* are the real numbers with two elements adjoint. 
The two extra elements are denoted by oo (or +oo) and -oo, read plus infinity 
and minus infinity. Thus, IR.* = lR. U { -oo, oo} or, as is customarily written 
IR.* = [ -oo, oc]. 

The algebraic operations for the two infinities are defined as follows: 

I. oo + oo = oo and (-oo)- oo = -oo; 
2. (±oo) · oc = ±oo and (±oo) · (-oo) = :r=oo; 
3. x + oo = oo and x - oo = -oo for each x E IR.; 
4. x · (±oc) = ±oo if x > 0 and x · (±oo) = :r:oo if x < 0. 

The expressions oo - oo and -oo + oo are left (as usual) undefined. In this 
book we shall agree that 

5. 0. 00 = 0. 

Also, lR.' is ordered, with oo the largest element, and -oo the smallest element. 
Moreover, 

6. -oo < x < oo for each x E IR.. 

In topology, if IR.~ is endowed with an appropriate topology, IR.~ is referred to as 
the two-point compactification of IR.. It turns out that the usual tangent function 
tan: [-I, I] ~ IR.*, where, of course, tan(- I) = -oo and tan( I) = oo, is a 
homeomorphism. 

One reason for introducing the extended real numbers is that in the theory of 
measure, one needs to consider sets with infinite measure. Another is that if {x,} is 
an unbounded sequence of real numbers, then by using Definition 4.5 one can see 
that lim sup x, and lim inf x, exist in lR. * (the values may be plus or minus infinity). 
Thus, every sequence of real numbers has a limit superior and limit inferior in lR.'. 

A sequence {x,} of real numbers converges to oo (denoted lim x, = oo) if for 
every M > 0, there exists no (depending on M) such that x, > M for all n > no. 
Similarly, limx, = -oo means that for every real number M < 0, there exists no 
such that x, < i'vl for all n > no. 

Theorem 4.3 can now be formulated as follows; the proof is left for the reader. 

Theorem 5.1. Every increasing sequence of rea/numbers either converges to 
a rea/number or to plus infinity. 
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Recall that for a sequence {x,} of real numbers, the series L:::l x, is said to 
be convergent, if the sequence of partial sums {L~=I x~} converges in IR. If the 
sequence of partial sums converges to infinity, then we write L:::l x, = oo and 
say that the sum of the series is infinite. The definition of L:.,l x, = -oo is 
similar. Observe that by Theorem 5. I every series of non-negative real numbers 
converges in lR *. 

A series L:l x, of real numbers is said to be rearrangement invariant if for 
every one-to-one and onto function a: IN-+ IN (called a permutation of IN), the 
series L:l x11• converges, and moreover L:1 x, = L:1 Xa.· 

Theorem 5.2. If {x,} is a sequence of non-negative real numbers, then the 
series L:l x, is rearrangement invariant. 

Proof. Let a: IN -+ IN be a permutation of IN. Set a = L:::l x, and b = 
L:l x11• (note that both series converge in IR*). To show that a = b, it is enough 
Lu establish (in view of the symmctrj of the situation) that b ~ a. The latter is 
equivalent to showing that L:r=l X 11., Sa holds for alln. 

Ifn E IN,putk = max{a., ... , a,} andobservethatL:r=l Xa., S L~=l x; Sa. 
The proof is now complete. B 

In addition to series, double series with non-negative terms will appear from 
time to time in this book. If {a,,,} is a double sequence with 0 S a11 , 111 S oo 
for each pair 11, m, then for each fixed n the series L~=l a,,, converges in IR* 
(possible to +oo). The double series L:1 L:::'=1 a,,, is now defined by 

0000 ~(00 ) 
LLa,,,=~I~L La,,111 . 
11=1 111=1 11=1 m=l 

Note that the limit to the right always exists in IR*. 
The following result on interchanging the order of summation holds: 

Theorem 5.3. If 0 ::: a,,111 ::: oo for all m and n, then 

00 00 00 00 
l:I:a,.lll = l:I:a,,lll. 
n=l 111=1 m=l n=l 

Proof. Set a = L;;:1 L:::'=1 a,, 111 .and b = L~=l L:_1 a,.111· Note that for 
each k and p we have 

k p p ~ p ( 00 ) LLa11 •111 = LLa,,, S L Lan.m 
11=1 111=1 111=1 11=1 111=1 11=1 

00 00 

sl:l:anlll=b, 
111=111=1 
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from which it easily follows that a :::: b . . A similar argument shows that b :::: a. 
Thus, a = b, and we are done. • 

Theorem 5.4. Let 0 :::: a11 .m :::: oo for all m, n. If a: 1N -+ 1N x 1N is one-to
one and onto, then 

00 00 00 

Laa., = LLall,m· 
11=l ll=l m=l 

Proof. Let a= L:::;':1 aa. and b = L:::;': 1 L::::;'= 1 a11 ,111 • For each i, let a; = 
(n;, m; ). Then 

holds for each k, and so a ::::b. 
On the other hand, for each k and m, there exists n such that for each 1 :::: i :::: k 

and 1 :::: j :::: m there exists 1 :::: r :::: n with a,. = (i, j). Thus, 

~ m oo 

LLai,j:::: Laa, ::=:a, 
i=l j=l r=l 

which shows that b :::: a. Therefore, a = b, and the proof is finished. • 
The series I::;:, aa., is usually called a rearrangement of the double series 

L:::;':1 I::::= I a"·"' into a single series. 

EXERCISES 

1. Let {x11 I be l_sequence of IR*. Define a limit point of {x11 I in IR* to be any element x 
of IR* for which there exists a subsequence of {x11 I that converges to x. 

Show that lim supx11 and lim infx11 (use Definition 4.5) are the largest and smallest 
limit points of {x, I in IR*. 

2. Let {x11 I be a sequence of positive real numbers such that e = lim x~ ... 1 exists in JR. 
Show that: " 

a. if e < I, then limx11 = 0, and 
b. if e > I, then limx11 = oo. 

[HINT: See the hint of Exercise 10 of Section 4.] 
3. Let 0 :::; a11 •111 :::; oo for all m, n, and let a: lN x lN -+ lN x lN be one-to-one and onto. 

Show that 

00 00 00 00 

L L an,m = L L Ga(tl,m)· 
tl=l m=l n=l m=l 
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4. Show that 

00 00 1 

""" """ , , = 00. L...J L...J n- + m-
n=lm=l 

5. This exercise describes the p-adic representation of a real number in (0, 1 ). We 
assume that p is a natural number such that p :::, 2 and x E (0, 1 ). 

a. Divide the interval [0, 1) into the p closed-open intervals [0, l }, [ -P1 , 1 }, ... , 
I p p [ T, 1 ), and number them consecutively from 0 to p - l. Then x belongs pre-

cisely to one of these intervals, say k1 (0 ~ k1 < p). Next divide the interval 
[~. k,;l) into p closed-open intervals (of the same length), number them con
secutively from 0 to p - 1, and let k2 be the subinterval to which x belongs. 
Proceeding this way, we construct a sequence (k11 ) of non-negative integers such 
that 0 ~ k11 < p for each 1!. Show that 

x=fk". 
11=1 pn 

b. Apply the same process as in (a) by subdividing each interval now into p open
closed intervals. For example, start with (0, 1] and subdivide it into the open
closed intervals (0, -P1 ], (l, 1], ... , (!!::!, 1]. 

• p p p) . 
As m (a), construct a sequence (m 11 of non-negattve integers such that 0 ~ 

m 11 < p for each 11. Show that 

00 

. _ """m" .\- L...J -. 
n=l p" 

c. Show by an example that the two sequences constructed in (a) and (b) may be 
different. 

In order to make the p-adic representation of a number unique, we shall agree to take 
the one determined by (a) above. As usual, it will be written as x = O.k1k2 · · · . 

6. Show that P(IN) ~ JR by establishing the following: 

i. If A is an infinite set, and f: A -+ B is one-to-one such that B \ f(A) is at most 
countable, then show that A ~ B. 

ii. Show that the set of real numbers of (0, 1) for which the dyadic (i.e., p = 2) 
representation determined by (a) and (b) of the preceding exercise are different 
is a countable set. 

iii. For each x E (0, 1 ), let x = O.kJ k2 · · · be the dyadic representation determined 
by part (a) of the preceding exercise; clearly, each k; is either 0 or l. Let 
f(x) = (11 E IN: k11 = 1 ). Show that f: (0, l)-+ P(IN) is one-to-one such that 
P(IN) \ f((O, 1)) is countable, and conclude from part (i) that (0, 1) ~ P(IN). 

7. For a sequence (xn) of real numbers show that the following conditions are equivalent: 

a. The series I:;!1 x11 is rearrangement invariant in IR. 
b. For every permutation a of IN the series I:;!1 xu. converges in JR. 
c. The series I:;! 1 ixn I converges in JR. 
d. For every sequence (s11 ) of ( -1, 1) the series I:;! 1 s11 xn converges in JR. 
e. For every subsequence (xt. .. ) of (x11 } the series I:~1 x1.., converges in JR. 
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f. For every E > 0, there exists an integer k (depending on E) such that for every 
finite subsets of lN with min s ~ k, we have I LileS XIII < E 0 

(Any series }:~1 x 11 satisfying any one of the above conditions is also referred to as 
an unconditionally convergent series.) 

8. A series of the form L~ 1 (-I )11 - 1 x11 , where x11 > 0 for each 11, is called an alter
nating series. Assume that a sequence {x11 I of strictly positive real numbers satisfies 
x11 t 0. Then establish the following: 

a. The alternating series }:~ 1 (-1)11 - 1 x11 converges in IR. 
b. If }:~ 1 x11 = oo, then the alternating series }:~ 1 ( -1)11 - 1 x11 is not rearrange

ment invariant. 

9. This exercise describes the integral test for the convergence of series. Assume that 
f: [I, oo) __,. [0, oo) is a decreasing function. We define the sequences (a,. I and {r11 I 
by 

II 

a,= Lf(k) 
k=l 

and 
{II 

r,. = ] 1 f(x)dx. 

Establish the following: 

a. 0 ~a,- r 11 ~ f(!) for al111. 
b. the sequence {a11 - r 11 I is decreasing-and hence, convergent in IR. 
c. Show that the series }:k:,1 f(k) converges in lR if and only if the improper 

Riemann integral fi'Xl f(x) dx = lim, __,. 00 Jt f(x) dx exists in lR. 

10. Use the preceding exercise to show that the series }:~ 1 ,fp does not converge in lR 
for 0 < p ~ I and converges in IR for all p > I. The following are exercises related 

to the harmonic series }:~ 1 *: 
a. Prove with (at least) three different ways that }:~ 1 * = oo. 
b. If a computer starting at 12 midnight on December 31. 1939, adds one million 

terms of the harmonic series every second, what was the value (within an error of 
I) of the sum at 12 midnight on December 31, 1997? (Assume that each year has 
365 days.) 

"oo {-1)"- 1 • I I I 
c. Show that L..•l=l - 1-1 - = 11~~(ii+T + 11 +2 + ... + 2il) = ln2. 

11. (Toeplitz) 12 Let {a11 I be a sequence of positive real numbers (i.e., a, > 0 for each n) 

and put b11 = L:/'=1 a;. Assume that b,. t L::1 a; = oo. If {x11 1 is a sequence of 
real numbers such that x, ---+ x in IR, then show that 

I II 

lim - La;x; =x. 
11-+00 b, i=l 

12. (Kronecker) 13 Assume that a sequence of positive real numbers {b, I satisfies 
0 < b1 < b2 < b3 < · · · and b11 t oo. If a series }:~ 1 x, of real numbers 

120tto Toeplitz. {1881-1940), a German mathematician. He made many contributions to analysis
especially to the theory of integral equations and operator theory. 

13Leopold Kronecker( 1823-1891 ), a German mathematician. He devoted his entire life to attempting 
to unify (successfully) arithmetic, algebra, and analysis. 
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converges in JR, then show that 

I II 

lim - Lb;x; = 0. 
11->00 bll i=1 

In particular, show that if (Yn} is a sequence of real numbers such that the series 
" 00 .lli converges in lR then vr+···+l'., --+ 0 
£-n=l 11 ' n · 

[HINT: Put bo = 0, so = 0, and Sn = x1 + · · · + x11 for each n ;:: I, and note that 
2:1'=1 b;x; = 2:7=1 b;(s;- s;-d = b,s11 - 2:i'=2 s;-1(b;- b;-d. Now use the 
preceding exercise.] 

6. METRIC SPACES 

A metric (or a distance) d on a nonempty set X is a function d: X x X --+ IR. 
satisfying the three properties: 

a. d(x, y) 2:: 0 for all x, y EX and d(x, y) = 0 <===> x = y; 
b. d(x,y)=d(y,x)foraHx,yEX; 
c. d(x, y) ~ d(x, z) + d(z, y) for all x, y, z EX (the triangle inequality). 

The pair (X, d) is called a metric space. 
In a metric space (X, d) the inequality 

ld(x, z)- d(y, z)l ~ d(x, y) 

holds for all points x, y, z E X. Indeed, from the triangle inequality it follows that 
d(x, z) ~ d(x, y) +d(y, z), and therefore d(x, z)- d(y, ::) ~ d(x, y). Interchang
ing x andy gives d(y, z)- d(x, z) ~ d(x, y), from which the inequality follows. 

Here are some examples of metric spaces. The reader should be able to verify 
by himself that the exhibited functions satisfy the properties of a distance. 

Example 6.1. The set of real numbers lR equipped with the d1stance d(x, y) = ix - yi 
for all x, y E JR. • 

Example 6.2. The Euclidean14 space lR11 equipped with the d1stance 

( 
II ) { 

d(x, y) = ?=<x; - )d 
1=1 

for x = (x1 •... , x11 ) and y = (y1 •... , y,) in lR11 • This distance on lR11 is called the 
Euclidean distance. • 

Example 6.3. Let X be a nonempty set. !hen the function d defined by d(x, y) = I if 
x =j: y and d(x, x) = 0 is a distance on X. This distance is called the discrete distance on 
X, and X with this distance is called a discrete metric space. • 

14Euclid (ca 365-300 BC), a famous Greek geomeler and !he mosl celebrated malhematician of all 
lime. His name was a synonym for geometry untillhe lwentieth century. Euclid's fame rests upon his 
classic work on geometry, The Elements, (written in thirteen books) that had a profound influence on 
the human mind and inquiry more than any other work except the Bible. 
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Example 6.4. Let X= (0, oo). Then 

d(x, y) = 1_:- _:I 
X y 

for x, y E X is a distance on X. • 
If Y is a subset of a metric space (X, d), then Y equipped with the distanced 

also becomes a metric space. 
Now, let us fix a metric space (X, d). If x E X, then the open ball at x with 

radius r > 0 is the set B(x, r) = (y EX: d(x, y) < r}. The open subsets of X 
can now be defined in the usual way. A subset A of X is called open if for every 
x E A, there exists some r > 0 such that B(x, r) £;;A. 

Every open ball B(x, r) is an open set. Indeed, if y E B(x, r), then the open 
ball B(y, rt), where r 1 = r - d(x, y) > 0, satisfies B(y, r 1) £;; B(x, r). Reason: 
z E B(y, r 1) implies d(x, z) :S d(x, y) + d(y, z) < d(x, y) + r 1 = r, and so 
z E B(x, r). 

Theorem 6.5. For a metric space (X, d) the following statemellts hold: 

i. X and 0 are open sets. 
u. Arbitrary unions of open sets are open sets. 

iii. Finite intersections of open sets are open sets. 

Proof. (i) Obvious. 
(ii) Let {A;};e/ be a family of open subsets of X. Let x E U A;. Then there 

exists some i E I such that x E A;. Since A; is open, there exists r > 0 with 
B(x, r) £;;A; £;; U A;. Hence, U A; is open. 

(iii) Let {A., ... , A,.} be a finite collection of open sets. If x E n;'=1 A;, 
then for each I :S i :S n there exists r; > 0 such that B(x, r;) £;; A;. Put 
r = min(r1, ... ,r,.}, and note that B(;~,r) £;; n;'=• A;. Hence, n;'=• A; is an 
~~ . 

A point x is called an interior point of a subset A if there exists an open ball 
B(x, r) such that B(x, r) £;; A. The set of all interior points of A is denoted by 
AD and is called the interior of A; clearly, AD£;; A. It is easy to see that AD is the 
largest open subset of X included in A. Also, note that A is open if and only if 
A= A0 • 

A subset A of a metric space (X, d) is called closed if its complement A c 

(=X\ A) is an open set. The properties of closed sets are stated next. 

Theorem 6.6. For a metric space (X, d) the following statemellts hold: 

i. X and 0 are closed sets. 
ii. Arbitrary intersections of closed sets are closed sets. 

iii. Finite unions of closed sets are closed sets. 



36 Chapter 1: FUNDAMENTALS OF REAL ANALYSIS 

Proof. (i) The result follows from xe = (/), (/)e = X, and Theorem 6.5(i). 
(ii) Let (A; lie/ be a family of closed sets. Then by Theorem 6.5 and De Morgan's 

Jaw, we see that ( nie/ A; )e = Uie/ Af is open. Thus, nie/ A; is a closed set. 
(ii) Combine ( u;'=l A; )e = n;'.:1 Af with Theorem 6.5(iii). • 

It should be observed that a set A is open if and only if A e is closed; and similarly, 
A is closed if and only if Ae is open. Observe that a set which is not open is not 
necessarily closed, and vice versa. 

A point x E X is called a closure point of a subset A of X if every open ball 
at x contains (at least) one element of A; that is, B (x, r) n A 7'= (/) for all r > 0. 
The set of all closure points of A is denoted by A, and is called the closure of A; 
clearly, A £;; A. 

Theorem 6.7. For every subset A of a metric space, A is the smallest closed 
set that includes A. 

Proof. Let A be a subset of a metric space. We show that A is closed. Indeed, 
if x ¢. A, then there exists an open ball B (x, r) such that B (x, r) n A = (/). If 
y E B (x, r ), then [since B (x, r) is an open set] there exists 8 > 0 such that 
B(y, 8) £;; B(x, r). Thus, B(y, 8) n A = (/), and soy ¢. A. Consequently, 
B(x, r) £;; (A)e, and so (A)e is open, which shows that A is closed. 

Now, if B is a closed subset such that A £;; B, then for every x E Be there 
exists an open ball B(x, r) £;; Be. Thus, B(x, r) n B = (/),and in particular, 
B (x, r) n A = (/). This shows that no element of Be is a closure point of A, and 
therefore A £;; B. • 

An immediate consequence of the preceding theorem is that a set A is closed if 
and only if A = A. 

Every set of the form A = (x E X: d (x, a) ::: r}, called the closed ball at a with 
radiusr,isaclosedset. lndeed,assumed(x,a) > r,andput1· 1 =d(x,a)-r > 0. 
If d(y, x) < r 1, then 

d(a, y):::. d(a, x)- d(y, x) > d(a, x)- r 1 = r, 

which shows that A e is open, and thus, A is closed. Observe that in a discrete 
metric space, B(a, r) may be a proper subset of (x EX: d(x, a)::: r}. However, 
in the Euclidean space IR", the closure of every open ball of radius r is the closed 
ball of radius r. (Why?) 

Lemma 6.8. If A is a subset of a metric space, then A0 = (Ae)e. 
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Proof. Notice that 

x E A0 ¢:::=> 3r > 0 with B(x, r) ~A 

and the proof is finished. 

¢:::=> 3r > 0 with B(x, r) n Ac = (/) 

¢:::=>X r/. Ac ¢:::=>X E (Ac)c, 
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• 
A point x is called an accumulation point of a set A if every open ball B (x, r) 

contains an element of A distinct from x; that is, B (x, r) n (A \ (x}) =f. (/) for each 
r > 0. Note that x need not be an element of A. Clearly, every accumulation point 
of a set is automatically a closure point of that set. The set of accumulation points 
of A is called the derived set of A, and is denoted by A'. It should be clear that 
A= AU A'. In particular, it follows that a set is closed if and only if it contains 
its accumulation points. 

A sequence (x,} of a metric space (X, d) is said to be convergent to x E X (in 
symbols, lim.r, = x, or x, ~ x) iflimd(x,, x) = 0. From the triangle inequality 
it easily follows that a sequence in a metric space can have at most one limit. (See 
the proof of Theorem 4.2.) 

The next theorem characterizes the closure points of a set in terms of sequences. 

Theorem 6.9. Let A be a subset of a metric space (X, d). Then a point x E X 
belongs to A if and only if there exists a sequence (x,} of A such that lim x, = x. 

Moreo\'er, ifx is an accumulation point of A, then there exists a sequence of 
A with distinct terms that converges to x. 

Proof. Assume that x belongs to the closure of A. For each n pick x, E A 
such that d(x. x,.) < ~-Then {x,} is a sequence of A such that limx, = x. 

On the other hand, if a sequence {x,} of A satisfies lim x, = x, then for each 
r > 0 there exists some k such that d(x, x,) < r for n > k. Thus, B(x, r)n A =f.(/) 
for each r > 0, and sox E A. 

Next, assume thatx is an accumulation point of A. Start by choosing some x 1 E 

A such that x1 =f. x and d(x, x 1) < I. Now, inductively, if x 1, •.. , x, E (A \ {x}) 
have been chosen, pickx,+ 1 E A\ (x} such that d(x, x,+ 1) < min{ ,!1 , d(x, x,)}. 
Then {x,} is a sequence of A satisfying x, =f. X 111 if n =f. m and lim .t, = x. B 

A subset A of a metric space (X, d) is called dense in X if A = X. According 
to Theorem 6.9. a set A is dense in X if and only if for every x E X there exists a 
sequence {.r,} of A such that lim x, = x. Also, notice that a set A is dense if and 
only if V n .4 =f. (/) holds for each nonempty open set V. 
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A point x E X is called a boundary point of a set A if every open ball of x 
contains points from A and Ac; that is, if B(x, r) n A 1= (/)and B(x. r) n Ac 1= (/) 
for all r > 0. The set of all boundary points of a set A is denoted by a A and is 
called the boundary of A. By the symmetry of the definition, a A = aAc holds 
for every subset A of X. Also, a simple argument shows that 

aA =An Ac. 

We now introduce the concept of continuity. 

Definition 6.10. A function f: (X, d)--+ (Y, p) betv.>een tv.>o metric spaces is 
said to be continuous at a point a E X if for eve1y E > 0 there exists 8 > 0 
(depending on E) such that p(f(x), f(a)) < E whenever d(x, a)< 8. 

Theftmction f is said to be continuous on X (or simply continuous) iff is 
continuous at eve1y point of X. 

The next theorem presents the most useful characterizations of continuous func
tions. 

Theorem 6.11. Forafunction f: (X, d) --+ (Y, p) between tv.>o metric spaces, 
the following statements are equivalent: 

i. f is continuous on X. 
ii. f-I ( 0) is an open subset of X whenever 0 is an open subset of Y. 

iii. If lim X 11 = x holds in X, then lim f(x 11 ) = f(x) holds in Y. 
iv. /(A) ~ /(A) holds for every subset A of X. 
v. /-I (C) is a closed subset of X whenever C is a closed subset ofY. 

Proof. (i) ==> (ii) Let 0 be an open subset of Y and a E /-I ( 0). Since 
f(a) E 0 and 0 is open, there exists some r > 0 such that B(f(a}, r) ~ 0. 
Now by the continuity of f at a, there exists 8 > 0 such that d (x, a) < 8 implies 
p(f(x}, f(a)) < r. But this shows that B(a,8) ~ f-I(CJ). Therefore, a is an 
interior point of f-I(CJ), and hence, f-I(CJ} is open. 

(ii)==> (iii) Assume limx11 = x in X and r > 0. Let V = B(f(x), r). By our 
assumption f-I(V) is an open subset of X, and since x belongs to it, there exists 
some 8 > 0 such that B(x, 8) ~ f-I(V). Pick some k such that x11 E B(x, 8) for 
all n > k. Then f(x 11 ) E V for alln > k, which shows that lim f(x 11 ) = f(x). 

(iii)==> (iv) Let A be a subset of X. If y E /(A), then there exists x E A 
such that y = f(x). Since x E A, there exists (by Theorem 6.9) a sequence {x11 } 

of A such that limx11 = x. But then, {f(x11 )} is a sequence of /(A), and by 
assumption lim f(x 11 ) = f(x) = y. By Theorem 6.9 it follows that y E /(A); 
that is, f(A) ~ /(A). 

(iv) ==> (v) Let C be a closed subset of Y; clearly, C = C holds in Y. Applying 
our assumption to the set A= f-I(C), we get /(A)~ /(A)~ C = C, which 
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shows that A~ f- 1(C) =A. Since A~· A is always true, it follows that A= A, 
which shows that A= f- 1(C) is a closed subset of X. 

(v) ==> (i} Let a E X and E > 0. Consider the closed set 

C = [B(f(a}, E) r = (y E Y: p(f(a}, y) 2:: E). 

By hypothesis, f- 1(C) is a closed subset of X. Since a ¢ f- 1(C}, there exists 
some 8 > 0 such that B(a, 8) ~ [f-1(C)JC. But then, if d(x, a) < 8, then 
p(f(x}, f(a)) < E holds, so that f is continuous at a. Since a is arbitrary, f is 
continuous on X. The proof of the theorem is now complete. • 

From statement (iii) it should be clear that the composition of two continuous 
functions between metric spaces (whenever it makes sense) must be a continuous 
function. 

Two metric spaces (X, d) and (Y, p) are called homeomorphic if there exists 
a one-to-one onto function f: (X, d) -+ (Y, p} such that f and f- 1 are both 
continuous. 

Two distances d and p on a set X are called equivalent if a sequence (x,.} of 
X satisfies lim d(x,., x) = 0 if and only if lim p(x,., x) = 0. By the preceding 
theorem, for this to happen it is necessary and sufficient for the identity mapping 
/:(X, d) -+ (X, p) to be a homeomorphism. Rephrasing this last statement, d 
and p are equivalent if and only if d and p generate the same open sets. 

A metric space (X, d) is called bounded if there exists a number M > 0 such 
that d (x, y) ::::: M for all x, y E X. The diameter of a subset A of a metric space 
(X, d) is defined by 

d(A) = sup(d(x, y): x, yEA). 

Thus, (X, d) is bounded if and only if the diameter of X is finite. 
If d is a distance on a set X, then the function p defined by 

d(x, y) 
p(x, y) = 1 + d(x, y) 

is also a distance on X. Moreover, (X, p) is bounded and pis equivalent to d. 
We now turn our attention to complete metric spaces. A sequence (x,.} of a 

metric space (X, d) is called a Cauchy sequence if for every E > 0, there exists 
no (depending on E) such that d(x,., Xm) < E for alln, m > no. Clearly, every 
convergent sequence is a Cauchy sequence. However, in general, the converse 
is not true. As an example, let X = (0, oo) with distance d(x, y) = lx - yj, 
and x,. = ~ for each n. Then {x,.} is a Cauchy sequence that does not converge 
in X. 

If a metric space has the property that all of its Cauchy sequences converge (in 
the space}, then the metric space is called a complete metric space. Examples 
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of complete metric spaces are provided by the Euclidean spaces JR." with their 
Euclidean distances. Recall that according to Theorem 4.9 the real numbers form 
a complete metric space. 

Here is another important example of a complete metric space. 

Example 6.12. Let Q be a nonempty set. We shall denote by B(Q) the set of all real
valued functions defined on Q that are bounded. That is, a function f: Q --)- JR. belongs to 
B(Q) if and only if there exists a number M > 0 (depending on f) such that lf(w)l ~ M 
for all w E Q. Now for each f, g E B(Q) define 

D(f, g)= sup{lf(w)- g(w)l: wE Q}. 

Note that since both f and g are bounded, D(f, g) is a real number. We claim that Dis a 
distance on B(Q) and that, in fact, B(Q) is complete (with this distance). 

To see that D is a distance, only the triangle inequality is verified; the other two properties 
are trivial. Indeed, if f, g, h E B (Q), then for each w E Q we have 

lf(w)- g(w)l ~ lf(w)- h(w)l + lh(w)- g(w)l ~ D(f, h)+ D(h, g), 

and so D(f, g)~ D(f, h)+ D(h, g). 
Next, we shall establish the completeness of B(Q). To this end, let {f,,} be a Cauchy 

sequence of B(Q). Then, given E > 0 there exists no such that D(/11 , fm) < E for all 
II. m > no. In particular, note that for each (L) E n, the inequality 1/ll(w) - fm(w)l ~ 
D(/11 • fm) implies that {/11 (w)} is a Cauchy sequence of real numbers. Thus, {/11 (w)} 
converges in JR. for each w E Q; let f(w) = lim f 11 (w). It easily follows from the inequality 
lf,,(w)- fm(w)l < E for all n, m > no that l/11(w)- f(w)l ~ E for all n ?:. no and all 
(L) E n. This last inequality in tum implies that f E B(Q) and D(fll. f) ~ E for all II > no. 
Hence, lim fn = f, and so B(Q) is complete. • 

Closed subsets of complete metric spaces are complete metric space in their 
own right. 

Theorem 6.13. Let (X, d) be a complete metric space. Then a subset A of X 
is closed if and only if A (with metric d) is a complete metric space in its own 
right. 

Proof. Let A be closed. If {x11 } is a Cauchy sequence of A, then {x,.} is 
a Cauchy sequence of X. Since X is. complete, there exists x E X such that 
lim X11 = x. But since A is closed, x E A. Thus, (A, d) is a complete metric 
space. 

Conversely, assume that (A, d) is a complete metric space. If a sequence {x11 } 
of A satisfies lim x 11 = x in X, then {x11 } is a Cauchy sequence of X. But then, {x11 } 
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is a Cauchy sequence of A, and hence, it must converge to a unique element of A. 
This element must be x. Thus, x E A, so "that A is a closed subset of X. • 

The following important result dealing with complete metric spaces is due to 
G. Cantor. (Keep in mind that the diameter of a set A is defined by d(A) = 
sup(d(x, y): x, y E A}.) 

Theorem 6.14 (Cantor). Let (X, d) be a complete metric space and Let { A11 } 

be a sequence of closed, nonempty subsets of X such that A11+1 ~ A 11 for each 
nand limd(A11 ) = 0. 

Then the intersection n:=l A 11 consists precisely of one element. 

Proof. If X, y E n:l All, then X,)' E All for each n, and hence, 0 :5 
d(x, y) :5 d(A 11 ) for each n. Thus, d(x, y) = 0, so that x = y. This shows that 
n:1 A11 contains at most one element. 

To show that n:1 A11 -=/= 0. proceed as follows. For each n, choose some 
X 11 E A 11 • Then, it is easy to see that d(x 11+p• x 11 ) :5 d(A 11 ) holds for each 11 and p, 
and from this it follows that {x11 } is a Cauchy sequence of X. Thus, there exists 
X E X such that limxll = X, and we claim that X E n:l All. Indeed, since 
Xm E A11 form ::::. n, we get x E A11 for each n. But since each A11 is closed, 
A11 = A11 holds; therefore, x E A11 for each n, and we are done. • 

A subset A of a metric space (X, d) is said to be nowhere dense if its closure 
has an empty interior; that is, if (A)0 = (/). Since 8° = (Bc)c holds for every 
subset B, it is easy to see that a subset A is nowhere dense if and only if (A)c is 
dense in X. 

A classical nowhere dense subset of the real line is the so-called Cantor set. 
Because we shall use it later, we pause for a while to describe this set and its 
properties. 

Example 6.15 (The Cantor Set). The Cantor set is a subset of [0, I] and is constructed 
as follows: 

Let Co = [0, 1]. Then trisect [0, I] and remove the middle open interval<!.~). Let 
C1 = [0, !J U [~. I), and note that C1 is the union of 21 = 2 disjoint closed intervals. 
Next, trisect each closed interval of C 1 and remove from each one of them the middle 
open interval. Let C2 be the set remaining from C1 after these removals. That is, C2 = 
[0, bJ U [~. !J U [~. ~] U l3. I]; note that C2 is the union of 22 = 4 disjoint closed 
intervals. 

The (inductive) process of constructing C11 +J from C11 should be clear now. Trisect each 
of the 211 disjoint closed intervals of C11 , and remove from each one of them the middle open 
interval. What is left from C11 is then C11+1· Note that C11 +1 is the union of 211+1 disjoint 
closed intervals. The graphs of the first few constructions are shown in Figure 1.1. 
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FIGURE 1.1. The Construction of the Cantor Set 

Clearly, Cn+l £; C 11 holds for alln. The Cantor set of [0, I] is now defined by C = 
n~ I C n. Next, we mention the most interesting propenies of the Cantor set C. 

I. The set C is a closed nowhere dense subset of JR. 
Clearly, C is closed as it is an intersection of closed sets. It should also be clear 
fru111 the above construction that C docs not contain any interval and thus, C has 
empty interior, i.e., is a nowhere dense set. 

2. The total length of the removed inten•alsfrom [0, I] to get C equals one. 
To see this, note that at the n1h step we remove 211 - I open intervals each of which 
has length 3 -n; therefore, a total of 211 - 1 • 3 -II. Thus, we remove altogether a total 
I h f "oo 211-l 3-11 I "oo (2)" 1 engt o L..n=l · = 2 L...11=l 3 = · 

3. The set C has cardinality c, that is, C ;::::: JR. 
Perhaps the simplest way of proving this is by showing that C ::::: 2N, where 2 = 
(0, I 1. Since P(lN) ;::::: 2IN [the mapping a = (a11 I t-+ g(a) = {11 E JN: a11 = I I is 
one-to-one from 2IN onto P(lN)] and P(lN) ::::: JR (see Exercise 6 of Section 5), it 
will follow that C ;::::: JR. The details are included below. 

If x = {xn I E 2IN (i.e., each x 11 is either 0 or I), then let y11 = 2x11 for each 11, and 
define f(x) = 2::~ 1 3-11 )'11 • Clearly, each y11 is either 0 or 2. Note first that f(x) E C. 

Indeed, since )'I :j: I, we have f(x) fl. (!, ~ ); similarly, since Y2 :j: I. we can see that 
f (x) fl. ( b , ~) U ( ~ , ~ ). By induction, we can verify that f (x) does not belong to any of the 
removed open intervals. Thus, f(x) E C which shows that x t-+ f(x) is a mapping from 
2IN into C. 

Now, we claim that x t-+ f(x) is one-to-one. Indeed, if a = (a11 I :;6 b = {b11 I holds, 
then let k = min(n E JN: a11 :j: b11 }; assume that bk = I and a~ = 0. Then, in view of 
2 " 00 3-11 3-k h L..n=k+l = , we ave 

00 ~-1 00 

t<b> = 2 I:b"rn::: 2 L:b~~r" + 2. rk > 2 I:anr" = t<a>. 
11=1 II=I 11=1 

Finally, it is not difficult to see that C consists precisely of all numbers of [0, l] with a 
triadic representation (see Exercise 5 of Section 5) assuming the values 0 or 2. This implies 
that x t-+ f(x) is onto, proving that C :::::JR. • 
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A subset Y of a metric space is said to l;>e meager (or of first category) if there 
exists a sequence (A,.} of nowhere dense subsets such that Y = U:::1 A,.. A 
metric space is called a Baire 15 space if every nonempty open set is not a meager 
set. The next result characterizes the Baire spaces. 

Theorem 6.16. For a metric space X the following statements are equivalent: 

l. X is a Baire space. 
2. Eve1y countable intersection of open dense sets is also dense. 
3. If X = U:::1 F,. and each F,. is a closed set, then the open set U:1 (F,.)0 

is dense. 

Proof. (1) ===> (2) We shall use the following property of open dense sets: 
If B is an open dense set, then its complement Be is nowhere dense. (This follows 
from Lemma 6.8 by observing that (Bc)o = (Bc)<"-c = (ii)c = xc = <tJ.) 

Assume now that X is a Baire space and let {A,.} be a sequence of open dense 
subsets of X. To show that A = n:1 A,. is dense in X, we need to show that 
An 0 =I= <tJ for each non empty open set 0 of X. Suppose, if possible, that An 0 = 
<tJ for some nonempty open set 0. Then X= (An O)c = Ac U oc. and thus 

But this shows that 0 is a meager set, and thus, it is empty by hypothesis, contrary 
to the choice of 0. Hence, A is dense in X. 

(2) ===> (3) Let {F11 } be a sequence of closed sets satisfying X = U:1 Fn and 
consider the open set 0 = U:1 (F11 ) 0 • For each n, let E11 = F11 \ (Fn)0 and note 
that E11 is a nowhere dense closed set. In particular, the set E = U:1 E11 is a 
meager set. 

Since En is a closed nowhere dense set, it easily follows that each (E,.)c is an 
open dense set. So, by our hypothesis, Ec = n:l (E,.)C is also a dense set. Now 
notice that 

00 00 00 

oc =X\ 0 = U F11 \ U (F11 ) 0 ~ U[F11 \ (F11 ) 0 ] = E, 
11=1 II= I 

and so Ec ~ 0. Since Ec is dense, we easily conclude that 0 is also dense, as 
desired. 

15Rene Louis Baire (1874-1932), a French mathematician. Among other topics, he studied exten
sively the properties of the pointwise limits of sequences of continuous functions. 
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(3) ===> (I) Let V be a nonempty open set. If V is a meager set, then V can be 
written as a countable union V = U:1 A11 , where (A11 ) 0 =(/)for each n. Then 

is a countable union of closed sets, and so by our hypothesis the open set 

is dense in X. From (Vc)o s; vc, we see that vc is also dense in X. In particular, 
we have V n vc =f. (/),which is impossible. Hence, V is not a meager set and so 
X is a Baire space. • 

The next result is known as Baire's category theorem, and it plays an important 
role in analysis. 

Theorem 6.17 (Baire). Every complete metric space is a Baire space. 

Proof. Let { A 11 } be a sequence of open and dense subsets of X. According to 
Theorem 6.16, we have to show that the set A = n: I An is dense in X. Conse
quently, if x EX and r > 0 are given, we have to establish that B(x, r) n A =f.(/). 
Lete(a,r) = {x EX: d(x,a) ~ r}. 

Since A 1 is open and dense in X, there exists x 1 E X and 0 < r 1 ~ I such 
that e(x1, r 1) s; B(x, r) n A l· Now, inductively, if x1, ... , X 11 and r 1, ... , r 11 

have been selected, choose X 11+ 1 E X and 1"11+ 1 ~ 11~ 1 such that C (x11+ 1 , r 11+ 1) s; 
B(xn,rn) n A11+l· Thus, there exists a sequence {xn} of X and a sequence {r11 } 

of real numbers such that 0 < r11 ~ ~. and e(x11+ 1 ,1'11+ 1) s; B(x11 , r11 ) n A11 +1 

for each n. Now put en = e(xn. r11 ) for each 11. Then each e 11 is nonempty and 
closed, and e 11+1 s; e 11 holds for each n. Moreover, d(e 11 ) ~ 2r11 ~ ~ implies 
lim d(e 11 ) = 0. Thus, by Theorem 6.14, there exists y E n:. C11 • But then, it 
easily follows that y E B(x, r) n A, and we are done. • 

A special case of the preceding theorem with many useful applications is stated 
next. 

Theorem 6.18. lf(X, d) is a complete metric space and X= U:1 An. then 
(A 11 ) 0 =f. (/)for some n. 

A function f: (X, d)~ (Y, p) between two metric spaces is called uniformly 
continuous if for every € > 0 there exists some 8 > 0 (depending on E) such that 
p(f(x), f(y)) < € whenever d(x, y) < 8. Clearly, every uniformly continuous 
function is continuous. 
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If X= (0,1] andY= JR., both with the distance d(x, y) = lx- yl, then the 
function f: X ~ Y, where f(x) = x 2, is imifonnly continuous, while g: X ~ Y, 
with g(x) = x-•, is continuous but not unifonnly continuous. 

For the proof of the next theorem the following simple result is needed: 

• In a metric space (X, d), if limx11 = x and lim y11 = y, then 

lim d(x11 , y11 ) = d(x, y). 
11-+00 

To see this, note first that by the triangle inequality we have id(x, z)- d(z, y)i .::: 
d(x, y), and then use the chain of inequalities 

ld(xll, Y11)- d(x, y)i .::: id(xll, Y11)- d(x, Y11)i + id(x, Y11)- d(x, y)i 

.::: d(x11 , x) + d(y11 , y), 

to establish the validity of the statement. 

Theorem 6.19. Let A be a subset of a metric space (X, d) and let (Y, p) be a 
complete metric space. Iff: A ~ Y is a uniformly continuous function, then 
f has a unique uniformly continuous extension to tlze closure A of A. 

Proof. The uniqueness of the extension should be clear. We only have to 
establish its existence. 

Let x E A. Then by Theorem 6.9 there exists a sequence {x11 } of A such 
that lim X 11 = x. We shall show that (J (x11 )} is a Cauchy sequence of Y. To 
this end, let E > 0. By the unifonn continuity of f, there exists 8 > 0 such that 
p(f(x), f(y)) < E whenever x, y E A satisfy d(x, y) < 8. Pick no such that 
d(x11 , x111 ) < 8 for alln, m > no. Thus, p(J(x11 ), f(xm)) < E for all n, m > no; 
that is, (J(x11 )} is a Cauchy sequence. By the completeness of Y, there exists 
y E Y such that lim f(x11 ) = y. 

If now {y11 } is another sequence of A such that lim y11 = x, then by the above 
(J(y11 )} converges in Y. Let lim f(y 11 ) = u. Now, for each n define z211 = x11 
and z211 _1 = y11 . Note that {z11 } is a sequence of A such that limz11 = x. Thus, 
limf(z,.) exists in Y. In particular, we have limf(z211 ) = limf(z211-1); that is, 
y = u. Therefore, lim f(x 11 ) is independent of the choice of the sequence {x11 } of 
A (as long as it converges to x). 

Now, define f*: A~ Y by J*(x) =lim f(x11 ), where {x11 } is a sequence of A 
such that limx11 = x. Clearly, J*(x) = f(x) for all x E A. To finish the proof, 
we show that r is unifonnly continuous. 

If E > 0, choose 8 > 0 such that p(J(x), f(y)) < E whenever x, y E A satisfy 
d(x, y) < 8. Now if x, y E A satisfy d(x, y) < 8, choose two sequences {x,.} 
and {y11 } of A such that lim x11 = x and lim y11 = y. By the discussion before the 
theorem, we have limd(x11 , y,.) = d(x, y). Pick no such that d(x11 , y11 ) < 8 for 
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all n > no. Then p(.f(x,), f(y,)) < E for 11 > no, and so, by the same remark 
p(f*(x), f*(y)) .:::: E, which shows that f* is uniformly continuous on A. • 

A function f: (X, d)~ (Y, p) between two metric spaces is called an isometry 
if p(f(x), f(y)) = d(x, y) holds for all x, y EX. If in addition f is onto, then 
(X, d) and (Y. p) are called isometric. Note that two isometric metric spaces 
are necessarily homeomorphic. Also, observe that every isometry is a uniformly 
continuous function. 

A complete metric space (Y, p) is called a completion of a metric space (X, d) 
if there exists an isometry f: (X, d) ~ (Y, p) such that f(X) is dense in Y. If we 
think of X and f(X) as identical, then X can be considered as a subset of Y. 

Any two completions of a metric space (X, d) must be isometric. Indeed, if 
(Y1 , p1) and CY2. P2) are two completions of (X, d), then there exist two isometries 
f: X ~ Y1 and g: X ~ Y2. Thus, g is an isometry from X onto g(X) and f- 1 

is an isometry from f(X) onto X. Then h =go f- 1 is an isometry from f(X) 
onto g(X) £ Y2. Since f(X) is dense in Y1, h is uniformly continuous and Y2 is 
complete, it follows from Theorem 6.19 that there exists a uniformly continuous 
extension h* of h to all of Y1• It is now straightforward to show that h* is an 
isometry from Y1 onto Y2• 

Observe that iff: (X, d)~ (Y, p) is an isometry and (Y, p) is complete, then 
the closure f(X) is a completion of X (since, by Theorem 6.13, f(X) is a complete 
metric space). Next, we shall use this observation to establish that every metric 
space has a completion. 

Theorem 6.20. Every metric space has a unique (up to an isometry) comple
tion. 

Proof. Jet (X, d) be a metric space. Fix an element a E X. For each x E X, 
Jet fr: X ~ JR. be defined by fr(Y) = d(x, y)- d(y, a) for each y EX. From 
the triangle inequality it is easy to see that I fr (y) I .:::: d(x, a) for each y E X, and 
this shows that fr is a bounded function for each x E X. That is, fr E B (X) 
for each x E X; see Example 6.12. We have established, therefore, a function 
f: X ~ B(X) by x ~ fx· We claim that f is an isometry. (Recall that the 
distance on B(X) is given by D(f, g)= sup{lf(x)- g(x)l: x E X}.) 

Indeed, note first that if x, z E X, then 

lfr(Y)- f:(Y)I = ld(x, y)- d(y, a)- [d(z, y)- d(y, a)JI 

= ld(x, y)-' d(z, y)l.:::: d(x, :) 

holds for ally EX. On the other hand, 1/r(z)- f:(z)l = d(x, z). Hence, 

D(f\. f:) = sup{l/r(Y)- /:()')1: y EX}= d(x, z). 
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Since (B(X), D) is a complete metric _space (see Example 6.12), we see that 
(/(X), D) is a completion of (X, d). 

The uniqueness of the completion (up to an isometry) was established in the 
discussion before the theorem. The proof is now complete. • 

EXERCISES 

1. For subsets A and 8 of a metric space (X, d), show that: 

a. (An 8)0 = A0 n 8°. 
b. A0 U8°~{AU8)0 • 

c. AU8 =AUB. 
d. An8 ~AnB. 
e. If 8 is open, then An 8 ~ A n 8. 

2. Show that in a Euclidean space IR" with the Euclidean distance, the closure of any 
open ball 8(a, r) is the closed ball {x E IR": d(x, a) ~ rl. Give an example of a 
complete metric space for which the corresponding statement is false. 

3. If A is a nonempty subset of IR, then show that the set 

8 ={a E A: There exists E > 0 such that (a, a+ E) n A= <Zll 

is at most countable. 
4. Let f: (X, d) ---+ (Y, p) be a function. Show that f is continuous if and only if 

f- 1 (8°) ~ {f-1 (8))0 for every subset 8 of Y. 
5. Show that the boundary of a closed or open set in a metric space is nowhere dense. Is 

this statement true for an arbitrary subset? 
6. Show that the set of irrational numbers is not a countable union of closed subsets of 

JR. 
[HINT: Use Haire's theorem.] 

7. Let (X, d) be a metric space. Show that if {x11 I and {y11 I are Cauchy sequences of X, 
then {d(x,, y,)l converges in JR. 

8. Show that in a metric space a Cauchy sequence converges if and only if it has a 
convergent subsequence. 

9. Prove that the closed interval [0, I] is an uncountable set: 

a. by using Cantor's Theorem 6.14, and 
b. by using Theorem 6.18. 

10. Let {q, r2, .. . 1 be an enumeration of all rational numbers in the interval [0, 1] and 
for each x E [0, 1] let Ax = {n E JN: r11 ~ xl. Define the function f: [0, 1]---+ lR by 
the formula 

1 
f(x) = L 2"" 

IlEA, 

Show that f restricted to the set of irrational numbers of [0, 1] is continuous. 
11. This exercise concerns connected metric spaces. A metric space (X, d) is said to be 

connected whenever <tJ and X are the only subsets of X that are simultaneously open 
and closed. A subset A of a metric space (X, d) is said to be connected whenever 
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(A, d) is itself a connected metric space. Establish the following properties regarding 
connected metric spaces and connected sets. 

a. A metric space (X, d) is connected if and only if every continuous function 
f: X --+ {0, 1} is constant, where the two point set {0, 1} is considered to be 
a metric space under the discrete metric. 

b. If in a metric space (X, d) we have B ~ A ~ X, then the set B is a connected 
subset of (A, d) if and only if B is a connected subset of (X, d). 

c. If f: (X, d) --+ (Y, p) is a continuous function and A is a connected subset of X, 
then /(A) is a connected subset of Y. 

d. If {A; lie/ is a family of connected subsets of a metric space such that nie/ A; ;f 
(/),then Uie/ A; is likewise a connected set. 

e. If A is a subset of a metric space and a E A, then there exists a largest (with 
respect to inclusion) connected subset Ca of A that contains a. (The connected 
set Ca is called the component of a with respect to A.) 

f. If a, b belong to a subset A of a metric space and Ca and Cb are the components 
of a and bin A, then either Ca = Cb or else Can Cb = (/). Hence, the identity 
A = UaeA Ca shows that A can be written as a disjoint union of connected sets. 

g. A nonempty subset of JR. with at least two elements is a connected set if and only 
if it is an interval. Use this and the conclusion of (f) to infer that every open subset 
of JR. can be written as an at-most countable union of disjoint open intervals. 

12. Show that IR.n with the Euclidean distance is a connected metric space. Use this 
conclusion to establish that, if the intersection of two open subsets of IR.n is a proper 
closed set, then the two open sets must be disjoint. 

13. LetC be anonempty closed subset of JR. Show that a function f: C --+ JR. is continuous 
if and only if it can be extended to a continuous real-valued function on JR. 

14. Show that a metric space is a Baire space if and only if the complement of every 
meager set is dense. 

15. A subset of a metric space is called co-meager if its complement is a meager set. For 
a subset A of a Baire space show that: 

a. A is co-meager if and only if it contains a dense G 0-set. 
b. A is meager if and only if it is contained in an F u-set whose complement is dense. 

7. COMPACTNESS IN METRIC SPACES 

We shall discuss in this section the basic properties of compact sets. A family 
{A; };e/ of subsets of a set X is said to cover a subset A of X if A s; Uie/ A;. If 
a subfamily of {A; };e/ also covers A, then it is called a subcover. If (X, d) is a 
metric space, then any cover of a set consisting of open sets will be called an open 
cover of the set. 

Open covers of subsets of the Euclidean spaces IR" can always be reduced to 
countable ones, as the next classical result of E. Lindel0f16 shows. 

16Emst Leonhard Linde I of ( 1870-1940), a Fin mathematician. He contributed to function theory 
and he is known for his theorems on the existence of solutions to differential equations. 
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Theorem 7.1 (Lindelot). Every open cover of a subset ofJR11 can be reduced 
to an at-most countable subcover. · 

Proof. Call a point a = (a1, ..• , a11 ) E JR11 rational if each component a; is a 
rational number. Let A be a subset of JR11 and { O};er be an infinite open cover of 
A, i.e., A~ Uie/ 0;. 

Now, for each x E A choose first an index ix E I such that x E 0;,, and 
then pick a rational point ax E JR11 and a rational positive number rx such that 
x E B(ax. rx) ~ 0;,. Then the collection {B(ax,l"x): x E A} is an at most 
countable (why?) open cover of A. Since each B(ax. l"x) is a subset of some 0;, it 
easily follows that there exists an at-most countable subcover of { 0; };er for A. • 

And now we are ready to introduce the important notion of compactness. 

Definition 7.2. Let (X, d) be a metric space. A subset A of X is said to be 
compact if erery open cover of A can be reduced to a finite subcover. If X is 
itself a compact set, then (X, d) is referred to as a compact metric space. 

The concept of compactness is of fundamental importance in analysis and in 
mathematics in general. The next result characterizes the compact sets in metric 
spaces and gives an indication of the usefulness of the compact sets. 

Theorem 7.3. Fora subset A of a metric space (X, d) the following statements 
are equivalelll: 

I. A is a compact set. 
2. Every infinite subset of A has an accumulation point in A. 
3. Every sequence in A has a subsequence which converges to a point of A. 

Proof. (1) ===> (2) Let S be an infinite subset of the compact set A. Assume 
by way of contradiction that S has no accumulation point in A. 

Thus, for every x E A there exists some rx > 0 such that B (x, r .. ) n (S \ {x}) = 
(/). Note that B(x. rx) n s ~ {x }. Clearly, A ~ UxeA B(x. r .. ) holds, and, in view 
ofthecompactnessofA,thereexistx,, ... ,XII E AsuchthatA ~ u;·=l B(x;,rx)· 
But then, 

II 

s =A ns ~ U[B(x;,l"x;) ns] ~ {x,, ... ,xll}. 
i=l 

which shows that S must be a finite set, contradicting our hypothesis. 
(2) ===> (3) Let {x11 } be a sequence of A. If the sequence {x,} assumes only a 

finite number of distinct values, then there is nothing to prove-since it must have 
a constant subsequence. 
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So, assume that {x,.} assumes an infinite number of distinct values. This implies 
the existence of a subsequence {Yn} of {xn} such that y,. =f:. Ym holds whenever 
n =f:. m. (To see this, set k1 = 1 and proceed inductively as follows: If k1 < · · · < 
k,. have been selected, then choose some k,.+1 > k,. with xk.+ 1 =f:. xk, for each 
1 ~ i ~ n. Such an integer kn+! must exist since {x,.} assumes an infinite number 
of distinct values. If we let Yn = Xk.,, then the subsequence {)'11 } of {x,.} has the 
desired properties.) 

Now, the set {y1, y2 , ••• } is an infinite subset of A, and so by our hypothesis it 
has an accumulation point in A, say x. Note that we can assume that y,. =f:. x for 
each n; if Yk = x for some k, then replace {Yn} by {Yk+n}. 

Next, choose m1 with d(ymp x) < 1. Now, inductively, if m1 < · · · < m,. have 
been selected, choose m,.+ 1 such that 

d(Ymn+l' x} <min{ 11 ! 1 , d(y!, x), d(y2, x), ... , d(Ym.,.x} }· 

Clearly, mn+! > m,. must hold. This shows that {Ym.l is a subsequence of {y,.}, 
and hence, a subsequence of {xnl· In view of d(y111.,x) < ~.it follows that 
lim Ym. = x, as required. 

(3) ==> (1) Let A~ Uie/ 0; be an open cover of A. 

C !aim I: There exists some 8 > 0 such that for each x E A we have B (x, 8) ~ 
0; for at least one i E /. (Any such number 8 > 0 is called a Lebesgue number 
of A for the open cover {O;};e/·) 

To see this, assume that our claim is false. This means that for each n, there 
exists some x,. E A such that B(x,., ~) n Of =f:. (/)holds for each i E I. Let x E A 
be the limit of some subsequence of {x,.}. Pick some i E I with x E 0;, and then 
choose some r > 0 with B(x, r) ~ 0;. Next, select some n so that~ < ~ and 
d(x, Xn) < ~- It follows that B(x,., ~) ~ B(x, r) ~ 0;, contrary to the selection 
of Xn· This establishes the validity of our claim. 

Claim II. For each r > 0, there exist x 1, •.. , Xn E A such that 

II 

A~ U B(xj. r). 
j=! 

To see this, let r > 0, and assume that the claim is false. Fix some x 1 E A, 
and then choose x2 E A\ B(x1, r). In general, using induction, choose x,.+ 1 E 

A\ U~=l B(x;,r). Clearly, d(x11 ,Xm) ~ r holds for n =f:. m. This implies that 
no subsequence of {x,.} can converge, which contradicts our hypothesis, and our 
second claim has been established. 

To finish the proof, pick a Lebesgue number 8 > 0 of A for { 0; };e/. and then 
choose x1 •..• , Xn E A such that A ~ Uj=1 B(x j, 8). Now, for each j pick some 
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ij E I such that B(xj, 8) ~ 0;1 • Thus, A ~ U}=1 B(xj, 8) ~ Uj=1 O;i holds. 
This shows that A is a compact set, and the proof is finished. • 

The compact subsets of the Euclidean spaces are precisely the closed and 
bounded subsets. This result (known as the Heine-Borel theorem 17•18) gave rise 
to the present definition of compactness. The details follow. 

Theorem 7.4 (Heine-Borel). A subset of a Euclidean space is compact if and 
only if it is closed and bounded. 

Proof. Let A be a subset of some Euclidean space IRk. Let us denote by d the 
Euclidean distance of IRk; that is, 

I 

d(x, y) = [ t(x;- y;)2]2 
1=1 

Assume that A is a compact set. We shall show first that A is a bounded set. 
Since A ~ U.teA B(x, 1), there exists a finite number of points Xt, ••. , X11 of A 
such that A ~ u;1= 1 B(x;, 1). Let M = max{d(x;, Xj): i, j = 1, ... , nJ. If 
x, y E A, then choose i and j such that x E B(x;, 1) andy E B(xj, 1). Therefore, 

d(x, y) ~ d(x, x;) + d(x;, Xj) + d(xj, y) < M + 2 < oo, 

so that A is bounded. 
Next, we show that A is closed by establishing that A contains its closure points. 

Let x EA. By Theorem 6.9 there exists a sequence {x11 } of A such that x = lim X 11 • 

Now, by Theorem 7.3, {x11 } has a a subsequence that converges to some point of 
A. Since every subsequence of {x11 } must converge to x, it follows that x E A. 
That is, A ~ A holds, so that A is closed. 

For the converse, assume that A is a closed and bounded subset of IRk. Pick 
some M > 0 so that d(x, y) ~ M holds for all x, y E A. Fix an element y E A. 
If a= (a 1, ... , ak) E A, then ia;J ~ d(a, 0) ~ d(a, y) + d(y, 0) ~ M + d(y, 0) 
holds for each 1 ~ i ~ k. Thus, the set of real numbers consisting of the ;th 

coordinates of the elements of A is a bounded set. 
Now, let {x11 } be a sequence of A. Since the sequence of the first coordinates of 

{x11 } is a bounded sequence of real numbers, it follows from Corollary 4.7 that there 
exists a subsequence {x,~ } of {x11 } such that its first coordinates form a sequence 

17 Heinrich Eduard Heine (1821-1881), a German mathematician. He studied several classes of 
functions and he was the first to formulate and introduce the notion of uniform continuity. 

18Emile Borel (1871-1958), a French mathematician. He made many contributions to analysis and 
probability. His 1898 classic book, Le~·ons sur Ia T/zeorie des Fonctions, laid the basis of measure 
theory. 
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that converges in IR. Now, proceed as follows: Choose a subsequence [x;;J of 
[x~} so that its sequence of second coordinates converges in IR, and so on. After 
k steps, the sequence [x~} is a subsequence of [x,.} having the property that for 
each 1 .:::: i .:::: k the sequence of its i 1h coordinates form a convergent subsequence. 
This implies that [x!} converges in IRk, and since A is closed, it converges to some 
point of A. Thus, every sequence of A has a convergent subsequence in A. By 
Theorem 7.3, A is a compact set, and the proof is finished. • 

In general, the Heine-Borel theorem is not valid for arbitrary metric spaces. As 
in the above proof, if a subset of a metric space is compact, then the set is closed 
and bounded. However, a closed and bounded subset of a metric space need not 
be compact. Here is a simple example. 

Let X be an infinite set, and let d be the discrete distance on X [that is, d(x, y) = 
I if x =I= y, and d(x, x) = 0]. Note that B(x, 1) = [x} for each x E X. Clearly, X 
is closed a.nd bounded (with respect to this distance), and X = Urex B(x. 1 ). But 
this open cover cannot be reduced to a finite subcover. In fact, if X is uncountable, 
it cannot even be reduced to a countable subcover. 

The next result informs us that continuous images of compact sets are also 
compact sets. 

Theorem 7.5. Let f: (X, d)-+ (Y, p) be a colltinuousfunction. and let A be 
a compact subset of X. Then f(A) is a compact subset ofY. 

Proof. Let f(A) ~ U;er 0; be an open cover. Then A C U;er /- 1(0;), and 
by the continuity off each f- 1 ( 0;) is an open subset of X. By the compactness 
of A, there exist indices i1. ... , i,. such that A ~ U~=l /- 1 (0;.,). Thus, 

so that f(A) is compact. • 
From the last result and Theorem 7.4, it easily follows that iff: (X, d) -+ IR 

is continuous, then f attains a maximum and a minimum value on every compact 
subset of X. 

Every closed subset of a compact metric space (X, d) is compact. Indeed, if 
C is closed and { O;};er is an open cover of C, then X = cc U [ U;er 0;] is an 
open cover of X. Since X is compact," there exist indices i 1, ••• , i,. such that 
X = cc U 0;1 U · · · U 0; •. But then C ~ 0; 1 U · · · U 0;., and hence, Cis compact. 

A function f: (X, d) -+ (Y, p) is called an open mapping if f(A) is open 
whenever A is open. Similarly, f is called a closed mapping if f(A) is closed 
whenever A is closed. 
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Theorem 7.6. Let (X, d) be a compact metric space and suppose that 
f: (X, d)--+ (Y, p) is a continuous function. Then f is a closed mapping. 

In particular, iff is one-to-one and onto, then f is a homeomorphism. 

Proof. Let C be a closed subset of X. Then C is a compact subset of X, and 
by Theorem 7.5 the set f(C) is a compact subset of Y. Hence, f(C) is closed, 
and so, f is a closed mapping. 

If now f is in addition one-to-one and onto, then the relation u-•)-1(A) = 
f(A) holds for every subset A of X. But then, it follows from the first part and 
Theorem 6.ll(v) that f- 1 is also continuous, and hence, that f is a homeomor
phism. • 

A continuous function need not be uniformly continuous. However, a continu
ous function whose domain is compact is always uniformly continuous. 

Theorem 7.7. Let f: (X, d) --+ (Y, p) be a continuous function. If (X, d) is 
compact, then f is uniformly continuous. 

Proof. Let E > 0. By the continuity off, for every x there exists rx > 0 
such that p(f(y), f(x)) < E holds whenever d(x, y) < 2rx. Then the col
lection of open balls B(x, rx) covers X, and since X is compact, there exists 
a finite number of points X!' .•• ' x, in X such that X= u;·=· B(x;, rx)· Let 
8 = min{rx,, ... , rxJ > 0. 

Now, assume that x, y E X satisfy d(x, y) < 8. There exists an integer i 
( 1 .:::: i .:::: n) such that d(x, x;) < rx,. Clearly, p(f(x), f(x; )) < E. By the triangle 
inequality 

d(y, x;).:::: d(y, x) + d(x, X;) < 8 + l'x; .:S 2rx; 

holds. Therefore, 

p(f(x), f(y)).:::: p(f(x), f(x;)) + p(f(x;), f(y)) < E + E = 2E. 

This shows that f is uniformly continuous, and we are finished. • 
A metric space (X, d) is called totally bounded if for each r > 0 there exists 

a finite number of points x1, ... , x, such that X = U7= 1 B (x;, r ). A compact 
metric space is totally bounded, but a totally bounded metric space need not be 
compact; take, for instance, X= (0, 1) with the distance d(x, y) = lx- yl. 

The next result shows the connection between compactness and completeness. 

Theorem 7.8. A metric space is compact if and only if it is complete and 
totally bounded. 
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Proof. Let (X, d) be a metric space. Assume first that (X, d) is compact. 
Clearly, (X, d) is totally bounded. By Theorem 7.3, every sequence {x,} has a 
limit point x in X and hence, if {x,} is a Cauchy sequence, then lim x, = x. Thus, 
(X, d) is also complete. 

For the converse, assume that (X, d) is complete and totally bounded. According 
to Theorem 7.3, we must show that every infinite subset of X has an accumulation 
point. To this end, Jet A be an infinite subset of X. Let us write (for this proof 
only) C(a, r) = {x EX: d(a, x)::: r}. Since X is totally bounded, there exists a 
finite subset F of X such that X= UxeF C(x, 1). But then, since A is an infinite 
set, there exists some x 1 E F such that An C(xt. 1) is an infinite set. Now, by 
induction, if X[, ... ' x,. have been chosen such that the set An C(X[, 1) n ... n 
C (x,, ~) in an infinite set, then argue as previously shown to select Xn+ 1 such that 
the set 

is infinite. Next, put E,. = C (x1, 1) n · · · n C (x,, ~) for each n; clearly, each E, 

is nonempty and closed. Also, En+! ~ E, and d(E,) ::: ~ hold for each n. 
By Theorem 6.14, there exists a E X such that a E En for each n. Observe 

that if y E An C(xh 1) n · · · n C(x,, ~),then d(a, y) S d(a, Xn) + d(x,, y) < ~ 
holds, from which it follows that a is an accumulation point of A. The proof of 
the theorem is now complete. • 

EXERCISES 

1. Let f: (X, d) --+ (Y, p} be a function. Show that f is continuous if and only if f 
restricted to the compact subsets of X is continuous. 
[HINT: If lim x11 = x, then the set (x,: n E IN} U (x} is compact.] 

2. A metric space is said to be separable if it contains a countable subset that is dense 
in the space. Show that every compact space (X, d) is separable. 
[HINT: For every n choose a finite subset F, of X such that X = U.reF. B (x, ~ ). 
Now show that F = U~1 F, is dense in X.] 

3. Show that if (X, d) is a separable metric space (see the preceding exercise for the 
definition), then card X :::; c. 

4. Let (X J, di), ... , (X,, d,.) be metric spaces, and let X = X 1 x · · · x X,. If x = 
(X!, ... , x,.) andy= (y1, .•• , y11 }, define 

a. Show that D 1 and D2 are distances on X. 
b. Show that Dt is equivalent to D2. 
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c. Show that (X, D J) is complete if and ~mly if each (X;, d;) is complete. 
d. Show that (X, DJ) is compact if and only if each (X;, d;) is compact. 

5. Let {(X11 , d11 )) be a sequence of metric spaces, and let X 
x = {x11 ) andy= {y11 ) in X define 

n~l XII. For each 

00 I d11 (x 11 ,y11 ) 

d(x, y) = L ?n. I I ) 
n=l- +cll(xll,yll 

a. Show that d is a distance on X. 
b. Show that(X, d) is a complete metric space if and only ifeach(X11 , d11 ) is complete. 
c. Show that (X, d) is a compact metric space if and only if each (X11 , d11 ) is compact. 

6. A family of sets F is said to have the finite intersection property if every finite 
intersection of sets of F is nonempty. Show that a metric space is compact if "and 
only if every family of closed sets with the finite intersection property has a nonempty 
intersection. 

7. Let f: X -+ X be a function from a set X into itself. A point a E X is called a fixed 
pointfor f if f(a} =a. Assume that (X, d) is a compact metric space and f: X -+ X 
satisfies d(f(x), f(y)) < d(x, y) for x =j:. y. Show that f has a unique fixed point. 
[HINT: Show that the function g(x) = d(x, f(x}} attains its minimum value, that it 
must be zero.] 

8. Let (X, d) be a metric space. A function f: X -+ X is called a contraction if there 
exists some 0 < a < 1 such that d(f(x}, f(y}} ::: ad(x, y) for all x, y E X; a is 
called a contraction constant. Show that every contraction f on a complete metric 
space (X, d) has a unique fixed point; that is, show that there exists a unique point 
x E X such that f(x} = x. 
[HINT: Pick a E X, and define the sequence XJ = a, and x 11 +J = f(x,.) for 11 ::: l. 
Show that {x11 ) is a Cauchy sequence and then that its limit is a fixed point of f.] 

9. A property of a metric space is called a topological property if it is preserved in a 
homeomorphic metric space. 

a. Show that compactness is a topological property. 
b. Show that completeness, boundedness, and total boundedness are not topological 

properties. 

10. Let (X, d) be a metric space. Define the distance of two nonempty subsets A and B 
of X by 

d(A, B)= inf{d(x, y): x E A and y E B). 

a. Giveanexampleoftwo closed sets A and B of some metric space with AnB = 0 
and such that d(A, B)= 0. 

b. If An B = 0. A is closed, and B is compact (and, of course, both are nonempty), 
then show that d(A, B) > 0. 

11. Let (X, d) be a compact metric space and f: X -+ X an isometry; that is, d(f (x ), 
f(y}) = d(x, y) holds for allx, y E X. Then show that f is onto. Does the conclusion 
remain true if X is not assumed to be compact? 
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12. Show that a metric space (X, d) is compact if and only if every continuous real-valued 
function on X attains a maximum value. 

13. This exercise presents a converse of Theorem 7.7. Assume that (X, d) is a metric 
space such that every real-valued continuous function on X is uniformly continuous. 

a. Show that X is a complete metric space. 
b. Give an example of a noncompact metric space with the above property. 
c. If X has a finite number of isolated points (an element a E X is said to be an iso

lated point whenever there exists some r > 0 such that B(a, r) n (X\ (a}) = (,Z'>), 
then show that X is a compact metric space. 

14. Consider a function f: (X, d)--+ (Y, p) between two metric spaces. The graph G of 
f is the subset of X x Y defined by 

G = ((x, y) E X x Y: y = f(x)J. 

If (Y, p) is a compact metric space, then show that f is continuous if and only if G is 
a closed subset of X x Y, where X x Y is considered to be a metric space under the 
distance D((x, y), (u, v)) = d(x, u) + p(y. v); see Exercise 4 of this section. Does 
the result hold true if (Y, p) is not assumed to be compact? 

15. A cover (V; lie/ of a set X is said to be a pointwise finite cover whenever each x E X 
belongs at most to a finite number of the V;. Show that a metric space is compact if 
and only if every pointwise finite open cover of the space contains a finite subcover. 
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TOPOLOGY AND CONTINUITY 

The role of open and closed sets in metric spaces has been discussed previously. 
Now, the fundamental notion of an open set will be generalized by introducing 
the concept of a topological space. The properties of open and closed sets will b~ 
studied in this setting. This chapter is devoted entirely to topological and function 
spaces and emphasizes the results needed for this book. For a detailed study of 
general topology, the reader is referred to the classical book on the subject [18]. 
For a modem detailed treatment of general topology, you might consult the mono
graph [22]. 

The material has been arranged into four sections. The first section discusses 
the theory of topological spaces. The second section deals with the properties of 
continuous real-valued functions, and introduces the concepts of vector lattices and 
function spaces. The notions of pointwise and uniform convergence of sequences 
are discussed, and their relations to one another are investigated. In the third section 
of this chapter, we investigate extension and separation properties of real-valued 
continuous functions. Finally, the fourth section culminates the discussion with a 
detailed presentation of the classical Stone-Weierstrass approximation theorem. 

8. TOPOLOGICAL SPACES 

In the previous sections, the fundamental properties of metric spaces were dis
cussed. The open and closed sets played a basic role in that study. In this section 
the concepts used in a metric space will be generalized by introducing the notion 
of a topological space. Properties such as closeness, convergence, and continuity 
will be studied in this setting. 

The starting point is the definition of open sets. 

Definition 8.1. Let X be a nonempty set. A collection r of subsets of X is said 
to be a topology on X if r satisfies the following properties: 

1. X E r and (/) E r. 
2. If U and V belong tor, then U n V E r. 
3. If {V; lie/ is a family of members ofr, then Uie/ V; E r. 

57 
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If r is a topology on a set X, then the pair (X, r) is called a topological space. 
If there is no ambiguity about the topology r, sometimes for simplicity we shall 
write X instead of (X, r). The members of r are called the open sets of X. 

Some examples of topological spaces are presented next. It is expected that the 
reader will be able to verify that the exhibited collections are indeed topologies. 

Example 8.2. Let X be a nonempty set. Then r = (0, X} is a topology on X, called 
the indiscrete topology. This topology is the smallest possible (with respect to inclusion) 
topology on X. • 

Example 8.3. Let X be a nonempty set. Then r = P(X) is a topology on X. Here every 
subset of X is an open set. This topology is called the discrete topology, and it is the 
"largest" possible topology on X. • 

Example 8.4. Let (X, d) be a metric space, with the set X uncountable. Let r denote the 
collection of all subsets CJ of X such that for each x E CJ there exist r > 0 and an at-most 
countable subset A of X (both depending on x) such that x ¢ A and B (x, r) \ A ~ CJ. Then 
r is a topology on X. ii 

Example 8.5. Let (X, d) be a metric space. Then the collection of all open subsets of 
X satisfies the properties for a topology; see Theorem 65. Thus, every metric space is a 
topological space. • 

Example 8.6. Let X =JR.* be the set of extended real numbers. Let r be the collection of 
subsets of X defined as follows. A subset CJ of X belongs to r if it satisfies these properties: 

I. Foreachx E CJniRthereexistsr > O(dependingonx)suchthat(x-r,x+r) ~ CJ. 
2. If oo E CJ, then there exists a E IR such that (a, oo] ~ CJ. 
3. If -oo E CJ, then there exists a E IR such that [ -oo, a) ~ CJ. 

Then r is a topology on IR *. • 
Example 8. 7. Let (X, r) be a topological space, and Y a subset of X. Define a collection 
of subsets of Y by 

rr = [V n Y: v E r}. 

Then (Y, ry) is a topological space. The topology Ty is called the topology induced by T 

on Y, or the relative topology of T on Y. • 

Unless otherwise stated, for our discussion here, we shall assume that (X, r) is 
a fixed topological space. The closed sets are now defined as in the case of metric 
spaces. A subset A of X is said to be closed if its complement A c is open (i.e., 
Ac E r). By taking complements, the following properties of closed sets follow 
directly from Definition 8.1: 

1. 0 and X are closed sets (as well as open sets). 
2. Finite unions of closed sets are closed sets. 
3. Arbitrary intersections of closed sets are closed sets. 
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The balls of a metric space are now replaced in this setting by neighborhoods. 
A neighborhood of a point X is any open set containing X. Thus, an open set is 
a neighborhood for all of its points. In particular, note that a subset A of X is 
open if and only if every point of x E A has a neighborhood Vr such that Vr f; A. 
(Indeed, if A has this property, then A =UreA Vr is an open set, since it is a union 
of open sets.) 

The interior A0 of a subset A of X is defined by 

A0 = {x EX: 3 a neighborhood V of x such that V f; A}. 

The members of A0 are called the interior points of A. Clearly, A0 is an open set, 
and A0 f; A. Moreover, A0 is the largest open set that is included in A. It should 
be also clear that A is open if and only if A = A 0 • 

The closure and accumulation points of a set are defined as in metric spaces. A 
point x E X is said to be a closure point for a set A if every neighborhood V of x 
contains (at least) one point from A (that is, if V n A =1= 0 for every neighborhood 
V of x ). The set of all closure points of A is denoted by A and is called the closure 
of A. Clearly, A f; A. As in the proof of Theorem 6. 7, it can be shown that A is 
the smallest (with respect to inclusion) closed set that contains A. It follows from 
this that a set A is closed if and only if A = A. Some other useful properties that 
the closure operator satisfies are the following: 

a. IfAf;B,thenAf;B. 
b. A U B = A U B for all subsets A and B. 
c. A0 = (Ac)c for every subset A. 

A subset A of X is said to be dense in X if A = X. 
A point x E X is said to be an accumulation point of a subset A if every 

neighborhood of x contains a point of A different from x; that is, if (V \ {x}) n 
A =I= 0 holds for each neighborhood V of x. The set of all accumulation points of A 
is denoted by A' and is called the derived set of A. Clearly, A' f; A. Also, it easily 
follows that A= AU A' and from this that a set A is closed if and only if A' f; A. 

A point x E X is said to be a boundary point of a set A if V n A =1= 0 and 
V n A c =I= 0 hold for every neighborhood V of x. The set of all boundary point of 
A is denoted by a A and is called the boundary of A. Observe that 

aA=AnAc, 

and hence, a A is always a closed set. Also, it is easily seen that a A= aAc holds 
for every subset A of X. Moreover, A= Au aA also holds. 

A subset A of X is said to be nowhere dense if (A)0 = 0. A set A is called a 
meager set (or a set of first category) if there exists a sequence {A,.} of nowhere 
dense sets such that A = U:1A,.. Observe that any subset of a meager set is 
itself necessarily a meager set. 
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A sequence {xn} in a topological space (X, r) is said to converge to x (denoted by 
lim Xn = x) if for every neighborhood V of x there exists an integer k (depending 
on V) such that Xn E V for all n 2:: k. Our first observation is that, in contrast 
with a metric space, a sequence can have more than one limit. For instance, every 
sequence in the topological space of Example 8.2 converges to every point of X. 

However, in a Hausdorff1 topological space, every sequence has at most one 
limit. A topological space {X, r) is said to be a Hausdorff space if for every 
pair x, y E X with x '# y there exist neighborhoods V of x and U of y such that 
V n U = (/). That is, a Hausdorff space is a topological space in which any 
two distinct points can be separated by disjoint neighborhoods. Unless otherwise 
stated, all topological spaces encountered in this book will be Hausdorff. 

Our attention now turns to continuous functions. A function f: (X, r) -+ (Y, r 1) 

between two topological spaces is said to be continuous at a point a E X if for 
every neighborhood V of f(a) there exists a neighborhood W of a such that 
f(x) E V whenever x E W. If f is continuous at every point of X, then f is 
called a continuous function. 

The next result characterizes the continuous functions and is the parallel of 
Theorem 6.11. 

Theorem 8.8. For a function f: {X, r) -+ (Y, r 1) between two topological 
spaces, the following statements are equivalent: 

I. f is a continuous function. 
2. f- 1(0) is open whenever 0 is an open subset ofY. 
3. f(A) ~ f(A) holds for every subset A of X. 
4. f- 1(C) is a closed subset of X whenever C is a closed subset ofY. 

Proof. (1) => (2) Let 0 be an open subset of Y, and let a E f- 1 (0). Then 
there exists a neighborhood V of a such that f (x) E 0 for all x E V. Thus, 
V ~ f- 1(0), and so a is an interior point of f- 1(0). Since a E f- 1(0) is 
arbitrary, it follows that f- 1(0) is open. 

(2) => (3) Let A ~ X and put B = f(A). Since B is closed, Be is open, and 
thus, by our hypothesis f- 1(Bc) = [f- 1(B)]c is also open. This implies that the 
set f- 1(B) is closed. Now, by virtue of A ~ f- 1(B) we obtain A~ f- 1(B). 
Therefore, f(A) ~ B = f(A), as desired. 

(3)=>(4) Let C be a closed subset of Y. Put A= f- 1(C). Then, f(A) ~ 
f(A) ~ C = C holds, which shows that A~ f- 1(C) = A. Therefore, A =A, 
and so A = f- 1 (C) is a closed set. 

(4) => (1) Let a E X, and let V be a neighborhood of f(a). Since vc is closed, 
f- 1(Vc) = [f- 1(V)]c is also closed by our assumption, and soW= f- 1(V) is an 

1 Felix Hausdorff (I 868-1942), a Gennan mathematician. His main work was in topology and set 
theory. He is the founder of general topology and the theory of metric spaces. 
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open set. Observe now that a E W, and thus, W is a neighborhood of a. Clearly, 
x E W implies f(x) E V, so that f is contiimous at a. Since a is arbitrary, f is a 
continuous function. • 

A countable union of closed sets is not necessarily a closed set, and a countable 
intersection of open sets need not be an open set. Such sets are nevertheless of 
importance. A set is called an Fa-set if it is the union of countably many closed 
sets. Similarly, a set is said to be a G&-set if it is the intersection of countably 
many open sets. 

The next theorem tells us that the prior classes of sets are in a dual relation. 

Theorem 8.9. A set is an Fa-set if and only if its complement is a Grset. 
Similarly, a set is a G &-set if and only if its complement is an Fa-set. 

Proof. Let A be an Fa-set, so that A = U:1 A,, where each A, is closed. 
Then Ac = n::"=t A~ is a countable intersection of open sets, and thus, is a G&-set. 
The proof that the complement of a G rset is an Fa-set is similar. • 

The union of a countable collection of Fa-sets is again an Fa-set and the count
able intersection of G&-sets is a G&-set. Also, it can be seen easily that a finite 
union or intersection of Fa-sets (resp. G &-sets) is again an Fa-set (resp. a G &-set). 

Now, consider a real-valued function f defined on a topological space (X, r); 
that is, f: X~ IR. It is possible for f to be discontinuous everywhere. For 
instance, f: IR ~ IR with the value I on each irrational and 0 on each rational is 
discontinuous at every point. It is instructive to examine the set of point where a 
function is continuous, or the set of points where a function is discontinuous. To 
do this, we need some preliminary discussion. 

Let us denote by Nt the collection of all neighborhoods of the point x. The 
oscillation w1(x) off at the point x is the non-negative extended real number 
defined by 

w1(x) = inf { sup lf(z)- f(y)l }· 
Ve.N, :.yeV 

A straightforward verification shows that f is continuous at the point x if and 
only if w f(x) = 0. Rephrasing this last statement, one can see that f is discontin
uous at the point x if and only if w1(x) > 0. Thus, if D, = {x E X: w1(x);:: ~} 
and D denotes the set of all points of discontinuity off, then D = U:1 Dn holds. 

Theorem 8.10. Let (X, r) be a topological space, and let f: X ~ IR. Then 
the set D of all points of discontinuity off is an Fa-set. In particular, the set 
of points of continuity off is a G&-set. 
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Proof. According to the discussion preceding the theorem, we have D = 
U:1 D,., where D,. = {x EX: WJ(X) 2: t }. It suffices to show that each Dn is a 
closed set. 

To this end, let x ¢. D,.. Then wf(x) < t. It follows from the definition of 

w f(x) that there exists a neighborhood V of x such that SUP:.yel' If(:)- f(y)l < t. 
Since V is a neighborhood for each of its members, we easily get that 

1 
WJ(a).::: sup lf(z)- f(y)l <-

:.yeV n 

for each a E V. Thus, V s; D~, which shows that x is an interior point of D;,. 
Since x is arbitrary, D~ is open, and hence, D,. is closed. The proof of the theorem 
is now complete. • 

We continue our discussion with the introduction of compact sets. Their defi
nition is an abstract version of the one given for metric spaces. 

Definition 8.11. A subset A of a topological space (X, r) is said to be compact 
if every open cover of A can be reduced to a finite subcove1: 

In particular, if X itself is a compact set, then (X, r) is called a compact 
topological space. 

It should be obvious from the preceding definition that every finite subset of a 
topological space is automatically compact. Also, it should be clear that a finite 
union of compact sets must be a compact set. More properties of the compact sets 
are included in the next result. 

Theorem 8.12. Fora Hausdorff topological space (X, r) thefollowing state
ments hold: 

1. Every compact subset of X is closed. 
2. If B is a closed subset of a compact set A, then B is compact. 

Proof. (1) Let A be a compact subset of X. We must show that A c is open. 
To this end, let x E A c. Then for each y E A there exists a neighborhood Vy of 
y and a neighborhood Uy of x such that Vy n Uy = (/). Clearly, A s; UveA Vy. 
Since A is compact, there exist Y1, ... , Yn E A such that A s; U:,=l v;.,. Let 
0 = n:,=l Uy.,· Then 0 is a neighborhood of x such that 0 n A = (/). Hence, 
0 s; Ac, and sox is an interior point of A c. Thus, Ac is open, which means that 
A is closed. 

(2) Let {O;};er be an open cover of B. Then the family of sets {Be} U{O;: i E I} 
is an open coverfor A. Choose indices i 1, ••• , in such that A s; BcUO;, U· · ·UO;,. 
It follows that B s; 0;, U · · · U 0;, holds, which shows that B is a compact set. 
(Notice that the proof of part (2) does not require X to be Hausdorff.) • 
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The arguments of the proof of part (I) ~f the preceding theorem yield also the 
following separation result. 

Theorem 8.13. Suppose that A is a compact subset of a Hausdorff topological 
space and x ¢. A. Then there exist open sets V and W such that x E V, A ~ W, 
and V n W =(/)(and hence, also x rf. W). 

Continuous functions map compact sets to compact sets. The details follow. 

Theorem 8.14. Iff: (X, r) --+ (Y, r1) is a continuous function and A is a 
compact subset of X, then f (A) is a compact subset of Y. 

In particular, every continuous real-valuedfunction on a topological space 
(X, r) will attain a maximum and a minimum value on every compact subset of X. 

Proof. For the proof of the first part, repeat the proof of Theorem 7 .5. For the 
second part, let A be a compact subset of X, and let f: X --+ lR be continuous. By 
the preceding, f(A) is a compact subset oflR, and hence, by Theorem 7.4, f(A) is 
closed and bounded. Thus, if a= sup{f(x): x E A} and b = inf{f(x): x E A}, 
then since a, b E /(A), there exist two points x, y E A such that a= f(x) and 
b = f(y). The proof of ttie theorem is now complete. • 

Two topological spaces (X, r) and (Y, r 1) are called homeomorphic if there 
exists a one-to-one onto function f: (X, r) --+ (Y, r 1) such that f and /-1 are 
both continuous. Any such function is called a homeomorphism between (X, r) 
and (Y, r1). 

Theorem 8.15. A one-to-one continuous function from a compact topological 
space onto a Hausdorff topological space is a homeomorphism. 

Proof. Let f: (X, r) --+ (Y, r 1) be a one-to-one surjective continuous func
tion, where (X, r) is compact and (Y, r 1) is Hausdorff. Assume that C is a closed 
subset of X. By Theorem 8.12(2), C is a compact subset of X, and a glance 
at Theorem 8.14 guarantees that /(C) is a compact subset of Y. Now, Theo
rem 8.12(1) implies that (f-1)-1(C) = f(C) is a closed set, and this (in view of 
Theorem 8.8(4)) shows that f- 1 is also continuous. • 

EXERCISES 

1. For any subset A of a topological space show the following: 

a. Ao = (Ac)c. 

b. aA = A\A0 • 

c. (A\ A0 ) 0 = (/). 
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2. If A and B are two subsets of a topological space, then show the following: 

a. AUB =AUB. 
b. (AU B)' =A' U B'. 

3. If A is an arbitrary subset of a Hausdorff topological space, then show that its derived 
set A' is a closed set. 

4. Let X = JR, and let r be the topology on X defined in Example 8. In other words, 
A E r if and only if for each x E A there exist E > 0 and an at-most countable set B 
(both depending on x) such that (x- E, x +E)\ B ~A. 

a. Show that r is a topology on X. 
b. Verify that 0 E (0, 1). 
c. Show that there is no sequence {xn} of (0, l) with limx, = 0. 

5. If A is a dense subset of a topological space, then show that 0 ~ A n 0 holds for every 
open set 0. Generalize this conclusion as follows: If A is open, then An B ~ An B 
for each set B. 

6. If {0; }iei is a..a open covei foi a topological space X, then show· that a subset A of X 
is closed if and only if A n 0; is closed in 0; for each i E I (where 0; is considered 
equipped with the relative topology). 

7. If (X, r) is a Hausdorff topological space, then show the following: 

a. Every finite subset of X is closed. 
b. Every sequence of X converges to at-most one point. 

8. For a function f: (X, r) -+ (Y, •1) show the following: 

a. If r is the discrete topology, then f is continuous. 
b. If r is the indiscrete topology and t"l is a Hausdorff topology, then f is continuous 

if and only iff is a constant function. 

9. Let f and g be two continuous functions from (X, r) into a Hausdorff topological 
space (Y, t"l ). Assume that there exists a dense subset A of X such that f(x) = g(x) 

for all x E A. Show that f(x) = g(x) holds for all x E X. 
10. Let f: (X, r) -+ (Y, r1) be a function. Show that f is continuous if and only if 

J-1 (8°) ~ [f- 1 (8)]0 holds for every subset B of Y. 
11. Iff: (X, r) -+ (Y, rJ) and g: (Y, t"l) -+ (Z, t"2) are continuous functions, show that 

their composition go f: (X, r)-+ (Z, r2) is also continuous. 
12. Show that a function f: X -+ lR, where X is a topological space, is continuous at 

some a E X if and only if its oscillation at a is zero, i.e., w f(a) = 0. 
13. Show that a finite union of nowhere dense sets is again a nowhere dense set. Is this 

statement true for a countable union of nowhere dense sets? 
14. Show that the boundary of an open or closed set is nowhere dense. 
15. Let f: (X, r) -+ JR, and let D be the set. of all points of X where f is discontinuous. 

If De is dense in X, then show that D is a meager set. 
16. Show that there is no function f: lR-+ lR having the irrational numbers as the set of 

its discontinuities. 
[HINT: Use Exercise 6 of Section 6 and Theorem 8.10.] 
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17. Show that every closed subset of a metric space is a G0-set and every open set is an 
Fa-set. . 

18. Let B be a collection of open sets in a topological space (X, r). If for each x in an 
arbitrary open set V there exists some B E B with x E B £ V, then B is called a base 
for T. In general, a collection B of subsets of a nonempty set X is said to be a base if 

i. UseB B =X, and 
ii. for every pair A, B E B and x E A n B, there exists some C E B with x E C £ 

An B. 

Show that if B is a base for a set X, then the collection 

T = (V £X: V x E V there exists 8 E B with x E 8 £VI 

is a topology on X having B as a base. 
19. Let (X, T) be a topological space, and let B be a base for the topology T (see the 

preceding exercise for the definition). Show that there exists a dense subset A of X 
such that card A ::: card B. 

20. Let f: X -> Y be a function. If T is a topology on X, then the quotient topology T f 
determined by f on Y is defined by TJ = (0 £ Y: f- 1(0) E rl. 

a. Show that TJ is indeed a topology on Y and that f: (X, r) -> (Y, TJ) is continuous. 
b. If g: (Y, T f) -> (Z, rt) is a function, then show that the composition go f: (X, T) 

-> (Z, Tt) is continuous if and only if g is continuous. 
c. Assume that f: X --+ Y is onto and that T * is a topology on Y such that f: (X, T) --+ 

(Y, r*) is an open mapping (i.e., it carries open sets of X onto open sets of Y) and 
continuous. Show that r* = T f. 

21. This exercise presents an example of a compact set whose closure is not compact. 
Start by considering the interval [0, I] with the topology T generated by the metric 
d(x, y) = lx - y!. It should be clear that ([0, 1], r) is a compact topological space. 
Next put X = [0, I] U IN= [0, I] U (2, 3, 4, ... 1. and define 

r* = T U ( [0, I] U A: A £IN 1. 

a. Show that r* is a non-Hausdorff topology on X and that r* induces Ton [0, 1]. 
b. Show that (X, r*) is not a compact topological space. 
c. Show that [0, I] is a compact subset of (X, r*). 
d. Show that [0, I] is dense in X (and hence, its closure is not compact). 
e. Why doesn't this contradict Theorem 8.12(1)? 

22. A topological space (X, r) is said to be connected if a subset of X that is simultane
ously closed and open (called a clopen set) is either empty or else equal to X. 

a. Show that (X, T) is connected if and only if the only continuous functions from 
(X, r) into (0. l I (with the discrete topology) are the constant ones. 

b. Let f: (X. r)--+ (Y, r*) be onto and continuous. If (X, r) is connected, then show 
that (Y, r*) is also connected. 
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9. CONTINUOUS REAL-VALUED FUNCTIONS 

The properties of topological spaces are the tools for the study of continuous 
real-valued functions. In this section many important properties of continuous 
functions will be discussed, and function spaces will be considered. Also, the 
behavior of the limit of a sequence of continuous functions will be discussed in 
some detail. 

Let X be a topological space. The collection of all continuous real-valued 
functions on X will be denoted by C(X). The set C(X) is closed under addition 
and scalar multiplication. That is, if f and g are members of C(X), then the 
functions f + g and a.f defined by 

(f + g)(x) = f(x) + g(x) and (a.f)(x) = a.f(x) 

for each x EX and a. E IR belong to C(X). Now it should be clear that C(X) is a 
vector space. 

Also, C(X) has a natural partial ordering defined by f 2:: g whenever f(x) 2:: 
g(x) holds for all x E X. Moreover, C(X) is also a vector lattice. This means 
that for every pair f, g E C(X) the least upper bound f v g, as well as the 
greatest lower bound f 1\ g, both exist in C(X). They are given by the formu
las: 

(f v g)(x) = max{f(x), g(x)) and (f 1\ g)(x) = min[f(x), g(x)) 

for each x EX. The absolute value If I of a function f E C(X) is defined by 
If I= f v (-f). That is, lfl(x)= lf(x)l holds for each x EX; clearly, If I be
longs to C(X). Note also that f v g and f 1\ g satisfy the identities: 

f v g = !<f + g +If- gl) and f "g = !U + g- If- gl). 

Observe that the above identities show that f v g and f 1\ g are continuous func
tions because they can be expressed as sums of continuous functions. Since most 
of the spaces of functions that one encounters are vector lattices, it is appropriate 
to stop and consider them more closely. 

Recall that a relation 2:: on a nonempty set X is called an order relation if it 
satisfies the following properties: 

1. u 2:: u for all u E X (reflexivity). 
2. If u 2:: v and v 2:: u, then u = v (arztisymmetry). 
3. If u 2:: v and v 2:: w, then u 2:: w (transitivity). 

The symbolism v :::: u is an alternate notation for u 2:: v. Also, u > v (or v < u) 
means u 2:: v and u =f. v. 

An ordered vector space is a real vector space E equipped with an order relation 
satisfying the following two conditions: 
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4. If u ::: v, then u + w ::: v + w for all w E E. 
5. If u :;:: v, then au :;:: av for all a :;:: 0. 

A vector u in E is called positive if u ::: 0 holds. The set of all positive vectors 
is denoted by £+. 

A vector lattice E is an ordered vector space with the additional property that 
for every two vectors u, v E E, the supremum u v v and the infimum u 1\ v exist 
in E. We remind the reader that two vectors u, v E E have a supremum w in E if 
w ::: u and w ::: v hold, and whenever z is an upper bound of [u, v}, then z ::: w 
holds. Clearly, w = u v v is uniquely determined. In other words, u v v is the 
smallest upper bound of the set [u, v}. The definition of u 1\ v is similar. 

If u, v, and w are vectors in a vector lattice E, then the following identities 
hold: 

a. u v v = -[(-u) 1\ (-v)]; 
b. u v v + w = (u + w) v (v + w); 
c. 11 1\ v + w = (u + w) 1\ (v + w); 
d. a(u v v) = (au) v (av) for each a ::: 0. 

To indicate how one proves identities in a vector lattice, we shall establish (b). 
Put f = u v v + w and g = (u + w) v (v + w). It suffices to show that f ::: g 
and g ::: f both hold. 

Note first that f = u v v + w implies f- w = u v v, and so, u :5 f- w and v :5 
f -w. Thus, u + w :5 f and v + w :5 f hold, so that f::: (u + w)v(v + w) =g. 
On the other hand, g = (u + w) v (v + w) implies u + w :5 g and v + w :5 g. 
Hence, u :5 g - w and v :5 g - w, from which it follows that u v v :5 g - w. 
Therefore, f = u v v + w :5 g also holds. 

If E is a vector lattice and u E E, then we define 

u+=uVO, u-=(-u)VO, and lul=uV(-u). 

The element u+ is called the positive part, u- the negative part, and lui the 
absolute value of u. 

Theorem 9.1. lfu is a vector in a vector lattice, then the following identities 
hold: 

1. u = u+- u-, 

2. lui= u+ + u-, and 
3. u+ 1\ u- = 0. 

Proof. (1) Applying identity (b) above, we get 

u- + u = ( -u) v 0 + u = 0 v u = u+, 

from which u = u+ - u- follows. 
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(2) By using (b) and (d) we obtain 

lui = u v (-u) = (2u) v 0- u = 2(u v 0)- u = 2u+- u 

= 2u+ - (u+ - u-) = u+ + u-. 

(3) Using (c) and (a), we get 

u+ 1\ u- = (u+ - u-) 1\ 0 + u- = u 1\ 0 + u

= -[( -u) v 0] + u- = -u- + u- = 0, 

and the proof is finished. • 
Typical examples of vector lattices are provided by function spaces. A function 

space L is a vector space of real-valued functions defined on some nonempty set 
X such that the functions j v g and j 1\ g beiong to L for every pair f, g E L, 
where 

(f v g)(x) = max{f(x), g(x)} and (f 1\ g)(x) = min{f(x), g(x)}, 

hold for each x E X. 
Note that for every function f in a function space L, the elements t+, f-, and 

If I of L satisfy 

f+(x) = max{f(x), 0}, f-(x) =max{- f(x), 0}, and 1/l(x) = lf(x)l 

for each x E X. 
Here are some example of function spaces. 

l. The vector space IR.x of all real-valued functions defined on a set X. 
2. The vector space B(X) of all bounded real-valued functions defined on X. 
3. The vector space C(X) of all continuous real-valued functions on X (pro

vided, of course, that X is a topological space). 
4. The vector space Cb(X) of all bounded continuous real-valued functions on 

a topological space X. 

Consider a sequence Un} of real-valued functions defined on a set X such that 
lim fn(x) exists in JR. for each x E X. Then a new function f can be defined 
by f(x) =lim fn(x) for each x E X. If this happens, then the sequence Unl 
is said to converge pointwise to f (or that f is the pointwise limit of UnD and 
is written symbolically as fn --+ f. In other words, fn --+ f if for each E > 0 
and each x E X there exists some no (depending upon both E and x) such that 
1/n(x)- f(x)l < E for all n ~no. 
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A stronger concept of convergence of a· sequence of real-valued functions is 
that of uniform convergence. A sequence {f,.} of real-valued functions is said to 
converge uniformly on X to a function f if for each E > 0 there exists some no 
(depending only upon E) such that lf,,(x)- f(x)l < Efor all n ::: n0 and all x EX. 
It should be clear that uniform convergence implies pointwise convergence. 

We are interested in determining what properties are possessed by a function that 
is the "limit" of a sequence of continuous functions. Note first that the pointwise 
limit of a sequence of continuous functions need not be a continuous function. 
For an example take X = [0, I], and let {f,,} be the sequence of functions defined 
by f,(x) = x" for each x E [0, 1]. Then each f, is a continuous function, and 
f,, ~ f holds for the function f defined by f(x) = 0 if x E [0, I) and f(l) = 1. 
Clearly, f is not continuous. Also, it is easy to see that the convergence is not 
uniform. 

The uniform limit of a sequence of continuous functions is always a continuous 
function. The details follow. 

Theorem 9.2. Let X be a topological space and let {J;,} be a sequence of 
C(X). If {f,,} converges uniformly to f on X, then f is a continuous function. 

Proof. We need to show that f is continuous at every point of X. Therefore, 
let a E X and E > 0. Since{/,.} converges uniformly to f on X, there exists k such 
that I fk (x) - f (x )I < E for all x E X. On the other hand, since fk is a continuous 
function, there exists a neighborhood V of a such that lh (x) - fk(a)l < E for all 
x E V. Now note that if x E V, then 

lf(x)- f(a)i .:S lf(x)- f~(x)l + lfk(x)- fk(a)l + lfk(a)- f(a)l 

< E + E + E = 3E, 

and this shows that f is continuous at a, as desired. • 
Let X be a nonempty set, and let B(X) denote the collection of all bounded real

valued functions defined on X. Clearly, B(X) is a function space. The uniform 
(or sup) norm of a function f E B(X) is defined by 

11/lloo =sup 1/(x)l. 
xeX 

The uniform norm satisfies the three characteristic properties of a norm on a vector 
space, namely: 

I. 11/llco 2: Oforeachf E B(X)and 11/lloo =0 ifandonlyif f =0. 
2. llaflloo = lal·ll/lloo for each f E B(X) and all a E JR. 
3. II/+ gllco .:S 11/llco + llglloo for all f, g E B(X). 
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If we set D(f, g) = II! - glloo for J, g E B(X), then D is a distance on 
B(X) called the uniform distance (or the uniform metric) such that (B(X), D) 
is a complete metric space; see Example 6.12. Moreover, by a straightforward 
verification one can show that a sequence (f,.} of B(X) converges to some f E 

B(X) with respect to D [i.e., lim D(f,,, f) = 0] if and only if (f,.} converges 
uniformly to f on X. This justifies the name "uniform distance." 

Consider now a compact topological space X. Then by Theorem 8.14, every 
function f E C(X) is bounded, and hence, C(X) ~ B(X). Therefore, C(X) 
equipped with the uniform distance is a metric space, which is actually complete, 
as the next result will show. 

Theorem 9.3. If X is a compact topological space, then C(X) is a complete 
metric space (with the uniform distance). 

Proof. Let (f,.} be a Cauchy sequence of C(X). Note that the inequality 

lfn(X)- fm(X)I :S IIJ,. - fm lloo 

implies that {fn(x)} is a Cauchy sequence of real numbers for each x E X. 
Put f(x) =lim f,(x) for each x E X. We claim that f E C(X) and that 
lim IIJ,. - !lloo = 0. 

To this end, let E > 0. Choose no such that II J, - fm lloo < E for 11, m 2: no. It 
follows from (•) that 1/,.(x)- fm(x)l < E holds for alln, m 2: no and all x EX. 
But then lf,.(x) - f(x)l :::; E holds for alln 2:: no and all x E X. That is, Un} 
converges uniformly to f on X. Therefore, by Theorem 9.2, f E C(X), and 
clearly, lim 11/,. - flloo = 0. • 

A sequence of real-valued functions { f,.} on a set X is said to be increasing if 
fn :::; f,+l holds for alln (and, of course, is called decreasing if f,+ 1 :::; f, holds 
for alln ). An increasing or a decreasing sequence of functions is referred to as a 
monotone sequence of functions. 

It was observed that pointwise convergence need not imply uniform conver
gence. The next useful result gives a condition under which pointwise convergence 
implies uniform convergence, which is a classical result known as Dini 's2 theorem. 

Theorem 9.4 (Dini). Let X be a compact topological space. If a monotone 
sequence of C(X) converges pointwise to a continuous function, then it also 
converges uniformly. 

Proof. Suppose that the sequence (f,.} of C(X) is increasing and convergent 
pointwise to some f E C(X); that is, f,(x) t f(x) holds for each x EX. 

2Uiisse Dini (1845-1918), an Italian mathematician. He became Professor of mathematics at the 
University of Pi sa at the age of 21. His main contributions were in the the theory of real functions and 
partial differential equations. 
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Now, let E > 0. For each 11 define CJ,. = {x EX: f(x)- f,.(x) < E}. Clearly, 
each CJ,. is open. Also, note that since f,, (x) S f,,+ 1 (x) holds for all x E X, it 
follows that CJ,. ~ 0,.+1 holds for alln. Moreover, since f,,(x) t f(x) holds for 
each x EX, we easily get X= U:1 CJ,.. 

In view of the compactness of X, there exists some k such that X = U~=l CJ; = 
CJk. and so X = CJ,. for n :::: k. But this merely says that 0 S f(x) - f,,(x) < E 
for alln :::: k and all x E X. In other words, { f,.} converges uniformly to f on X. 

If { f,,} is a decreasing sequence, then apply the above arguments to the sequence 
1-f,.}. • 

Now, consider a sequence { f,,} of real-valued functions defined on a set X. For 
each n lets,. = :L;'=1 fi. We say that the series :L;:1 j;,(x) converges uniformly 
on X if the sequence of partial sums {s,.} converges uniformly to a real-valued 
function defined on X. This is, of course, equivalent to saying that the sequence 
{s,.} is a uniformly Cauchy sequence in the sense that for each E > 0 there 
exists some no such that ls,.(x) - s111 (x)l < E holds for alln, m :::: no and all 
X EX. 

We shall present two useful criteria of uniform convergence of series of func
tions. The first one is due to K. Weierstrass and is known as the Weierstrass 
M-test. 

Theorem 9.5 (Weierstrass' M-test). Let If,.} be a sequence of real-valued 
functions defined on a set X and assume that for each n there exists some 
positive rea/number a,. such that If,. (x) I S a, holds for all x E X. If :L: 1 a, 
converges, then the series :L:1 f,(x) converges uniformly 011 X. 

Proof. LetE > 0. Picksome11osuchthat:L~~,.ak < Eholdsforalln,m:::: no. 
Now, notice that if 11, m :::: llo and x E X, then 

This shows that the sequence {s,} of partial sums is uniformly Cauchy, and hence, 
a uniformly convergent sequence. • 

The second criterion of uniform convergence of series is due to J. Dirichlet.3 

Theorem 9.6 (Dirichlet's test). Let If,} and {g,.} be two sequences of real
valued fimctions defined on a set X satisfying the following properties: 

3Johann Peter Gustav Lejeune Dirichlet (1805-1859), a German mathematician. He worked in 
number theory, analysis, and mechanics. The modem definition of a function was proposed by him in 
1837. Because of his fundamental papers on the convergence of trigonometric series, he is considered 
to be one of the founders of Fourier analysis. He was the teacher of Riemann. 
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I. There exists a constant C > 0 such that LL:::'=• J;(x)i :::: C lwldsfor all 11 

and all x E X, i.e., the sequence of partial sums of the series r::. /11 (x) 

is uniformly bounded. 
2. For each n we have g11+1(x) :::: g11 (x) for all x E X and {g11 } converges 

uniformly to zero on X. 

Then the series r::. f 11 (x)g11 (x) converges uniformly 011 X. 

Proof. Assume that {f,} and {g11 } satisfy the stated conditions. For each 11, 

let s,(x) = I:7=t /;(x)g;(x) and t,(x) = I:;'=• f;(x). Clearly, 

II 

S11 (x) = L t;(x)[g;(x)- g;+t (x)] + g11 +t (x)t11 (X). 
i=l 

Next, fix E > 0 and then choose some n0 such that g11 (x) < E holds for all 
n ::: no ~~d all x E X. f'.!o\v note that if n > rn ;:: n0 and .x E .. "(, then 

!s,(x)- s,(x)i = I. t t;(x)[g;(x)- g;+l (x)] + g11+t (x)t 11 (x)- g,+l (x)t,(x) I 
•=m+l 

II 

:::: C L [g;(x)- g;+t(X)] + Cg11+t(X) + Cgm+t(X) 
i=m+l 

This shows that {s11 } is a uniformly Cauchy sequence, and hence, the series of 
functions r::. f,(x)g 11 (x) converges uniformly on X. • 

We now illustrate the preceding theorems with some examples. 

Example 9.7. Consider the series of functions "CX:. •in~'·'. Since 1 ~in~•x I<..!, and ~11-1 ,_ ,_ .- ,_ 

2::~ 1 ~ < oo, it follows from the Weierstrass' M-test that the senes 2::~ 1 ~~~~'·' con
verges uniformly on JR. 

Now, consider the series of functions 

~ cos(2n - l )x 
~ and 
11=1 11 

"f, sin(211 - l )x 

11=1 11 

over the interval (0, 1r ). We claim that both series converge uniformly on every closed 
subinterval [a, b) of(0,7r). 

Notice first that the nth term of each series is dominated by ~. However, since 2:::::'= 1 ~ = 
oo, we cannot apply Weierstrass' M-test to conclude that the serie~ converge uniformly on 
[a, b). However, we shall reach this conclusion by applying Dirichlet's test. To do this, let 
f 11 = cos(211- l)x and g,(x) = ~- Clearly, the sequence (g,) converges monotonically 
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and uniformly to zero. On the other hand, from elementary trigonometry, we know that 

..f.. sin2nx 
L..co~(2k- l)x = -.
~=I 2smx 

and 

For instance, to establish the first identity note that 

n n 

11 • sin2 nx 
I:sm(2k- i)x = -. -. 
k=l smx 

2sinx L cos(2k- l)x = L [sin((2k- l)x + x)- sin((2k- l)x- x)] 
~=I ~=I 

II 
= L [sin(2kx)- sin(2(k- l)x)] = sin2nx. 

k=l 

Now, if we choose some 8 > 0 such that sinx > 8 for all x E [a, b], then 

I ll I I I I:cos(2k- l)x :::; -?-.-:::;-
~=I _smx 28 
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holds for alln and all x E [a, b]. Hence, Dirichlet's test applies and shows that the series 
""oo ,. ( ·) ( ·) ""oo co~1211-1 lx · .- 1 [ b] s· ·1 1 h · . L.. 11=1 J!• .\ gil .\ = L..11=1 11 converges un11orm yon a, . 1m1 ar y, t e senes 
"\'00 8'"1211 -ll.• converges uniformly on every closed subinterval of (0 1r) • L..,n=l 11 ' • 

Assume now that a sequence {f,,} of real-valued continuous functions converges 
pointwise to some function f. Although f is not necessarily a continuous function, 
nevertheless, something can be said about the points of discontinuity of f. We 
shall show that the set of all points of discontinuity of f is a meager set. Recall 
that a set is called a meager set if it can be written as a countable union of nowhere 
dense sets. To do this, we need a lemma. 

Lemma 9.8. Let X be a topological space. Assume that the sequence Un} of 
C(X) converges pointwise to some function f. ForE > 0 and n E IN, Let 

V11 (E) = {x EX: if11(x)- f(x)i::;: E). 

Also, put O(E) = U:1 [VII(EW. 
Then the set of all points of continuity off is the G 8-set n:1 0( ~ ). 

Proof. Let a E X be a point at which f is continuous, and let E > 0. Since 
lim f,,(a) = f(a). there exists some k such that ifk(a)- f(a)i < E. Also, by the 
continuity off and fk at the point a there exists a neighborhood U of a such that 
if(a)- f(x)i < E and ifk(x)- f~(a)i < E for all x E U. Then for x E U we 
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have 

lf(x)- fk(x)l .:::: lf(x)- f(a)l + lf(a)- fk(a)l + 1/k(a)- /k(x)l 

< E + E +E = 3E. 

This implies U ~ [V~ (3E )]D, and so a E 0(3E) for each E > 0, which shows that 

a E n:l 0(~). 
For the reverse inclusion, assume that a E n: I 0( ~ ). To finish the proof, we 

have to show that f is continuous at a. So, let E > 0. Pick n such that l < E. 
II 

From a E 0( ~) it follows that there exists some k such that a E (V~ (~)]D. This 
in tum means that there exists a neighborhood U of a with U ~ Vk(* ); that is, 
I fk (x) - f (x) I .:::: ~ < E holds for all x E U. Since f~ is continuous at a, there 
exists a neighborhood W of a such that I fk (x) - fk(a) I < E for each x E W. Thus, 
if x E U n W, then 

lf(x)- f(a)l .:::: lf(x)- fk(x)l + lf~(x)- f~(a)l + 1/k(a)- f(a)l 

< E + E + E = 3E, 

which shows that f is continuous at a. • 
We are ·now ready to prove that the set of discontinuities of a function that is the 

pointwise limit of a sequence of continuous functions is a meager set. 

Theorem 9.9. Let X be a topological space, and let {f,,} be a sequence of 
C(X). If {/11 } converges pointwise to a real-valued function f, then the set D 
of all points of discontinuity off is a meager set. 

Proof. According to Lemma 9.8, we have D = U;;':1 [O(~)]c. To complete 
the proof, it suffices to show that every set of the form [O(E)]c is a meager set; it 
will then follow that D is a meager set, since it will be a countable union of meager 
sets. 

So, let E > 0. For each m define 

00 

Fm(E) = n{x EX: lfm(X)- fm+i(x)l .::::E), 
i=l 

and note that each Fm(E) is a closed set. Also, since for each x E X we have 
lim f,,(x) = f(x), it is easy to see that X = U:.'=l Fm(E). 

Using once more the fact that lim fn(x) = f(x) for each x E X, it is easy to 
see that Fm(E) ~ Vm(E) holds. Therefore, fFm(E)]D ~ fVm(E)]D ~ O(E) holds for 
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each m, and so. u~=l [F,(E)]0 ~ O(E) also holds. Now, observe that 

00 00 :x:; 

[O(E)]c = X\ 0(E) ~X\ u [Fm(E)]0 = u F,(E) \ u [F,(E)]0 

m=l m=l m=l 
oc 00 

~ u [F111 (E)\[F,(E))0 ) = u 8F,(E), 
m=l m=l 

where the last equality holds since each F,(E) is a closed set. Now observe that 
since each F,(E) is closed, its boundary aF,(E) is a nowhere dense set, and thus, 
according to the last inclusion [O(E)]c is a meager set, and the proof is finished . 

• 
Our next objective is to characterize the (uniform) compact subsets of C(X). 

To do this we need a definition. 
Let X be a topological space, and letS be a subset of C(X). Then the setS 

is said to be equicontinuous at some x E X if for each E > 0 there exists a 
neighborhood V of x such that y E V implies lf(y)- f(x)i < E for every f E S. 
If S is equicontinuous at every point of X, then S is called an equicontinuous set. 

As we have seen before, in a metric space a closed and bounded set need not 
be compact. However, if X is a compact topological space, then a closed and 
bounded (with respect to the uniform metric) subset of C(X) is compact if and 
only if it is equicontinuous. This result is known as the Ascoli-Arzela4• 5 theorem 
and is stated next. 

Theorem 9.10 (Ascoli-Arzela). Let X be a compact topological space, and 
Let S be a subset of C (X). Then the following statements are equivalent: 

1. S is a compact subset of the metric space C(X) (equipped, of course, with 
the uniform metric). 

2. S is closed, bounded, and equicontinuous. 

Proof. (I)==> (2) We already know that a compact set is closed and bounded. 
What remains to be shown is that S is equicontinuous. 

To this end, let E > 0. Choose h. 0 0 0. f,, E s such that s ~ u;·=l B(f;, E). If 
x EX, then pick a neighborhood V:r of x such that i.fi(y)- f;(x)i < E holds for 
ally E V:r and all i = 1, ... , n. Now, let y E V:r and f E S. Choose some i with 

4Guido Ascoli (I 887-1957), an Italian mathematician. He contributed to the theory of real functions 
and differential equations. 

5Cesare Arzela ( 1846-1912), an Italian mathematician. He studied the convergence of sequences 
of real functions. 
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f E B (/;, E), and note that 

lf(y)- f(x)l S lf(y)- /;(y)l + 1/;(y)- /;(x)l + 1/;(x)- f(x)l 

< E +E +E = 3E. 

This shows that S is equicontinuous at x, and since x is arbitrary, S is an equicon
tinuous set of functions. 

(2) ===? (1) Let {f,.} be a sequence of S. According to Theorem 7 .3, it suffices 
to show that {f,.} has a convergent subsequence. 

To this end, choose some M > 0 satisfying If (x) I S M for all x E X and f E S. 
Using the equicontinuity of S and the compactness of X, it is easy to see that for 
each k there exists a finite subset F~ of X and neighborhoods { V,: y E F~} such 
that X= U.veF, Vy and lf(x)- f(y)l < t whenever x E Vy and f E S. 

Let F = U~1 F;. Clearly, F is at most countable; assume F countable and 
ier F = {x1, x2 .... j be an enumeration of F. Now, since lf,,(xdl S lv! holds 
for all n, there exists a subsequence {g,~} of {f,.} such that lim g,~ (xl) exists in JR. 
Similarly, there exists a subsequence {g;} of {g,~} so that lim g~(.\·1 ) exists in JR. 
Continuing this way, we can choose (inductively) sequences {g;,} (i = 1, 2, ... ) 
such that 

a. {g,~} is a subsequence of{/,.}, 
b. {g;,+•} is a subsequence of {g!,l for each i = 1, 2, ... , and 
c. lim11 __. 00 g;, (x;) exists in JR. for each i = l, 2, .... 

Now, consider the diagonal sequence h11 = g;:, and note that {1! 11 } is a subse
quence of {f,,} such that lim11 __. 00 h 11 (x;) exists in JR. for each i. Moreover, we claim 
that {h 11 } is a Cauchy sequence of C (X). 

To see this, fix k and then choose some no so that lh 11 (y)- h,(y)l < t holds 
for all n, m > no and all y E Fk. Now, if x E X, then pick some y E F~ such that 
x E Vy, and note that 

lh"(x)- Jz,(x)l < llz"(x) -lz,.(y)l + lh"(y)- hm(Y)I + lhm(Y)- lzm(x)l 

<t+t+t=t 
holds for alln, m > no. That is, 

lllz"- hmlloo = sup{llz,;(x)- lzm(x)l: X EX} Sf 

holds for alln, m > no, so that {h 11 } is a Cauchy sequence of C(X). 
By Theorem 9.3, {11 11 } converges to some lz E C(X). Since Sis closed, h E S, 

and the proof of the theorem is complete. • 
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LetS be a bounded equicontinuous subset of some C(X)-space with X compact. 
It is not difficult to establish that the (unifonn) closureS of Sis likewise bounded 
and equicontinuous, and thus by the Ascoli-Arzela theorem, Sis a compact subset 
of C(X). This implies that every sequence of S has a subsequence that converges 
unifonnly. In particular, every bounded equicontinuous sequence has a unifonnly 
convergent subsequence. This last observation is very useful in establishing the 
existence of solutions to differential equations. 

EXERCISES 

1. If u, u, and w are vectors in a vector lattice, then establish the following identities: 

a. II V U + II 1\ U = II + u; 
b. u - u v w = (u - u) 1\ (u - w); 

c. 11- u 1\ w = (u- u) v (u- w); 
d. a(u 1\ u) =(au) 1\ (au) if a ~ 0; 
e. lu - vi = u v u- u 1\ u; 
f. u v u = ~(u + u + lu - ul); 

g. u 1\ u = ~(u + u- lu - ul). 

2. If u and u are elements in a vector lattice, then show that: 

a. lu +vi v lu - vi = lui+ lui, and 
b. Itt+ viA lu- vi = 11111- lull· 

[HINT: lu +vi v lu- vi = (u + u) v (-u- v) v (u- u) v (-u + u) 

= (lui+ u) v (lui- u) = lui+ lui.] 

3. Show that lui A lui= 0 holds if and only if lu +vi= lu- vi holds. 
4. Show that the vector space consisting of all polynomials (with real coefficients) on lR 

is not a function space. Prove a similar result for the vector space of all real-valued 
differentiable functions on IR. 

5. Let X be a topological space. Consider the collection L of all real-valued functions 
on X defined by 

L = If E IRX: 3 lfn) s; C(X) such that lim f,,(x) = f(x) V x E X). 

Show that L is a function space. 
6. Let L be a vector space of real-valued functions defined on a set X. If for every 

function f E L the function If I [defined by If I (x) = If (x) I for each x E X] belongs 
to L, then show that L is a function space. 

7. Consider each rational number written in the form '!f, where 11 > 0, and m and 11 are 
integers without any common factors other than ±I. Clearly, such a representation is 
unique. Now, define f: lR-+ lR by f(x) = 0 if xis irrational and f(x) = ~if x = '!f 
as above. Show that f is continuous at every irrational number and discontinuous at 
every rational number. 
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8. Let f: [a, b] ---l- JR. be increasing [i.e., x < y implies f(x} ~ f(y)]. Show that the 
set of points where f is discontinuous is at-most countable. 
[HINT: Iff is discontinuous at c, with a < c < b, then choose a rational number r 
such that limxtc f(x} < r < limx.t.c f(x).] 

9. Give an example of a strictly increasing function f: [0, 1] ---)o JR. which is continuous 
at every irrational number and discontinuous at every rational number. 

10. Recall that a function f: (X, r) ---l- (Y, rd is called an open mapping if f(V} is open 
whenever V is open. Prove that iff: JR. ---l- JR. is a continuous open mapping, then f 
is a strictly monotone function-and hence, a homeomorphism. 

11. Let X be a nonempty set, and for any two functions f, g E JRX let 

d(f ) 1/(x)- g(x)l 
'g = -~~~ 1 + 1/(x)- g(x)l 

Establish the following: 

a. (IR.x, d) is a metric space. 
b. .A. sequence If:~} £ JRX satisfies d( f,,, f) ---l- 0 for some f E JR. X if and only if 

{f,,} converges uniformly to f. 

12. Let f, !1, h . ... be real-valued functions defined on a compact metric space (X, d) 
such that Xn ---l- x in X implies / 11 (x11 ) ---l- f(x} in JR. Iff is continuous, then show 
that the sequence offunctions {/11 } converges uniformly to f. 

13. For a sequence Un} of real-valued functions defined on a topological space X that 
converges uniformly to a real function f on X, establish the following: 

a. If x 11 ---l- x and f is continuous at x, then f,,(x11 ) ---)o f(x). 
b. If each / 11 is continuous at some point xo E X, then f is also continuous at the 

point xo and 

lim lim f,,(x) = lim lim / 11 (x} = f(xo). 
x-+.\o n-+oo ,_.oo x-+ \"o 

14. Let / 11 : [0, 1] ---)o JR. be defined by f,, (x) = x 11 for x E [0, 1]. Show that { / 11 } converges 
pointwise and find its limit function. Is the convergence uniform? 

15. Let g: [0, 1] ---)o 1R be a continuous function with g(1) = 0. Show that the sequence of 
functions {f,,} defined by / 11 (x) = x 11 g(x) for x E [0, 1], converges uniformly to the 
constant zero function. 

16. Let {/11 } be a sequence of continuous real-valued functions defined on [a, b], and let 
{a11 } and {b11 } be two sequences of [a, b] such that lim a11 = a and limb,. = b. If {/11 } 

converges uniformly to f on [a, b], then show that 

lb. 1b 
lim f,.(x)dx = f(x)dx. 
n~oo 011 a 

17. Let {/11 } be a sequence of continuous real-valued functions on a metric space X such 
that { fn} converges uniformly to some function f on every compact subset of X. 
Show that f is a continuous function. 

18. Let {f,,} and {g11 } be two uniformly bounded sequences of real-valued functions on 
a set X. If both {/11 } and {g11 } converge uniformly on X, then show that Un g,.} also 
converges uniformly on X. 
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19. Suppose that {/11 I is a sequence of monotene real-valued functions defined on [a. b) 
and not necessarily all increasing or decreasing. Show that if (f,,J converges point
wise to a continuous function f on [a. b ], then (j;, I converges uniformly to f on 
[a, b). 
[HINT: Use the fact that f must be uniformly continuous on [a, b).] 

20. Let X be a topological space and let {/,I be a sequence of real-valued continuous 
functions defined on X. Suppose that there is a function f: X --+ lR such that f (x) = 
lim f,(x} holds for all x E X. Show that f is continuous at a point a if and only 1f 
for each E > 0 and each m there exist a neighborhood V of a and some k > m such 
that lf(x)- fk(x)l < E holds for all x E V. 

21. Let (f,, I be a uniformly bounded sequence of continuous real-valued functions on a 
closed interval [a, b ]. Show that the sequence of functions ( 1/J,). defined by tjJ, (x) = 
J~r f,,(t)dt foreachx E [a, b), contains a uniformly convergent subsequence on [a, b). 

22. For each 11, let f,,: lR --+ lR be a monotone (either increasing or decreasing) function. 
If there exists a dense subset A of lR such that lim f,(x) exists in lR for each x E A, 
then show that lim f,,(x) exists in lR at most for all but countably many x. 

23. Consider a continuous function f: [0, oo) --+ IR. For each 11, define the continuous 
function f,: [0, oo) --+ lR by ];,(x} = f(x"). Show that the set of continuous 
functions l/1. /2 .... 1 is equicontinuous at x = I if and only if f is a constant 
function. 

24. Let (X, d) be a compact metric space and let A be an equicontinuous subset of C(X}. 
Show that A is uniformly equicontinuous, i.e., show that for each E > 0 there exists 
some .S > 0 such that x, y E X and d(x, y) < .Simply lf(x)- f(y}l < E for all 

f EA. 
25. Let X be a connected topological space (see Exercise 22 of Section 8 for the definition) 

and let A be an equicontinuous subset of C(X). If for some xo E X, the set of real 
numbers (f(xo): f E AI is bounded, then show that {f(x}: f E AI is also bounded 
for each x EX. 

26. Let (f,, I be an equicontinuous sequence in C(X), where X is not necessarily compact. 
If for some function f: X--+ lR we have lim f,(x) = f(x) foreachx EX, then show 
that f E C(X). 

27. Let X be a compact topological space, and Jet ( f,, I be an equicontinuous sequence 
of C(X). Assume that there exists some f E C(X) and some dense subset A of X 
such that lim f,,(x) = f(x} holds for each x E A. Then show that {J,,I converges 
uniformly to f. 

28. Show that for any fixed integer n > I the set of functions f E C[O, I) such that there 
is some x E [0, 1 - ~) for which 

lf(x +h)- f(x)l ~ 11h whenever 0 < h < ~. 

is nowhere dense in C[O, 1) (with the uniform metric). 
Use the preceding conclusion and Baire's theorem to prove that there exists a 

continuous real-valued function defined on [0, 1) that is not differentiable at any point 
of [0, 1). 

29. Establish the following result regarding differentiability and uniform convergence. 
Let (f,, I be a sequence of differentiable real-valued functions defined on a bounded 
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open interval (a. b) such that: 

a. for some xo E (a, b) the sequence ofreal numbers {f,(xo)} converges in JR, and 
b. the sequence of derivatives If:.} converges uniformly to a function g: (a, b) ~ JR. 

Then the sequence {f,} converges uniformly to a function f: (a. b) ~ JR that is 
differentiable at xo and satisfies J'(xo) = g(xo). 

10. SEPARATION PROPERTIES OF CONTINUOUS FUNCTIONS 

It is possible that the only real-valued continuous functions on a topological space 
are the constant ones. For instance, any indiscrete topological space has this 
property. Such spaces will be of little interest to us here. In this section, we 
shall describe a large class of topological spaces with an abundance of continuous 
real-valued functions. We start our discussion with two notions of separation. 

Definition iO.i. Two disjoint subsets A and B of a topological space X are: 

a. separated by open sets, if there exist Mo disjoim open sets V and W 
satisfying A f:; V and B f:; W, and 

b. separated by a continuous function, if there exists a cominuous function 
f: X-+ [0, 1] such that f(a) = Ofor each a E A and f(b) = 1 for each 
bE B. 

Lemma 10.2. If Mo disjoint subsets of a topological space are separated by 
a continuous function, then they are also separated by open sets. 

Proof. Let A and B be two disjoint subsets of a topological space X and let 
f: X -+ [0, 1] be a continuous function such that f(a) =0 for each a E A and 
f(b) = 1 for each bE B. If V = {x EX: f(x) <!}and W = (x EX: f(x) > ~}, 
then V and W are two disjoint open sets satisfying A f:; \1 and B f:; W. • 

Topological spaces whose disjoint closed sets can be separated by open sets 
play an important role in mathematical analysis and they are referred to as normal 
spaces. 

Definition 10.3. A topological space is said to be normal if every pair of 
disjoint closed sets can be separated by open sets. 

Here are two classes of normal topological spaces. 

Lemma 10.4. Metric spaces and compact Hausdorff topological spaces are 
normal spaces. 
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Proof. Let (X, d) be a metric space and let A be a nonempty subset of X. 
Define the distance function d(·, A): X --+ 1R of A by 

d(x, A)= inf{d(x, y): yEA}. 

The non-negative number d(x, A) is called the distance of x from A. It is easy 
to see that ld(x. A)- d(y, A)l .:;: d(x, y) for all x, y E X, and so, d(·, A) is a 
uniformly continuous function on X. 

Now, if A and B are two nonempty closed disjoint subsets of X, consider the 
continuous function f: X--+ IR.defined by f(x) = d(x, A)-d(x, B). Clearly, the 
open sets V = f- 1 (( -oo, 0)) and W = f- 1 ((0, oo)) are disjoint sets satisfying 
A £;; V and B £;; W . 

Next, let X be a Hausdorff compact topological space and Jet A and B be 
two closed disjoint sets. By Theorem 8.12, both A and B are compact sets. Fix 
a E A. Then for each b E B there exist neighborhoods Vb of a and Wb of h such 
that vb n wb = "/). From B £;; UheB wh and the compactness of B, there exist 
b1, ... , b, E B such that B £;; U;'=1 Wh, = Wa. If Va = n;'=1 Vb,, then Va is a 
neighborhood of a satisfying Va n Wa = (/). Now from A £;; UaeA Va and the 
compactness of A, we see that there exist a 1 , ••• , ak E A such that A £;; u: = 1 Va,. 
If V = u:=l Va, and W = n~=l W"" then V and W are two disjoint open sets 
satisfying A £;; \l and B £;; W. • 

The next result characterizes the normal topological spaces and is known as 
Uryson 's6 lemma. 

Theorem 10.5 (Uryson's Lemma). For a topological space X the following 
statements are equivalent. 

1. X is a normal space. 
2. If A is a closed subset and V is an open subset of X satisfying A £;; V, then 

there exists an open set W such that A £;; W £;; W £;; V. 
3. Eve/}' pair of disjoint closed sets can be separated by a continuousfwzction. 
4. If C is a closed subset of X and f: C --+ [0, l] is a continuous function, 

then there exists a continuous extension of f to all of X with values in 
[0, 1]. 

Proof. ( l) ===> (2) Assume that A is a closed set and V is an open set such 
that A £;; V. Put C = vc and note that A and C are two disjoint closed sets. So, 
there exist two disjoint open sets W and U satisfying A £;; W and C £;; U. From 
W n U = 0. we easily infer that W n U = (/), and thus W £;; uc £;; cc = V. 

6Pavel Samuilovich Uryson ( 1898-1924 ), a Russian mathematician. Although his scientific activity 
lasted For only five years-he drowned off the coast or Brittany (France) at the age or 26 while on 
vacation-he made several important contributions to general topology. 
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(2) :=:::} (3) Let A and B be two disjoint closed sets. Put V =Be and note that 
A s;; V. Next, put ro = 0, r 1 = 1, and let {r2 , 1"3, .•• } be an enumeration of the 
rational numbers in the open interval (0, 1). Our hypothesis implies the existence 
of two open sets V,.0 and V,.1 such that A s;; V,.1 s;; V ,.1 s;; V,.0 s;; V ,0 s;; V. 

Now, proceed inductively. Assume that the open sets V,.0 , ••• , V,. have been 
chosen so that I"; < l"j implies A s;; v,.j s;; v Tj s;; v,.,. Observe that there 
are precisely two rational numbers r; and l"j among ro, r 1, ... , r, such that r; < 
r,+1 < rj holds, and so no other rational number among ro, rt, ... , r, lies in the 
open interval (r;, rj). Clearly, r; = max{r~: rk < r,+ 1 and 0 .5 k .5 n}. Similarly, 
rj = min{rk: ~"n+t < r1. and 0 .5 k .5 11 }. By our hypothesis, there exists an open 
set v,.n+l such that 

Thus, if Q denotes the set of all rational numbers, we can construct a collection 
of open sets {V,.: r E Q n [0, 1]} with the foilowing two properties: 

a. As;; V,. s;; V for each r E Q n [0, 1]. 
b. If r, s E Q n [0, 1] satisfy s > r, then Vs s;; V, holds. 

Next, we define the function f: X ~ [0, l] by 

f(x) = { ~up{r: x E V,.) if X E Vo 
if x rt Vo. 

Clearly, f(x) = I for all x E A and f(x) = 0 for each x E vc =B. We claim 
that f is continuous. To see this, fix a E X and let E > 0. 

Assume first that 0 .5 f(a) < I holds. Choose two rational numbers s, t in 
[0, I] such that f(a) < s < t < f(a) +E. From V, s;; Vs and f(a) <sit follows 
that a rt V,. 

If f(a) > O,choosearationalnumberr E (0, 1)suchthatf(a)-E < r < f(a) 
and a E V, . Put U = V,. \ V,; clearly, U is a neighborhood of a. Also, note that if 
x E U, then r .5 f(x) .5 t holds. Thus, lf(x)- f(a)l < E holds for all x E U. 

If f(a) = 0, put U =X\ V,. Then U is a neighborhood of a, and for x E U 
we haveO .5 f(x) .5 t. Therefore, lf(x)- f(a)l < E holds forallx E U. Hence, 
in either case f is continuous at a. 

Finally, in case f(a) = 1, choose a rational number r E (0, 1) such that a E V,. 
and l - E < r. Clearly, V,. is a neighborhood of a.. Also, if x E V, , then 
r .5 f(x) .5 1, from which it follows that lf(x)- f(a)l < E holds for all x E V,.. 

The above arguments show that f is continuous at each point a E X, and hence 
f is a continuous function separating A and B. 

(3) :=:::} (4) Let C be a (nonempty) closed subset of X and let f: C ~ [0, 1] 
be a continuous function. We shall consider f as a continuous function from C to 
[-1, I]. 
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Start by observing that if A and B are two disjoint closed subsets of X and [a, ,8] 
is an arbitrary closed interval, then there exists a continuous function ¢:X --+ 
[a, ,8] with¢ = a on A and¢ = .B on B. (Indeed, if 1{!: X --+ [0, 1] is a 
continuous function such that 1{! = 0 on A and 1{! = 1 on B, then the continuous 
function¢ = (,8- a)l{! +a has the desired properties.) 

The extension of the function f will be based upon the following property (E): 
If h: C --+ [ -r. r] is a continuous function, then there exists a continuous function 
g: X --+ 1R satisfying 

I 
Jg(x)l :::: 3,. for all x E X and 

2 
Jh(c)- g(c)l :::: 3,. for all c E C. 

To verify property (E), we argue as follows: Let A = h-I ([-I', - ~]) and 
B = h-I ([ j-, r ]). The continuity of h guarantees that the disjoint sets A and B 
are closed in C. Since C is a closed subset of X, it follows that A and B are also 
closed subsets of X. So, there exists a continuous function g: X --+ [ -~. j] (i.e., 
Jg(x)J :::: j for each x E X) such that g =-j-on A and g = jon B. Now, let 
c E C. If c E A, then -r :::: h(c):::: -j = g(c) and so Jh(c)- g(c)l :::: ~r. If 
c E B, then g(c) = j :::: h(c) :::: r, and hence, Jh(c) - g(c)l :::: ~r. Finally, if 
c ¢AU B, then -j < h(c) < ~·from which it follows that Jh(c)- g(c)l :::: ~,. 
holds true in this case too. 

Now, we claim that there exists a sequence {g11 } of continuous real-valued func
tions on X such that for each n we have 

1 (2)ll-l 
Jg~~(x)J :::: 3 3 for all x E X, 

and 

I II I (2) 11 
f(c)- 8 g;(c) :::: 3 for all c E C. 

The existence of the sequence {g11 } can be established by induction as follows: For 
n = 1, we apply property (E) with r = 1 and h =f. So, there exists a continuous 
functiong 1:X--+ IRsatisfyingJg1(x)J:::: tforeachx E XandJf(c)-gl(c)J:::: ~ 
for each c E C. Now, for the induction step, assume that fl, ... , j;, have been 
selected to satisfy (•) and(**). Applying property (E) with r = (j)'' and lz = 
f - I:;'= 1 g;, we see that there exists some continuous function g11+ 1: X --+ 1R 
satisfying jg11+1(.r)J:::: t<~)11 foreachx EX and 

I [f(c)- tg;(c)]- g11+l(c)l = lf(c)- ~g;(c)l:::: (~)"+I 
for all c E C. 
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From L::I !<1)''-I = I and (•), we see that the series g(x) = L::I g11 (.\) 

converges uniformly, and so (by Theorem 9.2) g defines a continuous function 
from X into [-1, 1]. Now, a glance at (••) guarantees that g(c) = f(c) for all 
c E C. Next, consider the function lgl: X -+ [0, I] and note that lgl is a continuous 
extension of f to all of X. 

(4) ===> (I) Let A and B be two nonempty closed disjoint subsets of X. Then 
AU B is a closed set, and the function f: AU B -+ [0, 1], defined by f(a) = 0 
for each a E A and f(b) = 1 forb E B, is continuous. Indeed, if a E A and 
E > 0, then Be is a neighborhood of a and lf(x)- f(a)i = 0 < E holds for each 
x E (A U B) n Be. This shows that f is continuous at a E A; similarly, f is 
continuous at every b E B. If g is a continuous extension of f to all of X with 
values in [0, I], then g clearly separates A and B. By Lemma 10.2, A and B can 
be separated by open sets, and so X is a normal space. • 

Our next result is the celebrated Tietze 's7 extension theorem. 

Theorem 10.6 (Tietze's Extension Theorem). Let C be a closed subset of a 
normal space X and let f: C -+ IR be a continuous function. Then there exists 
a conti1~uous extension off to all of X with values in IR. 

Proof. Let f: C -+ IR be a continuous function, where C is a closed subset of 
a normal space X. Assume first that f (x) :::. 0 for each X E c. Put 11 = m and 
note that lz:C-+ (0, 1) ~ [0, 1] is a continuous function. By Uryson's lemma 
(Theorem 10.5), there exists a continuous extension ho: X-+ [0, 1] of h. 

Next, let B = h0 I ( ( l}) and note that B is closed. Also, since 0 < h0(x) < I 
for each x E C, we see that A n C = 0. Using Uryson 's lemma once more, we 
see that there exists some continuous function ¢:X -+ [0, I] such that ¢(c) = I 
for all c E C and ¢(b) = 0 for all b E B. Now notice that the function g = I~~;," 
is a continuous extension off to all of X with values in IR. 

For the general case, assume that f: C -+ IR is continuou!. and write f = 
f+ - f-, where f+ = f v 0: C -+ lR and f- = (-f) v 0: C _,. lR are two 
continuous non-negative continuous functions. By the first part, there exist two 
continuous functions ¢I, ¢2: C -+ IR that extend f+ and f-, respectively. Now 
notice that¢ = ¢I - ¢I: X -+ IR is a continuous extension off. • 

A topological space (X, r) is called locally compact if every point of X has a 
neighborhood whose closure is a compact set. 

Clearly, every compact topological space is locally compact. By Theorem 7.4 
a subset of IR" is compact if and only if it is closed and bounded. Thus, it follows 
that a Euclidean space IR" is not compact but it is locally compact. 

7Heinrich Franz Friedrich Tietze (1880--1964), an Austrian mathematician. He worked in topology 
and he is well known today for his famous "group transformations." 
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For locally compact spaces we have the following separation property: 

Lemma 10.7. Let (X, r) be a Hausdorff locally compact topological space. 
Assume that V is an open set and A is a compact set such that A ~ V. Then 
there exists an open set LJ with compact closure such that A ~ LJ ~ LJ ~ V. 

Proof. Since each point of A has a neighborhood with compact closure, and 
since A can be covered by a finite number of these neighborhoods, it easily follows 
that there exists an open set W with compact closure such that A ~ W. Replacing 
W by W n V (if necessary), we can assume that A ~ W ~ V holds. 

If W n vc = 0. then LJ = W satisfies A ~ LJ ~ LJ ~ V. Otherwise, if x E 

W n vc, then x ¢ A, and so by Theorem 8.13 there exists an open set U .. such that 
A~ u ... andx ¢ u ... Now,observethatthefamily ((U_..)c: X E wnvc) is an open 
cover of the compact set W n vc (its compactness follows from Theorem 8.12). 
Thus, there exists a finite subset F of W n vc such that W n vc ~ U,eF (U_..)c. 

Note that ( n IEF u .. ) n w n vc = 0. 
Put lJ = n reF CU . .- n W), and note that lJ is an open set such that A ~ LJ ~ W. 

It follows that LJ ~ W, and consequently, 

LJ n vc = LJ n w n vc ~ ( n u ... ) n w n vc = 0. 
xeF 

Hence, A ~ LJ ~ LJ ~ V holds, and the proof is finished. • 
The following theorem is a "locally compact version" version ofUryson 's lemma. 

Theorem 10.8 (Uryson). Let X be a Hausdorff locally compact topological 
space, and let A be a compact subset of X. If V is an open set such that A ~ V, 
then there exists a continuous function f: X --+ [0, I] such that f(x) = I for 
all x E A and f(x} = Ofor all x E vc. 
Proof. The proof is identical to the proof of the implication (2) ===> (3) of 

Theorem 10.5. The only difference in the proof is that instead of statement (2) we 
must invoke Lemma 10.7. • 

As an application of Theorem 10.8, we shall present a useful result dealing with 
"partitions of unity." 

Iff: X--+ JR. is a function, then the closure of the set Y = (x EX: f(x) =I= 0) 
is called the support off and is denoted by Supp f. That is, Supp f = Y. A 
function is said to have compact support if its support is a compact set. 

Theorem 10.9. Let X be a Hausdmff Locally compact topological space, and 
let A be a compact subset of X. If V1, ••• , V11 are open sets such that A ~ 
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U:.'=1 V;, then there exist continuous real-valued functions ft· ... , J,, on X 
satisfying these properties: 

1. 0.::: J;(x).::: I holds for all x EX and each I .::: i .::: 11. 

2. Each J; has compact support, and Supp J,· s; V;. 
3. L:;'= 1 f;(x) = Ilw/dsforallx EA. 

Proof. Let x E A. Then there exists some i (I .::: i .::: n) such that x E V;. 
Since {x} is a compact set, it follows from Lemma I0.7 that there exists a neigh
borhood U.,. of x with compact closure such that U_,. s; V;. That is, every x E A 
has a neighborhood U., with compact closure satisfying Ux s; V; for some i. 

Let Xt, •.. , Xm be a finite number of points of A such that A s; U7~ 1 Ux,. Next, 
for each i define 0; to be the union of all those U.,., for which U.r, s; \1; holds (if no 
such Uxi exists, then 0; = (Z>). Clearly, each 0; is an open set with compact closure 

satisfying 0; s; V;. Moreover, A s; U;'=1 0; holds. By Lemma 10.7, for each i 
there exists an open set B; with compact closure such that 0; s; B; s; B; s; V;. 

By Theorem 10.8, for each i there exists a continuous function g;: X --+ [0, I) 
such that g;(x) = 1 for each x E 0; and g;(x) = 0 for each x ¢. B;. Also, by the 
same theorem, there exists a continuous function It: X --+ [0, I] such that h(x) = 1 
for all x E A, and h(x) = 0 for all x E [ U'=1 O;]c. Put g = (1 -h)+ L:;'=1 g;, 
and note tha~ g is a continuous function with g(x) > 0 for all x E X. Now let 
/; = g; I g for i = 1, ... , n. We leave it for the reader to verify that f 1, ••• , J,, 
satisfy the desired properties. • 

Any collection of functions f 1 , ••• , J,, that satisfies the properties of Theo
rem 10.9 is referred to as a partition of unity for A subordinate to the open cover 
!Vt .... , V,J. 

EXERCISES 

1. Let (X, d) be a metric space and let A be a nonempty subset of X. The distance 
function of A is the function d(·, A): X --+ IR defined by 

d(x, A)= inf{d(x, a): a E A}. 

Show that d(x, A) = 0 if and only if x E A. 
2. Let (X, d) be a metric space, let A and B be two nonempty disjoint closed sets, and 

consider the function f: X -+ [0, I] defined by f(x) = d(x.~<j~:<~r.BJ. Show that: 

a. f is a continuous function, 
b. r 1C{O}) =A and r 1C{I}) = B;and 
c. if inf{d(a, b): a E A and bE B)> 0, then f is uniformly continuous. 

3. Let A and B be two nonempty subsets of a metric space X such that An 7i = An B = 
<;Z>. Show that there exist two open disjoint sets U and V such that A ~ U and B ~ V. 

4. Show that a closed set of a normal space is itself a normal space. 
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5. Let X be a normal space and let A and 8 be two disjoint closed subsets of X. Show 
that there exist open sets V and W such that A ~ V, 8 ~ W and V n W = 0. 

6. Show directly that a topological space is normal if and only if for each closed set A and 
each open set V with A ~ V, there exists an open set W such that A ~ W ~ W ~ V. 

7. For a closed subset A of a normal topological space X establish the following: 

a. There exists a continuous function f: X --+ [0, I] satisfying f- 1 ({OJ) = A if and 
only if A is a G0-set. 

b. If A is a Gs-set and 8 is another closed set satisfying An 8 = 0. then there 
exists a continuous function g: X --+ [0, I] such that g -I ( {0}) = A and g(b) = I 
for each b E 8. 

8. Show that a compact subset A of a Hausdorff locally compact topological space is 
a G0-set if and only if there exists a continuous function f: X --+ [0, I] such that 
A= r 1({0}). 

9. A topological space X is said to be perfectly normal if for every pair of disjoint closed 
sets A and 8 there exists a continuous function f: X --+ [0, I] such that A = f- 1 ( {0}) 
and 8 = f- 1 ({I}). (Part (b) of Exercise 2 above shows that every metric space is 
perfectly normal.) 

Show that a Hausdorff normal topological space is perfectly normal if and only if 
every closed set is a G0-set. 

10. Show that a nonempty connected normal space is either a singleton or uncountable. 
11. Let X be a normal space, let C be a closed subset of X, and let I be a nonempty 

interval. If f: C --+ I is a continuous function, then show that f has a continuous 
extension to all of X with values in I. 

11. THE STONE-WEIERSTRASS APPROXIMATION THEOREM 

In this section we shall present some conditions under which a linear subspace of 
C(X), with X compact, is dense in C(X) with respect to the uniform metric. The 
main result of this sort is known as the Stone-Weierstrass approximation theorem 
and is a classical result. Before stating and proving this theorem, we need some 
preliminary discussion. 

A collection L of real-valued functions defined on a set X is said to separate 
the points of X if for every pair of distinct points x and y of X there exists a 
function f E L such that f(x) =I= f(y). 

Our first result presents a property of vector spaces of functions that separate 
the points. The constant function 1 is the function whose value at every point 
equals 1. 

Lemma 11.1. Let X be a nonempty set, and let L be a vector space of real
valued functions on X that separate the points of X and contains the constant 
Junction 1. Then given any two distinct points x andy of X and real numbers 
a and {3, there exists some f E L such that f(x) =a and f(y) = {3. 



88 Chapter 2: TOPOLOGY AND CONTINUITY 

Proof. Since L separates the points of X there exists g E L such that g(x) # 
g(y); put y = g(x) - g(y). Then the function f = y-1 [(a - {3)g + (f3g(x) -
ag(y))l] belongs to L and satisfies f(x) = a and f(y) = {3. • 

The next result presents a local approximation property that enables us to ap
proximate a function from above at a given point. 

Lemma 11.2. Let X be a compact topological space, and let L be a function 
space ofcontinuousfunctions that contains the constantfunctionl and separates 
the points of X. Then given a function g E C(X), a point a E X, and E > 0, 
there exists a function f in L such that 

f(a) = g(a) and f(x) > g(x)- E for all x EX. 

Proof. For each x E X, there exists (by Lemma 11.1) a function f, E L such 
that f>-(a) = g(a) and fx(x) = g(x). Since f, and g are continuous functions. 
there exists a neighborhood V:, of x such that f .. (y) > g(y)- E for ally E V: ... 

Since X = Uxex V:, and X is compact, there exists a finite number of points 
XJ, ... , x, of X such that X= U~=l V.r.,· Let f = fx 1 v · · · V fx.,; clearly, f E L 
and f(a) = g(a). Also, if x E X, then there exists some m such that x E V:,·.,· 
Thus, f(x)::: fr.,(x) > g(x)- E holds, which shows that the function f satisfies 
the required properties. • 

The lattice version of the Stone-Weierstrass theorem8 is presented next. 

Theorem 11.3 (Stone-Weierstrass). Let X be a compact topological space, 
and let L be a function space of continuous functions separating the points of X 
and containing the constant function 1. Then L is dense in C(X) with respect 
to the uniform metric. 

Proof. Let g E C(X), and let E > 0. For each x E X, use Lemma 11.2 to 
choose a continuous function fx E L such that f, ::: g - E and f .. (x) = g(x). 
From the inequality fx(x) = g(x) < g(x) + E and the continuity off, and g at x, it 
follows that there exists a neighborhood Vx of x such that fA (y) < g(y) + E for all 
y E Vx. Since X is compact, there are points X)' ••• ' Xn such that X = u~l=l Vx.,. 
Let f = fx 1 1\ · · · 1\ fx •• and note that f E L. 

Also, since f,,. ::: g - E, it easily follows that f ::: g -E. On the other hand, 
if x E X, then there exists some m such that x E V:,,., and so f (x) :::: fx .. (x) < 
g(x) + E holds. Thus, g(x) - E :::: f(x) :::: g(x) + E holds for all x E X, and 
consequently, II/- glloo = sup{lf(x)- g(x)l: x E X} :::: E. The proof of the 
theorem is now complete. • 

8Marshall Harvey Stone (1903-1989), an American mathematician. He contributed to Boolean 
algebras, topology, the theory of functions, and functional analysis. 
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Our next result deals with the unifonn approximation of the square-root function 
by polynomials. 

Lemma 11.4. There exists a sequence of polynomials that converges uni
formly to -JX in the interval [0, 1]. 

Proof. Start by defining P1 (x) = 0 for all x E [0, 1 ], and then, inductively, 
put 

for n ~ 1. Clearly, {P,} is a sequence of polynomials. We claim that 0 .:;: P,(x) .:;: 
-JX holds for each nand all x E [0, 1]. The proof of the claim is by induction. 
For n = I the claim is trivial. Assume now that 0 .:;: P,(x) .:;: -JX holds for all 
x E [0, 1] and some n. Clearly, 0.:;: P,+ 1(x) holds for all x E [0, 1]. Also, 

.JX- P,+l(x) = .jX- P,(x)- ![x- (P,(x))2] 

= [-/X- P,(x)][l- 4<-JX + P,(x))]. 

and the two factors of the last product are nonnegative from our induction hypoth
esis. Therefore, P,+ 1(x).:;: -JX for all x E [0, 1]. 

Now, from the definition of ?,+1 and the fact that [P,(x)f .::: x for each x E 

[0, 1], it follows that the sequence { P,} is increasing and bounded on [0, 1 ]. Thus, 
{ P,} converges pointwise to some non-negative function f on [0, 1 ]. It easily 
follows that [f(x)f = x for each x E [0, 1], and so, f(x) = -JX. 

Finally, since -JX is a continuous function and { P,} is increasing, Dini 's Theo-
rem 9.4 shows that {P,} converges unifonnly to -JX on [0, 1]. • 

A vector space A of real-valued functions on a set X is called an algebra of 
functions whenever the product of any two functions in A is again in A. Thus, a 
set A 5:;; IR.x is an algebra if for every pair f, g E A and real numbers ex and f3 we 
havecxf +f3g and fg inA; where, of course, (fg)(x) = f(x)g(x) foreachx EX. 

And now we are ready to state and prove the classical Stone-Weierstrass the
orem. 

Theorem 11.5 (Stone-Weierstrass). Let X be a compact topological space, 
and Let A be an algebra of continuous real-valued functions on X separating 
the poims of X and containing the constant function 1. Then A is dense in C(X) 
with respect to the uniform metric. 

Proof. Let A denote the closure of A in C(X) with respect to the unifonn 
metric. Then A is a closed algebra (why?) containing the constant function 1 and 
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separating the points of X. We have to show that A = C(X). By Theorem 11.3, 
it suffices to show that A is a function space. 

To this end, let f E A with f =/; 0. Put a = llflloo = sup{lf(x)l: x E X} > 0. 
Let { P11 } be the sequence of polynomials determined by Lemma 11.4 that converges 
uniformly to JX on [0, 1]. Since A is an algebra, the function g11 = P11 ( ~:)belongs 
to A for each n. Moreover, the sequence {g11 } converges uniformly on X to 

/!J = 1£1. Thus, 1£1 E A, and so, lfl EA. Therefore, A contains the absolute 
value of every function of A. But then, since 

f v g = tu + g + If- gi) and fAg = tu + g- If- gi), 

it follows that f v g and f A g belong to A for every pair f, g E A. In other 
words, A is a function space, and the proof of the theorem is complete. • 

Since the collection of all polynomials on lR. is an algebra of continuous functions 
lhal contains the constant function 1 and sepaiatcs the points of JR., the follo\ving 
original result of K. Weierstrass follows immediately from the last theorem. 

Corollary 11.6 (Weierstrass). Any continuous real-valuedfimction on a com
pact subset A oflR. is the uniform limit on A of a sequence of polynomials. 

EXERCISES 

1. Let X be a compact topological space. For a subset L of C(X}, let I denote the 
uniform closure of L in C(X}. Show the following: 

a. If L is a function space, then so is I. 
b. If L is an algebra, then so is I. 

2. Let L be the collection of all continuou~ piecewise linear functions defined on [0, 1]. 
That is, f E L if and only if f E C[O, I] and there exists a finite number of points 
0 = xo < x, < · · · < :.:11 = I (depending on f) such that f is linear on each interval 
[xm -I, Xm ]. Show that L is a function space but not an algebra. Moreover, show that 
L is dense in C[O, 1] with respect to the uniform metric. 

3. Show that a continuous function f: (0, I)--+ lR is the uniform limit of a sequence of 
polynomials on (0, 1) if and only if it admits a continuous extension to [0, 1]. 

4. Iff is a continuous function on [0, 1] such that Jd x 11 f(x) dx = 0 for 11 = 0, 1, ... , 
then show that f(x) = 0 for all x E [0, 1]. 

5. Show that the algebra generated by the set {1, x2) is dense in C[O, 1] but fails to be 
denseinC[-1, 1]. 

6. Let us say that a polynomial is odd (resp. even) whenever it does not contain any 
monomial of even (resp. odd) degree. 

Show that a continuous function f: [0. I] --+ lR vanishes at zero (i.e., f(O) = 0) if 
and only if it is the uniform limit of a sequence of odd polynomials on 
[0, 1]. 
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7. Iff: [0, I] -+ lR is a continuous funciion such that Jri f( 2n-:yx) dx = 0 for n = 
0, 1, 2, ... , then show that f(x) = 0 for all x E [0, 1]. Does the same conclusion 
hold true if the interval [0, 1] is replaced by the interval [-1, 1]? 

8. Assume that a function f: [0, oo) -+ lR is either a polynomial or else a continuous 
bounded function. Then show that f is identically equal to zero (i.e., show that f = 0) 
if and only tf J000 f(x)e-"x dx = 0 for all n = 1, 2, 3, .... 

9. Show that a continuous bounded function f: [I, oo) -+ lR is identically equal to zero 
if and only if J;X> x-11 f(x) dx = 0 for each n = 8, 9, 10, .... 

10. Let A be an algebra of continuous real-valued functions defined on a compact topo
logical space X which separates the points of X. Show that the closure A of A in 
C(X) with respect to the uniform metric is either all of C(X) or else that there exists 
some a E X such that A= If E C(X): /(a) = 0}. 
[HINT: A glance at the proof of Lemma 11.4 shows that the polynomials P,(:r) that 
approximate .jX uniformly on [0, 1] have constant terms zero. This implies that 1/1 
and Jf7T both belong to A for each f E A.] 

11. Let A be the vector space generated by the functions 1, sin:r, sin2x, sin3x, ... def
ined on [0. 1]. That is, f E A if and only if there is a nonnegative integer k and real 
numbers ao. a,, ... , a~ (all depending on f) such that f(x) = L~=O a, sin" x for 
each x E [0, 1]. Show that A is an algebra and that A is dense in C [0, 1] with respect 
to the uniform metric. 

12. Let X be a compact subset of JR. Show that C(X) is a separable metric space (with 
respect to the uniform metric). 

13. Generalize the previous exercise as follows: Show that if (X, d) is a compact metric 
space, then C(X) is a separable metric space. 
[HINT: Let {x11 } be a countable dense subset of X, and let J,, (x) = d(x, x 11 ). If A is 
the algebra generated by the functions 1, /1, /2 .... , show that A= C(X).] 

14. Let X and Y be two compact metric spaces. Consider the Cartesian product X x Y 
equipped with the distance D, given in Exercise 4 of Section 7, so that X x Y is 
a compact metric space. Show that if f E C(X x Y) and E > 0, then there exist 
functions {/1 •... , ];,} ~ C(X) and (g,, ... , g,) ~ C(Y) such that 

l f(x, y)- t /;(x)g;(y)l < E 

r=l 

holds for all (x, y) EX x Y. 
[HINT: Consider the algebra generated in C(X x Y) by the functions F(x, y) = f(x) 
and G(x. y) = g(y) for f E C(X) and g E C(Y).] 





CHAPTER 3 _____________ _ 

THE THEORY OF MEASURE 

At the tum of the nineteenth century it was quite apparent to mathematicians that the 
properties of continuous functions and Riemann's theory of integration were not 
rich enough to solve many scientific problems. The inadequacies of the continuous 
functions Jed them to search for different classes of functions that would provide 
solutions to a variety of problems. 

Around the beginning of the twentieth century, the theory of measure was origi
nated. At that time, it was realized that to get a better understanding of the structure 
of functions it was necessary to make a thorough study of the subsets of Euclidean 
spaces. To study these sets, it became clear that the classical notions of length, area, 
and volume needed to be generalized. The search for devising ways of assigning 
a concept of a ·'measure" to a given set of points has its roots in that period. 

E. Borel [4] in 1898 was the first to establish a measure theory on the subsets of 
the real numbers known today as Borel sets. Soon after (in 1902), H. Lebesgue [21] 
presented his pioneering work on Lebesgue measure, and a little later (around 
1918), C. Caratheodory introduced and studied the properties of outer measures. 
From then on a rapid development of the theory of measure, which included among 
its contributors the most prominent mathematicians of the first half of the twentieth 
century, followed. 

This chapter discusses in detail the theory of measure. We start our study by 
introducing the concept of a semiring of sets and then proceed by studying the 
properties of measures on semi rings. The important notion of the outer measure is 
introduced and studied next. It is followed by a detailed investigation of the mea
surable sets and measurable functions. Our attention is then turned to the properties 
of simple and step functions and to the basic properties of the Lebesgue measure. 
The chapter culminates with an investigation of convergence in measure and a 
discussion on abstract measurability properties. 

12. SEMIRINGS AND ALGEBRAS OF SETS 

In this section the notion of a semiring of sets is introduced and its properties 
are studied. A semiring of sets is the simplest family of sets for which a measure 
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theory can be built. It turns out that most "reasonable" collections of sets satisfy 
the semiring properties. 

Definition 12.1. Let X be a nonempty set. A collection S of subsets of X is 
called a semi ring if it satisfies the following properties: 

I. The empty set belongs to S; that is 0 E S. 
2. If A, B E S; then An B E S; that is, Sis closed underfinite intersections. 
3. The set difference of any two sets of S can be written as a finite union of 

pairwise disjoint members of S. That is,for eve1y A, B E S; there exist 
C., ... , C,. inS (depending on A and B) such that A\ B = U;'=• C; and 
C;nCj=0ifi#j. 

Now, letS be a semiring of subsets of X. A subset A of X is called a a-set 
with respect to S (or simply a a-set) if there exists a disjoint sequence {A,.} of 
C' (: ., A n A - n\ :f 11 ..L m' ~"ch •h.,• 4 - uoo 4 If 4 - U" A. \ltl•th u a.\;.., n.n n.nr - "'J' -r 'I ~u L u.L .II. - n=tl•n· J. .... - i=l ... , ..... 

A1, ••. , A,. E Sand A; n Aj = 0 fori 1= j, then A is a a-set. To see this, put 
A; = 0 fori > n. It follows from Definition I2.1 that A\ B is a a-set for every 
pair A and B inS. 

Some basic properties of a-sets are included in the next theorem. 

Theorem 12.2. For a semiring S, the following statements hold: 

I. If A E Sand A 1, ... , A,. E S, then A\ u;'=• A; call be writtell as a finite 
union of disjoint sets of S (and hence, it is a a-set). 

2. For eve1y sequence {A,.} of S, the set A = u:. A,. is a a-set. 
3. Countable unions andfinite intersections of a-sets are a-sets. 

Proof. ( 1) We use induction on n. For n = I, the statement is true from the def
inition of the semiring. Now, assume the statement true for some n. Let A E S, and 
let A 1, ... , A,., A,.+1 E S. By the induction hypothesis, there exist B1, ... , Bk E S 
such that B = A\ U;'=• A; = U~=• B; and B; n B j = 0 if i 1= j. Consequently, 

11+1 ' 
A\ UA; =B\An+l =U(B;\A 11 +l). 

i=l i=l 

By property (3) of Definition I2.1, each B \ An+l can be written as a finite union 
of disjoint sets of S. Since B; n B j = 0 if i 1= j, it easily follows that A \ U;',!i A; 
can be written as a finite union of disjoint sets of S. This completes the induction 
and the proof of (I). 

(2) Let {A,.} ~ S. Put A = U:1 A,., and then write A = U:1 B,. with 
B1 = A 1 and Bn+l = An+ I\ U;'=• A; for n ~ I. Observe that B; n B j = 0 if 
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i =f. j, and by statement (I) each B; is act-set. It now follows easily that A is itself 
a a-set. 

(3) The proof follows from (2), and property (2) of Definition 12.1. • 

The proof of part (2) of the preceding theorem also guarantees the validity of 
the following useful result: 

Lemma 12.3. If { A11 } is a sequence of sets in a semiring S, then there exists 
a disjoint sequence {e11 ] of S such that U::C: 1 A11 = U::C: 1 e11 and for each n 
there exists some k with e11 ~ A~. 

Some natural collections of sets happen to satisfy other properties that are 
stronger than those of a semiring. The "algebra of sets" is such a collection, and 
its definition follows. 

Definition 12.4. A nonempty collectionS of subsets of a set X which is closed 
under finite intersections and complementation is called an algebra of sets (or 
simply an algebra). That is, Sis an algebra whenever it satisfies the following 
properties: 

i. If A, B E S, then An B E S. 
ii. If A E S, then Ac E S. 

Three basic properties of an algebra are included in the next theorem. 

Theorem 12.5. For an algebra of sets S, the following statements hold: 

1. (/),XES. 
2. The algebraS is closed under finite unions and intersections. 
3. The algebra S is a semiring. 

Proof. (1) Since Sis nonempty there exists some A E S. Now, by hypothesis 
AcES, and so, 0 =An AcES. Moreover, X= rz;c E S. 

(2) Let A, B E S. Then A U B = (Ac n Bc)c E S, and the rest of the proof can 
be completed easily by induction. 

(3) We have to verify only property (3) of Definition 12.1. But this is obvious 
in view of the identity A \ B = A n Be. • 

We continue by illustrating the notions of semiring and algebra of sets with 
examples. 

Example 12.6. For every nonempty set X, the collectionS = {0, X} is an algebra of 
sets. This is the "smallest" (with respect to inclusion) possible algebra. • 
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Example 12.7. For every nonempty set X, its power set P(X) (i.e., the collection of all 
subsets of X) forms an algebra. This is the "largest" possible algebra. • 

Example 12.8. Let :F be a nonempty pairwise disjoint family of subsets of a set X. Then 
S = :F U ((Z>) is a semiring of subsets of X. To see this, note first that <Z> E S. Now, if 
A, B E S, then An B is either empty or equal to A. Likewise, A\ B is either empty or 
equal to A. Thus, A, B E S implies that An Band A\ B both belong to S, and so Sis a 
semiring. • 

Example 12.9. If a, bE JR., let us write [a, b)= <Z> if a::: band (as usual) [a, b)= {x E 
IR: a ::; x < b) if a < b. Then the collectionS = {[a, b): a, b E IR) is a semiring of 
subsets of IR, which is not an algebra (for instance, notice that [0, 1) U [2, 3) rt S). • 

The semiring of the previous example is very important because of its many 
applications. Its analogue in higher dimensions is presented next. 

Example 12.10. LetS denote the collection of all subsets A of IR" for which there exist 
intervals [a 1, b1 ), ... , [a,, bn) such U'iat A = [a 1, bt) x · · · x [a,19 bn ). (If a; =: b; holds 
for some i, then [a;, b;) = (Z>, and so A = (Z>.) Then S is a semiring of subsets of IR". To 
see this, note first that only the third property of the semiring definition needs verification; 
the other two are trivial. The proof is based upon the following identity among sets A, B, 
C, and D: 

A x B \ c x D = [(A\ C) x BJ u [(An C) x (B \D)]. 

where the sets of the union on the right-hand side are disjoint. 
For the proof, use induction on n. For n = 1 the result is straightforward. Assume it now 

true for some n. We have to show that any set of the form 

can be written as a finite union of disjoint sets from the (n +I)-dimensional collectionS. 
But this can be easily shown by letting 

A = [at. b1) X··· X [an. bn). 

C = [CJ, d1) X··· X [en. dn). 

in(*) and using the induction hypothesis. 

B = [an+h bn+d• 

D = [Cn+l• dn+d 

• 
An intermediate notion between semirings and algebras is that of a ring of sets. 

A ring of sets (or simply a ring) is a nonempty collection of subsets n of a set X 
satisfying these properties: 

a. If A, B E 1?,, then A U B E 1?,. 

b. If A, B E 1?,, then A \ B E 1?,. 
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Every ring n contains the empty set. Indeed, since n is nonempty, there exists 
A E R, and so (/) = A \ A E n. Clearly, every algebra of sets is a ring of sets. 
Also, a ring n is necessarily a semiring. Indeed, if A, B E R, then the relation 
A n B = A\ (A\ B) shows that A n B E n. 

Another useful concept is that of a a-algebra of sets. 

Definition 12.11. An algebraS of subsets of some set X is called a a-algebra 
if every union of a countable collection of members of S is again in S. That is, 
in addition to S being an algebra, u;:, A, belongs to S for every sequence 
{A,} ofS. 

By virtue of n:, A, = ( U:;':1 A~ )c, it easily follows that every a -algebra of 
sets is also closed under countable intersections. 

Every collection of subsets :F of a nonempty set X is contained in a smallest 
a-algebra (with respect to the inclusion relation). This a-algebra is the intersection 
of all a-algebras that contain :F (notice that P(X) is one of them), is called the 
a -algebra generated by :F. 

An important a-algebra of sets is the a-algebra of all Borel sets of a topological 
space. Its definition is given next. 

Definition 12.12. The Borel sets of a topological space (X, r) are the mem
bers of the a-algebra generated by the open sets. The a-algebra of all Borel 
sets of(X, r) will be denoted by B. 

EXERCISES 

1. If X is a topological space, then show that the collection 

S = (C n 0: C closed and 0 open}= {C1 \ Cz: C,, C2 closed sets} 

is a semiring of subsets of X. 
2. LetS be a semiring of subsets of a set X, and let Y ~ X. Show that Sy = (Y n A: 

A E S} is a semiring of Y (called the restriction semiring of S to Y). 

3. Let S be the collection of all subsets of [0, I) that can be written as finite unions 
of subsets of [0. I) of the form [a, b). Show that S is an algebra of sets but not a 
a-algebra. 

4. Prove that the a-sets of the semiring 

S = ([a, b): a, bE IR and a::: b} 

form a topology for the real numbers. 
5. Let S be a semiring of subsets of a nonempty set X. What additional requirements 

must be satisfied for S in order to be a base for a topology on X? (For the definition 
of a base, see Exercise [18] of Section [8].) Prove that if such is the case, then each 
member of S is both open and closed in this topology. 
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6. Let A be a fixed subset of a set X. Determine the two a-algebras of subsets of X 
generated by 

a. (A}, and 
b. (B: A £ B £X}. 

7. Let X be an uncountable set, and let 

S = (£ s; X: E or Ec is at most countable}. 

Show that Sis the a-algebra generated by the one-point subsets of X. 
8. Characterize the metric spaces whose open sets form a a-algebra. 
9. Determine the a-algebra generated by the nowhere dense subsets of a topological 

space. 
10. Let X be a nonempty set, and let :F be an uncountable collection of subsets of X. Show 

that any element of the a -algebra generated by :F belongs to the a -algebra generated 
by some countable subcollection of :F. 

11. Show that every Fu- and every G0-subset of a topological space is a Borel set. 
12. Show that every infinite a-algebra of set~ has uncouniably many sets. 
13. Let (X, T) be a topological space, let B be the a -algebra of its Borel sets, and let Y be 

an arbitrary subset of X. If Y is considered equipped with the induced topology and 
By denotes the a-algebra of Borel sets of (Y, r}, then show that 

By =(AnY: A E B}. 

14. Let A •· ... , A, be sets in some semiring S. Show that there exists a finite number of 
pairwise disjoint sets 81, ... , 8 111 of S such that each A; can be written as a union of 
sets from the 81, ... , 8 111 • 

[HINT: Use induction on nand Theorem 12.2(1).] 

13. MEASURES ON SEMIRINGS 

The semirings would not be of importance to us if it were not for the purpose 
of defining measures on them. The concept of a measure can be thought of as a 
generalization of the concepts of length and area, and its definition is given next. 
A real-valued function defined on a family of sets is referred to as a set function. 

Definition 13.1. Let S be a semiring of subsets of a set X. A set function 
JL: S --+ [0, oo] is called a measure on S if it satisfies the following properties: 

I. JL(C/J) = 0, and 
2. whenever {A,} is a disjoint sequence of s satisfying u::c-=1 A, E S, then 

holds; that is, JL is a-additive. 
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A triplet (X. S, fJ. ), where X is a nonetnpty set, S is a semiring of subsets of X, 
and fJ. is a measure on S is called a measure space. 

Theorem 13.2. Fora measure space (X, S, J-L), the following statements hold: 

1. If A I· ... , A, E S are pairwise disjoint and U;'=1 A; E S, then 
tJ.(U:'= 1 A;)= :L;'=1 tJ.(A; ). That is, fJ. is finitely additive. 

2. If A, B E S satisfy A ~ B, then J-L(A) ~ J-L(B) holds. That is, fJ. is 
monotone. 

Proof. (I) If A I' ... ' A, E s are pairwise disjoint sets such that u;·=l A; E s. 
let A; = 0 fori > n. Then {A;} is a disjoint sequence of S satisfying U;:1 A; = 
U:'= 1 A; E S. Thus, by the a-additivity of fJ. we have 

( 
II ) ( 00 ) X II 

f.1. ~A; = fJ. ~A; = t;tJ.(A;) = t;tJ.(A;), 

where the last equality holds by virtue of J-L(C/J) = 0. 
(2) Let A, B E S satisfy A ~ B. Choose a finite collection of disjoint sets 

C1 .... , C, of S such that B \A= U:'=1 C;. Then B =AU (B \A)= AU C1 U 
· · · U C, is a finite union of disjoint sets of S. Thus, from part (I) we have 

J-L(B) = J-L(A) + tJ.(CI) + · · · + J-L(Cn) :;:: J-L(A), 

and the proof of the theorem is complete. • 
We continue with some examples of measure spaces. 

Example 13.3 (The Counting Measure). Let X be a set, and let S = P(X). Define 
J-L: S-+ [0. oc] by J-L(A) = oo if A is an infinite subset of X and J-L(A} =the number of 
elements of A if A is a finite set. The reader can verify easily that (X, S, J-L) is a measure 
space. • 

The measure of the next example is known as a Dirac 1 measure. 

Example 13A (The Dirac Measure). Let X be a nonempty set, and letS= P(X). Fix 
an element a E X, and define J-1.: S -+ [0, oo) by J-L(A) = 0 if a rt A and J-L(A) = I if 
a EA. It is easy to see that (X, S, J-1.) is a measure space. • 

Example 13.5. Let :F be a nonempty pairwise disjoint family of subsets of a set X, 
and letS = :F U {(/;}. In Example 12 we verified that S is a semiring. Now, for each 
nonempty set A E :F fix some mA E [0, oo]. Then the set function J-1.: S-+ [0, oo}, defined 

1 Paul Adrien .\-Iaurice Dirac ( 1902-1984), a famous English theoretical physicist. He won the Nobel 
prize in Physics at the age of31 for his pioneering work in quantum theory. This measure was introduced 
by him in I he context of "delta functions." 
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by J.t(C/J) = 0 and J.t(A) = mA if A E S is nonempty, is a measure. To see this, note 
that if A E Scan be written as a disjoint union A = U~1 A, with {A,) 5:;; S, then it 
must be the case that A = Ak for some k and A, = (/) for n =j: k. This easily implies 
J.t(A) = J.t(Ak) = E~1 J.t(A11 ) and so J1. is a-additive. • 

Example 13.6. Assume that the function f: IR -+ IRis nondecreasing and left continuous; 
that is, limxta f(x) = f(a) holds for each a E IR. Consider the semiring S = {[a, b): a, 
bE IR and a ~b); see Example 12. NowdefineJ.t: S-+ [0, oo) by J.t([a, b))= f(b)- f(a) 
if a <band J.t(C/J) = 0. We claim that the set function J1. is a measure. 

To see that J1. is a -additive, let a < b and let [a' b) = u~ I [a, ' b,) with the sequence 
{[a,, b,)) disjoint; we can assume that a, < b, for each n. Let 

00 

s = :L>na,, b,)). 
II= I 

Rcarra11ging [aJ, bt ), ... , [ak, bk )7 we can suppose that 

Since f is increasing, Ef=1[J(b;)- f(a;)] ~ f(bd- f(ai) ~ f(b)- f(a), which implies 

s ~ f(b)- f(a) = J.t([a, b)). 

Fortl'le reverse inequality, let 5 > 0 and 0 < E < b-a. For each n choose some c, < a, 
satisfying f(a,)- f(x) < 2-11 5 whenever c, <X ~a,. Since [a, b-E] 5:;; u~. (c,, b,) 
and [a, b-E) is compact, it follows that [a, b-E) 5:;; U~=l (c11 , b11 ) must hold for some k. 
Assume a1 =a. If b1 < b-E, then by rearranging, we can assume b1 E (c2, b2). Since 
(a!, b1) n (a2, b2) = (/), it follows that c2 < b1 ~ a2. Continuing this process, we obtain 
(CJ, bi), ... , (em. bm), l ~ m ~ k, with b-E ~ bm and, if m ~ 2, Ci+l < b; < a;+l for 
l ~ i ~ m- l; note that E7~1 1 [f(a;+;)- f(b; )] ~ 5. Consequently, 

m 

s ~ L)f(b;)- f(a;)] 
i=l 

m-1 
= f(bm)- f(aJ)- ~)J(a;+J)- f(b;)] 

i=l 

> f(b- E)- f(a)- 5. 

Since 5 > 0 and 0 < E < b- a are arbitrary; the left continuity off at b implies 

s ~ f(b)- f(a). 

The latter combined with(*) shows that s = j(b)- f(a), so J1. is a-additive. • 
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An important special case of the preceding example is the case when f(x) = x 

for all x E JR. The resulting measure is called the Lebesgue measure on S, and it 
will be denoted by A.; that is, A.([a, b))= b- a. Later, the domain of this measure 
will be extended to include all the open and closed sets. 

Example 13.7. Consider the semiring S of Example 12.10. That is, the semiring S con
sists of all subsets of IR" of the form [a1, b1) x · · · x [a,, b,), with a; < b; for I ~ i ~ n 
together with the empty set. Define A.: S-+ [0, oo) by A.(0) = 0 and 

II 

A.([cq, b1) x ... x [a,, b11 )) = fl<b;- a;). 
i=l 

Then A. is called the Lebesgue measure on S. We postpone the proof of the a -additivity of 
A. until Section 18. A proof that requires some additional background will be presented in 
Theorem 18.1. • 

The following theorem characterizes the set functions on semirings that are 
measures: 

Theorem 13.8. LetS be a semiring, and let w S-+ [0, oo] be a set function. 
Then J1. is a measure on S if and only if J1. satisfies the following conditions: 

1. J.J.(0) = 0. 
2. If A E Sand A1, ... , A, E S satisfy U;'=1 A; ~A and A; n Aj = <Z>for 

i =f. j, then L;;'= 1 J.J.(A;) ::: J.J.(A) holds. 
3. If A E Sand (A,) ~ S satisfy A ~ U:1 A,, then J.J.(A)::: L::1 J.J.(A,) 

holds; that is, J1. is a-subadditive. 

Proof. Assume that J1. is a measure on S. Then by definition, J.J.(0) = 0. 
For (2) assume that A E S, and that the disjoint sets A 1. •.. , A, of S satisfy 
U;'= 1 A; ~ A. By Theorem 12.2(1), there exist disjoint sets B1, ... , B, of S such 
that A\ u;·=l A; = U7~1 B;. Put cl = AI' .. 0' C, = A,, and C,+i = B; for 
1 ::: i ::: m. Then the sets C 1, ••• , C,+m are disjoint and A = U7~~" C;. By the 
finite additivity property of J.l. (see Theorem 13.2), we get 

m+u 11 

J.J.(A) = LJ.J.(C;) ~ LJ.J.(A;). 
i=l i=l 

For the a-subadditivity of J.l., assume that A ~ U:1 A, holds with A E Sand 
(A,}~ S. Put B1 = A1 and B,+l = A,+l \ U;'=1 A; forn ~ l. Then U:1 B, = U:1 A, and B, ~ A, for each n. Also, the sequence (B,} is disjoint, and by 
Theorem 12.2( l). for each n ~ 2 there exist pairwise disjoint sets C(', ... , Cf in 
S such that B, k = u;::,1 Cj'. Note that by (2) and u;::,1 c;' ~ A, for each ~. it 
follows that L:i;:,1 J.J.(c;') ::: J.J.(A,). (For n = 1, we put k1 = 1 and C/ = A1.) 
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Now, observe that A = u:l (B, n A)= u:l U7::.1 (c;' n A), is a disjoint union. 
So, by the a-additivity of /.L we get 

00 A./I 00 k" 00 

/.L(A) = L L i.L(Cf' n A) s L L i.L(c!') s L !.L(A,). 
11=1 i=l 11=1 i=l 11=1 

Conversely, if the set function /.L: S --+ [0, oo] satisfies the above three con
ditions, then /.L is a-additive by combining (2) and (3). Hence, 11 is a measure . 

• 
We close the section with the definition of a finitely additive measure. A set 

function i.L= S --+ [0, oo], where S is a semiring, is called a finitely additive 
measure on S if it satisfies these properties: 

a. /.L(0) = 0. 
b. If A1, ... , A, E S are disjoim and u;'=1 A; E S, then 

(
II ) II 

/.L ~ A; = 8 /.L(A; ). 

It easily follows that every finitely additive measure /.L is monotone; that is, if 
A, B E S satisfy A f; B, then /.L(A) S /.L(B) holds. By Theorem 13.2, every 
measure is a finitely additive measure, but the converse is not true. See Exercise 7 
of this section. 

EXERCISES 

1. Let (a,} be a sequence of nonnegative real numbers. Set 11(0) = 0, and for every 
nonempty subset A of IN put 11(A) = l:,eA a,. Show that 11: P(N) -? [0, oo] is a 
measure. 

2. LetS be a semiring, and let 11: S-? [0, oo] be a set function such that 11(A) < oo for 
some A E S. If 11 is a-additive, then show that 11 is a measure. 

3. Let X be an uncountable set, and let the a-algebra 

S =IE £ X: E or Ec is at most countable}; 

see also Exercise 7 of Section 12. Show that 11: S -? [0, oo), defined by 11(E) = 0 if 
E is at most countable and 11(E) = 1 if Ec is at most countable, is a measure on S. 

4. Let X be a nonempty set, and let f: X -? [0, oo] be a function. Define 11: P(X) -? 

[0, oo] by 11(A) = L.,eA f(x) if A #.0 and is at most countable,11(A) = oo if A is 
uncountable, and 11(0) = 0. Show that 11 is a measure. 

5. LetS be a semiring, and let 11: S -? [0, oo] be a finitely additive measure. Show that 
if 11 is a-subadditive, then 11 is a measure. 

6. Let (1111 } be an increasing sequence of measures on a semiring S; that is, 11 11 (A) ::: 
11 11 +1 (A) holds for all A E Sand alln. Define 11: S-? [0, oo] by 11(A) = sup{I111 (A)} 
for each A E S. Show that 11 is a measure. 
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7. Consider the semiring S = {A ~ IR: A. is at most countable}, and define the set 
function JJ.: S - [0, oo] by JJ.(A) = 0 if A is finite and JJ.(A) = oo if A is countable. 
Show that 1J. is a finitely additive measure that is not a measure. 

8. Show that every finitely additive measure is monotone. 
9. Consider the set function IJ. defined in Example 13. That is, consider a nondecreasing and 

left-continuous function f: IR - IR and then define the set function JJ.: S- [0, oo) by 
JJ.([a, b))= f(b)- f(a), where Sis the semiring S ={[a, b): -oo <a:=: b < oo}. 
Prove alternately the fact that 1J. is a measure. 

14. OUTER MEASURES AND MEASURABLE SETS 

The theory of outer measures will be presented in this section. The concept of an 
outer measure is due to C. Caratheodory2 and is defined as follows. 

Definition 14.1 (Caratheodory). A set function J.L: P(X) ._ [0, oo] defined 
on the power set P(X) of some set X is called an outer measure if it satisfies 
these properties: 

l. J.L(0) = 0. 
2. J.L(A) ~ J.L(B) if A ~ B; that is, J.L is monotone. 
3. J.L( U:1 A,.) :5 L:: 1 J.L(A,) holds for every sequence {A,.} of subsets of 

X; that is, 11 is a-subadditive. 

An outer measure 11 need not be a-additive on P(X). However, as we shall see, 
there always exists a a-algebra of subsets (called the measurable sets) on which 
11 is a-additive. The details will be explained below. 

Throughout the rest of this section, J.L will denote a fixed outer measure. The 
next definition describes the measurable sets and is also due to C. Caratheodory. 

Definition 14.2 (Caratheodory). A subset E of X is called measurable (more 
precisely, J.L-measurable) whenever 

J.L(A) = J.L(A n E) + J.L(A n Ec) 

holds for all A ~ X. 

Since the a-subadditivity of J.L implies 

/l(A) = Jl((A n £) U (A n Ec)) ~ J.i.(A n E) + /l(A n Ec) 

2Constantin Caratheodory (1873-1950), a distinguished Greek mathematician. He made many 
significant contributions to pure and applied mathematics. 
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for all subsets A and E, it easily follows that a subset E is measurable if and only if 

ll(A) :::: JL(A n E)+ f.L(A n e) 

holds for each subset A of X. 
The collection of all measurable sets will be denoted by A. That is, 

A= {E ~X: JL(A) = f.L(A n E)+ f.L(A n Ec) for all A ~X}. 

If clarity requires ll to be indicated, then we shall write A 11 instead of A. 
The simplest measurable sets are the sets having outer measure zero. Before 

verifying this, we name these sets. 

Definition 14.3. A set E is called a null set if {l(E) = 0. 

It should be clear from the a-subadditivity property of ll that a countable union 
of null sets is again a null set. The null sets will play an important role in the theory 
of integration. 

Theorem 14.4. Every null set is measurable. 

Proof. Let E ~ X with /l(E) = 0. Then the monotonicity of J1. implies f.L(A n 
E) = 0 for each A ~ X. Consequently, for each subset A of X we have 

where the first inequality holds by virtue of the a-subadditivity of fl. Thus, E is 
measurable. • 

For more properties of the measurable sets, we need the following: 

Lemma 14.5. Let the sets E 1, ••• , E11 be disjoint and measurable. Then 

( 
I! ) I! 

1L ~(AnE;) = t;ll(AnE;) 

holds for eve1y subset A of X. 

Proof. The proof is by induction on n. Obviously, the result is true for n = 1. 
Assume it now true for some n, and let the sets E 1, .•. , E11 , E 11+I be disjoint and 
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measurable. If A ~ X, then 

An [ 'Q E;] n En+l = An En+l 

An [ g£;] n(£11+1)c =An [QE;l 

Therefore, using the measurability of En+l, we see that 

~(QcAn£;)) =~(An [Q£]) 

=~(An ([Q £] n En+)+ ~(An [Q £] n (£11+1)c) 

= ~(AnEn+t)+~(An [0£]) =~~(An£;), 
where the last equality holds by the induction hypothesis. The induction is now 
complete, and the proof is finished. • 

We are now ready to establish that the collection of all measurable sets is a 
a-algebra. 

Theorem 14.6. The collection A of all measurable sets is a a-algebra. 

Proof. It should be clear from the definition of the measurable sets that if 
E E A, then Ec E A; that is, A is closed under complementation. Since ~(0) = 0, 
we have 0 E A; therefore, X EA. 

Next, we show that if E" £ 2 E A, then E = E 1 U £ 2 E A. Indeed, note first 
that E = £, U (Ef n £2), and then that for every subset A of X the relations 

~(A) :::; ~(A n £) + ~(A n Ec) 

:::: [~CAn£,)+ ~((An El) n E2)]+~((A n £1) nED 
=~(An£,)+ [~((An £1) n £2) +~((An £1) nED] 
= ~cAnE,)+~(AnED =~CA) 

imply £ 1 U £ 2 EA. 
It now follows easily that A is closed under finite unions and finite intersections. 

Also, if£,, £2 E A, then Et \£2 = £ 1 n £~ EA. Thus, A is an algebra of sets. 
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To finish the proof, it remains to be shown that A is a a-algebra of sets. To 
this end, let {£,} s; A. Put E = u~1 £,, and define G1 = £1 and G,+1 = 
£,+1 \ U;'=1 E; for n 2: 1. Then {G,.} s; A, G, n G, = 0 if n # m, and 
E = U~1 G,. Let F, = U;'=1 G; for n ::: I, and note that each F, is a measurable 
set such that U~1 F, = E. Now if A s; X, then 

/l(A) = {l(A n F,) + ll(A n F,~) 

2: ll(A n F,) + J.L(A n Ec) 

= [ t.ll(A n G;)] + ll(A n Ec) 

holds for each 11, where the last equality holds by virtue of Lemma 14.5. Hence, 

/l(A) 2: [ t /l(A n G;) lj + ll(A n Ec) ::: ll(A n E)+ fl(A n Ec) 2: J.L(A), 
1=1 

and so E E A. Therefore, A is a a-algebra. II 

Remarkably, the outer measure ll restricted to A is a measure. 

Theorem 14.7. Let J.L be an outer measure 011 X. Then (X, A, J.L) is a measure 
space; that is, fL is a-additive on A. 

Proof. Let {£,}be a disjoint sequence of A. Put E = U~1 £,.By the a
subadditivity property of ll we have 

:X: 

{l(E) ::: L {l(E,). 
11=1 

On the other hand, Lemma 14.5 shows that 

t J.L(E,) = t /l(E n £,) = J.L (En [ ~ E, ]) ::: /l(E) 

holds for every k. Hence, L~1 {l(E,) ::: {l(E), so that {l(E) = L~1 {l(E,), and 
the proof is finished. • 

When J.L is restricted to A it is often referred to as the measure induced by the 
outer measure fl. 

It is useful to know that fL is subtractive on the measurable sets of finite measure. 
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Theorem 14.8. Let A and B be mea~urable sets such that A s;; B, with 
J.L(B) < oo. Then J.L(B \A) = J.L(B)- J.L(A) holds. 

Proof. Write B = AU (B \A), and then use the additivity of f..L to get J.L(B) = 
J.L(A)+J.L(B \A). Since J.L(B) < oo, it follows thatJ.L(B \A)= J.L(B)-J.L(A). • 

We are now ready to describe a process of constructing outer measures. Let F be 
a collection of subsets of a set X containing the empty set. Also, let f..L: F -+ [0, oo] 
be a set function such that J1.(0) = 0. For every subset A of X we define 

f..L*(A) = inf It J.L(A 11 ): (A11 } is a sequence ofF with A s;; U A 11 I· 
11=1 11=1 

If there is no sequence (A11 } ofF such that A s;; u:;:, A11 , then we let f..L *(A) = oo. 
That is, we adhere to the convention inf 0 = oo. 

Theorem 14.9 (Caratheodory). The set function f..L ': P(X) -+ [0, oo] is an 
outer measure (called the outer measure generated by the set function f..L: F-+ 
[0, oo]) satisfying 

f..L*(A) S J.L(A) 

for each A E F. 

Proof. Clearly, f..L~(A)::: 0 holds for every A s;; X. If A 11 = 0 for all n, then 
0 S f.J-*(0) S 2::~ 1 f.J-(0) = 0, so that J1.*(0) = 0. 

For the monotonicity of f..L~ assume A s;; B. If B s;; u:;:, A11 with {A11 } s;; F, 
then A s;; u:;:, A,., and so f..L*(A) S z::::,, J.L(A 11 ). (If there is no sequence {A,.) 
ofF that covers B, then f..L*(B) = oo, and Jl.*(A) S f..L*(B) is obvious.) Thus, 

For the a -subadditivity of f..L *, let {A,.} be an arbitrary sequence of subsets of 
X. uz::::,, f..L~(.-\ 11 ) = oo, then clearly, f..L~( u:,, A,.) S z::::,, f..L*(A,.). Therefore, 
assume I::, Jl.~(A,.) < oo. Let E > 0. For each i, choose a sequence {A:,} ofF 
such that A; s;; u:;:, A:,, and I::, J.L(A:,) S f..L~(A;) + 2-iE. Then A:, E F for 
each i and n, and U:, A,. s;; U~1 U:;:, A:,. Hence, 
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Since A =AU(/) U (/) U (/) U ···,it easily follows that J.L*(A)::;:: J.L(A) holds true 

for each A E :F. • 

It is easy to construct examples where J.L*(A) < J.L(A) is valid for some A E 

:F, i.e., J.L* need not be (in general) an extension of J.L. For instance, if X = 
{I,2,3}, :F = {(/J,{1}.{I,2}} and J.L::F--+ [O,oo) is defined by J.L((/J) = 0, 
J.L( {I}) = 2 and J.L( {I, 2}) = 1, then J.L * ( {I}) = I. However, as we shall see in the 
next section, when J.L is a measure, the outer measure J.L * is always an extension 

of J.L. 
It turns out that the outer measure generated by J.L * coincides with J.L *, i.e., 

(J.L *)* = J.L*. The details follow. 

Theorem 14.10. Let :F be a collection of subsets of a set X containing the 
empty set and let J.L: :F--+ [0, oo) be a set function satisfying J.L(C!J) = 0. Assume 
<I> is also a collection of subsets of X with :F s; <I> and that v: <I> --+ [0, oo] 
denotes rhe resiric:iion of iA-* to¢, i.e., v(A) = J.L .. (A)for each A E <t>. Then the 
outer measure generated by v coincides with J.L*, i.e., v*(A) = J.L*(A) holds for 
each subset A of X. 

Proof. Let A s; X. We first claim that 

J.L *(A) ::;:: v .. (A). 

If v*(A) = oo, then the inequality is obvious. So, assume v .. (A) < oo. In this case, 
note that if a sequence {A,.} of <I> satisfies A s; U: 1 A,., then the a -subadditivity 
of J.L* implies J.L*(A)::;:: E:. J.L*(A,) = E:. v(A,). Therefore, 

J.L*(A)::;:: inf ( ~ v(A,): {A,.} s; <I> and As; Q A, I= v'(A). 

Next, we shall show that 

is also true. Again, if J.L*(A) = oo, then the inequality is obvious. So, assume 
J.L *(A)< oo and let E > 0. Then there exists a sequence {A,.} s; :F s; <I> sat
isfying A s; u:. A, and E:1 J.L(A,) < J.L*(A) + E. Now, taking into ac
count (from Theorem 14.9) that J.L*(A,.) ::;:: J.L(A,) holds for each 11, we see 
that 

00 00 00 

v*(A)::;:: L v(A,) = L J.L*(A,)::;:: L J.L(A,) < J.L'"(A) +E. 
11=1 11=1 11=1 
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Since E > 0 is arbitrary, it follows that v~(A) :::: J.L .. (A). Thus, v*(A) = J.L ~(A) 
holds for all subsets A of X. • 

Finally, we leave it as an exercise for the reader to prove the following result 
asserting that the only outer measures are the ones generated by set functions. 

Theorem 14.11. Let v: P(X) --+- [0, oo] be a set function on the power set 
of a set X. Then v is an ower measure if and only if there exist a family F of 
subsets of X and a set function J.L: F --+- [0, oo], where 0 E F and J.L(0) = 0, 
whose generating outer measure coincides witlz v, i.e., v = J.L*. 

EXERCISES 

Unless otherwise stated, in the exercises below J.L is assumed to be an outer measure 
on some set X. 

l. Show that a countable union of null sets is again a null set. 
2. If A is a null set, then show that 

1-L(B) = J.t(A U B)= j.L(B \A) 

holds for every subset B of X. 
3. If a sequence { A11 I of subsets of X satisfies L::! 1 J.t(A 11 ) < oo, then show that the set 

{.r E X: x belongs to A 11 for infinitely many n I 

is a null set. 
4. If E is a measurable subset of X, then show that for every subset A of X the following 

equality holds: 

J.t(E U A)+ J.t(E n A) = j.L(£) + /-L(A}. 

5. If A is a nonmeasurable subset of X and E is a measurable set such that A s; E, then 
show that J.t(E \A) > 0. 

6. Let A be a subset of X, and let { £ 11 I be a disjoint sequence of measurable sets. Show 
that 

7. Let {A, I be a sequence of subsets of X. Assume that there exists a disjoint sequence 
{ B, I of measurable sets such that A, s; 8 11 holds for each n. Show that 

8. Show that a subset E of X is measurable if and only if for each E > 0 there exists a 
measurable set F such that F s; E, and j.L(£ \F) < E. 
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9. Assume that a subset E of X has the property that for each E > 0, there exists a 
measurable set F such that JL(E 11F) < E. Show that Eisa measurable set. 

10. Let X = {I, 2, 31. F = {(l>, {1 1. ( 1, 21 I and consider the set function JL: F--+ [0, oo] 
defined by JL((l>) = O,JL((l)) = 2 and JL({l, 2)) = l. 

a. Describe the outer measure JL* generated by the set function JL. 
b. Describe the cr-algebra of allJL*-measurable subsets of X (and conclude that the 

set { 1 I E F is not a measurable set). 

U. Prove Theorem 14.11. 
12. Let A be the collection of all measurable subsets of X of finite measure. That is, 

A= {A E A: JL(A) < ool. 

a. Show that A is a semiring. 
b. Define a relation ::::: on A by A ::::: 8 if JL(A/18) = 0. Show that ::::: is an 

equivalence relation on A. 
c. Let D denote the set of all equivalence classes of A. For A E A let A denote 

the equivalence class of A in D. Now for A, iJ ED define d(A. B)= JL(A/18). 
Show that d is 'Nell defined and that (D, d) is l\ complete metric space. (For this 
part, see also Exercise [3] of Section [31].) 

15. THE OUTER MEASURE GENERATED BY A MEASURE 

Throughout this section, (X, S, f..L) will be a fixed measure space. Our main objec
tive here is to study the remarkable properties of the outer measure f..L * generated by 
f..L. Among other results, we shall establish that the a-algebra of all J.l*-measurable 
subsets of X contains the members of the semiring S. It will then become appar
ent that the semirings are the smallest collections of sets on which a "reasonable 
measure theory" can be built. 

Recall from the previous section that the outer measure J.l*: 'P(X) ~ [0, oo] 
generated by f..L is defined by 

f..L*(A)=inf[t.J.L(A,): {A,) isasequenceofSwith A~QAn I· 
If there is no sequence {A,) of S such that A ~ U:1 A,, then we let J.L*(A) = oo. 
That is, we adhere to the convention inf(l> = oo. Recall also that (as we saw in 
Theorem 14.9) the set function f..L* is indeed an outer measure. 

In general, f..L* need not be a measure, since it may fail to be a-additive on 'P(X). 
However, if f..L * is restricted to the a -algebra of all measurable sets, then we already 
know (by Theorem 14.7) that it is a-additive. 

The next theorem shows that the outer measure f..L* is in fact an extension of f..L 
from S to 'P(X). 

WIN7
Rectangle



Section 15: THE OUTER MEASURE GENERATED BY A MEASURE 111 

Theorem 15.1. The outer measure Jl.k ~san extension of Jl.. That is, if A E S, 
then J1. *(A) = Ji.(A) holds. 

Proof. Let A E S. From Theorem 14.9, we already know that Jl.*(A) :5 J.L(A). 
Now, let {A,.} ~ S with A ~ U:, A,.. By. the a-subadditivity of J1. (Theo-

rem 13.8), J.L(A) :5 I:~=l J.L(A,.) holds, from which it follows immediately that 
J.L(A) :5 Ji.*(A). Hence, J1. ~(A) = J.L(A). • 

Since the outer measure J1. ~ generated by a measure is an extension of Jl., J1. • is 
also called the Caratheodory extension of Jl.. From now on the expression "the 
outer measure of a set A" will also be referred to as "the measure of A." 

The measurable sets of an outer measure generated by a measure have a number 
of useful characterizations. Some of them are included in the next theorem. 

Theorem 15.2. Let (X, S, Ji.) be a measure space, and let Jl.* be the outer 
measure generated by Jl.. For a subset E of X the following statements are 
equivalent: 

l. E is measurable with respect to J1. *. 
2. J.L(A) = J1. *(A n £) + J1. '(A n £c) holds for all A E S with J.L(A) < oo. 
3. J.L(A):::: Jl.*(A n £) + Jl.~(A n £") lwldsfor all A E S with Ji.(A) < oo. 
4. Jl.*(A):;:: Ji.~(A n £) + Jl.*(A n Ec) holds for all A ~X. 

Proof. (I)==> (2) and (2) ==> (3) are obvious. 
(3)==>(4) Let A~ X. If Jl.~(A) = oo, then (4) holds trivially. Hence, assume 

Jl.*(A) < oo. Let E > 0. Choose a sequence {A,.} of S with A ~ U:, A,. 
and I::, J.L(A,.) < Jl.~(A) +E. It follows that J.L(A,.) < oo for each n, and 
so Jl.*(A,. n £) + Jl.*(A,. n £") :5 J.L(A,.) holds for each n, by our hypothesis. 
Therefore, 

00 00 

::::: L Jl.~(A,. n £) + LJ.L*(A 11 n e) 
11=1 11=1 

00 

= LlJ.L~(A,. n £) + J.L*(A,. n e)J 
11=1 

00 

:5 L J.L(A,.) :5 Jl.*(A) + E 

11=1 

for all E > 0, so that Jl.~(A):::: Jl.~(A n £) + Jl.*(A n Ec). 
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(4) ==> (1) By the a-subadditivity property of J.L .. , we have 

J.L *(A) :5 J.L *(A n E)+ J.L *(A n e), 

hence J.L *(A)= J.L *(An E)+ J.L *(A n Ec) for all A s;; X. Thus, E is measurable. • 

A subset E of a measure space (X, S, J.L) will be called measurable (more 
precisely J.L-measurable) if E is measurable with respect to the outer measure J.L * 
generated by J.L. 

Theorem 15.3. Eve1y member of Sis measurable. That is, S s;; A. 

Proof. Let E E S. We have to show that Eisa measurable set. If A E S, then 
there exist pairwise disjoint sets Bh ... , B,. of S such that A n Ec = A\ E = 
U?=t B;. Note that An E, Bt, ... , B11 is a disjoint collection of members of S 
such that A= (An E) U B1 U · · · U Bn. By the a-subadditivity property of J.L*, 
\Ve obtain 

II 

J.L*(A n E)+ J.L*(A n Ec) :::: J.L*(A n E)+ L J.L*(B;) 
i=l 
II 

= J.L(A n E)+ L J.L(B;) = J.L(A), 
i=l 

where the last two equalities hold true by virtue of Theorem 15.1 and the a
additivity of J.L on S. By Theorem 15.2, E is measurable, and so, S s;; A. • 

Let us write A,. t A to mean that the sequence {A,.} of subsets of X satisfies 
A11 s;; An+l for each nand A = U:, A,.. Similarly, An -1- A means A,.+l s;; A11 

for each nand A= n:t An. 

Theorem 15.4. For a measure space (X, S, J.L) and a sequence of measurable 
sets {E,.}, the following statements hold: 

I. If En t E, then J.L*(E,.) t J.L*(E). 
2. If E11 -1- E and J.L*(Ek) < oo holds for some k, then11'(E,.) -1- 11'(£). 

Proof. (1) Let Bt = E 1 and B11 = En\ E11 _ 1 for n 2: 2. Then each B,. is 
measurable, and B; n Bj = 0 if i =/= j. Also, E,. = U'=1 B; and E = U~1 B;. 
Hence, by Theorem 14.7 we have 

oo n 

J.L*(E) = LJ.L*(B;) = lim '""J.L*(B,). 
n--oo L..., 

i=l i=l 

But J.L*(En) = L;'=1 J.L*(B;), and thus, J.L*(E,.) t J1*(£) holds. 
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(2) Observe that without loss of generaljty we can assume /.L .. (E 1) < oo. Now, 
E1 \E, t £1 \E. and so, by part (1), lim/.L*(£1 \E,)=/.L*(El \E). Applying 
Theorem 14.8. we get lim[/.L .. (EJ)- /.L*(E,)] = /.L*(EJ)- /.L*(E), from which it 
follows that /.L*(£,) ,j.. ,;. .. (£). • 

As an application of the results obtained so far, we shall show that the Lebesgue 
outer measure on IR generalizes the ordinary concept of length. Remember that the 
Lebesgue measure A is the measure defined on thesemiring S = {[a, b): a, b E IR} 
by A([a, b))= b- a for all a .::::b. It is a custom to call (and we shall do so) the 
outer measure i.. • generated by A the Lebesgue measure on IR. 

A subset I of IR is called an interval if for every x, y E I with x < y, we 
have [x, y] £;;I. If I has any one of the forms [a, b), [a, b], (a, b], or (a, b) with 
-oo < a < b < oo, then I is called a bounded interval, and its length is defined 
by Ill = b - a. If I is unbounded, then its length is said to be infinite, which is 
written Ill = oc. 

Example 15.5. £1·ery interval/ of IRis Lebesgue measurable and ).. *(/)=Ill. 
To see this, note that by Theorem 15.3every set of the form [a, b)with -oo <a < b < oo 

is Lebesgue measurable. Moreover, Theorem 15.1 shows that )..*([a, b))= )..([a, b))= 
b- a= l[a, b)l. 

We shall prove two more cases and leave the rest for the reader. Our first case is a bounded 
interval of the form I =[a, b]. Let E, =[a, b +*)for each n. Then each £ 11 is Lebesgue 
measurable, and £ 11 ..j. I holds. Hence, I is Lebesgue measurable, and by Theorem 15.4(2), 
we get 

').. .. (/)= lim).. .. ([a,b+~))= lim (b+~-a)=b-a=l/1. 
u-:<J 11 n-+oo n 

The second case is an interval of the form I = [a, oo). Put F11 = [a, a + 11) for each 
n, and note that F11 t I holds. Thus, I is Lebesgue measurable, and by Theorem 15.4(1) 
we have 

').. .. (/)=lim )..*([a,a+n))= lim n=oo=lll, 
11-+00 u~oo 

as desired. 

Two important classes of measure spaces are introduced next. 

Definition 15.6. A measure space (X, S, /.L) is said to be 

I. finite, iff.l .. (X) < oo, and 

• 

2. a-finite. if there exists a sequence {X,} of subsets of X such that X = 
U:1 X, and /.L .. (X,) < oofor each n. 
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Clearly, every finite measure space is a-finite. We also have the following: 

Lemma 15.7. A measure space (X, S, t-L) is a-finite if and only if there exists 
a disjoint sequence {Y,. I ofS such that X = u:l Y,. and t-L(Y,.) < ooforeach 11. 

Proof. To see the "only if" part, assume that (X, S, t-L) is a-finite. Choose 
subsets X 1, X2, ... of X such that X= U;:1 X; and t-L*(X;) < oo for each 
i. Now, for each i, choose a sequence {A:,} of S such that X; £;; U:1 A~ and 
:L:1 t-L(A:,) < t-L*(X;) +I. Then A:, E S, t-L(A:,) < oo for each nand i, and 
X = U;:1 U:1 A:,. Now, by applying Theorem 12.2 and Lemma 12.3, our claim 
can be established. • 

The measurable sets of a finite measure space have a simple characterization. 

Theorem 15.8. Let (X, S, t-L) be a finite measure space, and let E be a subset 
of X. Then E is measurable (f and only if 

t-L*(E) + t-L*(Ec) = t-L*(X). 

Proof. Clearly, if E is measurable, then /-L*(E) + t-L*(Ec) = /-L*(X) holds. 
For the converse, assume that t-L*(E) + t-L*(Ec) = /-L*(X) holds. Let A E S. The 
measurability of A applied toE and Ec gives 

t-L*(E) = t-L*(EnA)+t-L*(EnAc), 

t-L*(£C) = t-L*(Ec n A)+ t-L*(£C n Ac). 

By adding the last two equalities, we get 

1-L *(X) = t-L *(E)+ t-L *(Ec) 

Therefore, 

= t-L*(E n A)+ t-L*(Ec n A)+ t-L*(E n Ac) + t-L*(Ec n Ac) 

2: t-L*(A) + t-L*(Ac) 2: t-L*(A U Ac) = t-L*(X). 

In view of t-L*(Ac):::: t-L*(E nAc)+ t-L*(Ec nAc) and t-L*(X) < oo, the last equality 
gives 

This last inequality is the one required by Theorem 15.2 for the measurability of 
E, and the proof of the theorem is complete. • 
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Notice that Theorem 15.3 combined with Theorem 12.2 shows that in the defi
nition of the outer measure p .. ~, we can consider only disjoint sequences of S. That 
is, we have the following useful result: 

Lemma 15.9. lf(X, S, !J.) is a measure space, then 

!J..*(A) = infl f:!J..(A,): {A,) ~S.{A,) disjoint,and A~ LJA,j 
11=1 11=1 

= inf{IJ..•(B): B is a a-set and A~ B} 

holds true for e1·ery subset A of X (with infc,ll = oo). 

The next result describes the uniqueness of the extension of IJ.. to the a-algebra 
of the measurable sets. 

Theorem 15.10. Let (X, S, !J..) he a a-finite measure space, I: a semiring of 
sets such that S ~ I: ~ A, and v a measure on I:. If v = IJ.. on S, then v = IJ.. * 
on L:. 

In this case, !J.* is the one and only extension of 1J.. to a measure on A. 

Proof. Let v* be the outer measure generated by (X, I:, v). Now, let A ~ X, 
and let {A,) be a sequence of S such that A ~ U:1 A,.. Since 1J.. and v agree on 
S, we have 

00 00 

v•(A):::: L v(A,) = L !J..(A,.). 
11=1 11=1 

This implies v*(A) :::: IJ.. •(A) for all A ~ X. 
Now, assume that A E I: satisfies !J..*(A) < oo. We shall show that !J..*(A) :::: 

v(A) holds, and therefore, v(A) = IJ.. *(A) will be established in this case. To this 
end, let E > 0. Choose a disjoint sequence (A,} of S such that A ~ U:1 A, 
and L::1 !J..(A,.) < !J.. .. (A) + E. Put B = U:1 A,., and note that B E AJJ., 
B E A.,, and IJ.. *(B) < IJ.. *(A)+ E. Now, observe that v*(B \A) :::: !J..*(B \A) = 
1J.. •(B) - !J.. .. (A) < E holds. Therefore, 

00 00 

IJ..x(A) ::=: IJ..*(B) = L !J..(A,) = L v(A,) = v•(B) 
11=1 11=1 

= v•(A) + v~(B \A) < v(A) + E 

for all E > 0. Hence. !J..•(A) :::: v(A). 
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For the general case, let {X,} be a disjoint sequence of S covering X such that 
t-L*(X,.) < oo for alln. Now, if A E :E, then by the above v(X,. n A)= t-L~(X,. n A) 
holds for alln, and so 

t-L*(A) = t-L*( Q[X,. n A])= ~t-L*(X,. n A) 

= ~ v(X, n A)= v*( Q[x,. n A]) = v(A), 

and the proof is finished. • 
A subset A of a measure space (X, S. 1-L) is said to be a -finite if there exists a 

sequence {A,} of S such that A ~ U: 1 A, and t-L( A,.) < oo for each n. Cieariy, 
the sequence {A,.} can be chosen to be disjoint. 

Repeating verbatim the proof of the last theorem we can establish the following. 

• Let (X, S, t-L) be a measure space, I: be a semiring of subsets of X such 
that S ~ :E ~ A, and v be a measure on I:. If v = J1. on S, then v(A) = 
Jl.*(A) lwlds for every a-finite set of I:. 

It should be noted that the hypothesis of a-finiteness in Theorem 15.10 cannot 
be dropped. As an example, take X= IR, S ={[a, b): a, b E IR}, and define 
1-L:S~[O,oo] by t-L(0)=0 and t-L([a,b))=oo if a< b. Then (X,S,Jl.) is a 
measure space that is not a-finite. Moreover, A= P(X) and J1. ~(A)= oo for every 
non empty subset A of X. It is easy to see now that the counting measure (see 
Example 13) is an extension of 1-L to A that is different from 1-L *. 

We continue with an approximation property of an arbitrary set by a measur
able set. 

Theorem 15.11. Let (X, S, t-L) be a measure space.lf A is a subset of X, then 
there exists a measurable set E such that A ~ E and t-L*(E) = f.L*(A). 

In particular, if S is a a-algebra, then for each A ~ X there exists some 
E E S with A ~ E and t-L*(E) = t-L*(A). 

Proof. Let A ~ X. If J.L*(A) = oo. then the measurable set E = X satisfies 
t-L*(E) = t-L*(A). So, assume /-L*(A) < oc. 

For each i, choose a sequence {A:,} of the semiring S such that A ~ U: 1 A:, and 
:L:1 J.L(A:,) < t-L*(A) + f, and let E; = U:1 A:,. Then each E; is a measurable 
set such that A~ E;. Put E = n:1 £,..Then A~ E, and E is measurable (and, 
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of course, E E S if Sis a a-algebra). Alsq, 

oo I 
/-L*(A)::: /-L~(E)::: /-L .. (E;)::: L /-L(A:,) < /-L .. (A) +-:-

n=l 1 

for each i implies /-L*(£) = /-L*(A). • 
If A is a subset of X, then any measurable set E satisfying A ~ E and /-L*(£) = 

/-L~(A) is called by many authors a measurable cover of A. 
Is every set a measurable set? Of course, the answer is no. It is easy to construct 

examples where not every set is measurable. Here is a simple example. 

Example 15.12. Let X= 11. 2, 3) and S = 10. 13). 11. 2). X); clearly Sis a a-algebra. 
It should be easy to check that the set function 11-: S-+ [0, oo), defined by 

f.L(r,lJ) = 0, 1J.(I3l) = 1-£(11. 2)) =I, and IJ.(X) = 2 

is a measure. 
We claim that the set E = I ll is not measurable. To see this, note first that IJ. • (Ill) = 

IJ.~(I2l) = IJ. .. (I I. 2)) = I. Now if A= I I, 2). then 

IJ. .. (A n £) + 1J. '(An £c)= IJ.*(I I))+ 1-£*(12)) = I +I > I = 11-*(A), 

and this shows that E is not measurable. • 
It is considerably harder to demonstrate the existence of a non-Lebesgue measur

able subset of the real line. The following classical example of a non-measurable 
subset of the real is due to G. Vitali.3 

Example 15.13 (Vitali). Let A • be the outer measure generated on IR by the Lebesgue 
measure A. We define a relation ~ on [0, I] by saying that x ~ y whenever x- y is a 
rational number. An easy verification shows that ~ is an equivalence relation on [0, 1]. 
Thus.~ partitions [0, I] into equivalence classes. Let E be a subset of [0, I] intersecting 
each equivalence class precisely at one point. By the axiom of choice such a set exists. We 
claim that E is not Lebesgue measurable. 

To see this, assume by way of contradiction that E is Lebesgue measurable. Letr,, r2, ... 
be an enumeration of the rational numbers of [-I, 1]. For each n put 

En= lrn +x: x E £) =rn +£, 

and note that each En is Lebesgue measurable. Now, it is notdifficultto see that En nEm = 0 
holds if 11 :f:. m and that (since A • is translation invariant) A *(En) = A*(£) for each n. 
Moreover, [0, I] c; U~ 1 En c; [-1, 2]. By the a-additivity of A* we get 

(
:0 ) 00 

A.. U En = :L> .. (En)=}!_~[ IIA *(£)] ::::; A*([ -I, 2)) = 3. 
n=l n=l 

3Giuseppe Vilali ( 1875-1932). an Italian mathematician. He contributed to the theory of real func
tions and measure theory. 
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This implies J... ~(E) = 0, and hence, J... *( U~1 £,) = 0. On the other hand, [0, I] £ 
U~1 E, shows that I ~ J... *( U~1 £,),which is impossible. Therefore. E cannot be a 
Lebesgue measurable set. • 

EXERCISES 

1. Let (X, S, JJ.) be a measure space, and let E be a measurable subset of X. Put SE = 
( E n A: A E S}, the restriction of S to E. Show that (E, SE, J.l. *) is a measure space. 

2. Let (X, S, J-1.) be a measure space. Show that 

J.I.*(A) = inf(JJ.*(B}: B is a a-set such that A£ B) 

holds for every subset A of X. 
3. Complete the details of Example 15. 
4. Show that every countable subset of IR has Lebesgue measure zero. 
5. ForasubsetAofiR.andrealnumbersaandb,definethesetaA+b = [ax+b: x E A}. 

Show that 

a. J... *(aA +b)= JaJJ... *(A}, and 
b. if A is Lebesgue measurable, then so is a A + b. 

6. LetS be a semiring of subsets of a set X, and let J-1.: S ---+ [0, oo] be a finitely additive 
measure that is not a measure. For each A £ X define (as usual) 

J.I.*(A) = inf{ fJ.I.(A,): (A,}£ Sand A£ 0 A,}· 
n=l n=l 

Show by a counterexample that it is possible to have J.l. # J.l.* on S. Why doesn't this 
contradict Theorem 15.1? 
[HINT: Use Exercise 7 of Section 13.] 

7. Let E be an arbitrary measurable subset of a measure space (X, S. JJ.) and consider 
the measure space{£, S£, v), where S£ = (£ n A: A E S} and v(E n A) = 
J.l. * (E nA) (see Exercise I of this section). Establish the following propenies regarding 
the measure space (E, S£, v): 

a. The outer measure v* is the restriction of J.l.* on E, i.e., v*(B) = J.I.*(B) for each 
B £E. 

b. The v-measurable sets of the measure space (E, S£, v) are precisely the sets of 
the form E n A where A is a JJ.-measurable subset of X, i.e., 

A, = IF £ E: F E AJl. }. 

8. Show that a subset E of a measure space (X, S, JJ.) is measurable if and only if for 
each E > 0 there exist a measurable set AE and two subsets BE and C E satisfying 

E = (AE U BE)\CE, J.I.*(BE) < E, and J.I.*(CE) <E. 

9. Let (X, S, JJ.) be a measure space, and let A be a subset of X. Show that if there 
exists a measurable subset E of X such that A £ E, J.I.*(E) < oc, and J.I.*(E) = 
J.I.*(A) + J.I.*(E \A), then A is measurable. 
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10. Let A be a subset ofiR with .1.. ~(A) > 0. Sh9w that there exists a nonmeasurable subset 
B of IR such that B £ A. 

11. Give an example of a disjoint sequence {£11 } of subset~ of some measure space 
(X, S, /J.) such that 

/J.*( ,Q E,.) < ~/J.~(£11 ). 
[HINT: Use the ~equence {£11 } described in Example 15.13.] 

12. Let (X, S, /J.) be a measure space, and let {A11 } be a sequence of subsets of X such 
that A,.£ A11+1 holds for alln. If A= U~ 1 A,., then show that /J.*(A,.) t /J.~(A). 
[HINT: Use Theorems 15.11 and 15.4(1 ).] 

13. For subsets of a measure space (X, S, /J.) let us define the following almost everywhere 
(a.e.) relations: 

a. A £ B a.e. if /J. .. (A \B) = 0; 
b. A= 8 a.e. if /J.~(AllB) = 0; 
c. A11 t A a.e. if A,. £ A,.+ I a.e. for alln and A = U~1 A,. a.e. (The meaning of 

A11 .j. A a.e. is similar.) 

Generalize Theorem 15.4 by establishing the following properties for a sequence { £ 11 } 
of measurable sets: 

i. If E,. t E a.e., then /J.*(£11 ) t /J. .. (E). 
ii. If £ 11 .j. E a.e. and /J. .. (Ed < oo for some k, then /J. .. (£11 ) .j. /J.*(E). 

Is (i) true without assuming measurability for the sets E11 ? 
14. Give an example of a sequence { £ 11 } of measurable sets of some measure space 

(X, S, /J.) such that £ 11 +1 s; E11 holds for alln and 

lim /J.*(£11 ) > /J. .. ( noo E,.). 
11--J-00 

11=1 

15. For a sequence {A,.} of subsets of a set X, define 

00 00 00 00 

liminfA,. =UnA; and limsupA 11 = n U A;. 
11=1 i=ll 11=1 i=ll 

Now, let (X. S. /J.) be a measure space and let {£11 } be the sequence of measurable 
sets. Show the following: 

a. /J.*(lim inf £ 11 ):::: lim inf/J.*(£11 ). 
b. If /J.*( U~1 £,.) < oo, then /J.*(lim sup £ 11 ) ~lim sup /J. .. (£11 ). 

16. Give an example of a sequence {A 11 } of subsets of some measure space (X. S, jJ.) such 
that A,.+ I s; .-\ 11 for each n, /J.*(AJ) < oo. and 

lim /J.'(A 11 ) > /J.' ( nco A,.)· 
11~00 

11=1 
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[HINT: If {£,} is the sequence of sets described in Example 15. then let A, = 
u~,£;.] 

17. Let (X, S1 , J.l.J) and (X. S2. J.L2) be two measure spaces. Show that Ill and J..t2 generate 
the same outer measure on X if and only if Ill = J..ti on S1 and J..t2 = J..t! on S2 both 
hold. 

18. Let (X, S, J..t) be a measure space. A measurable set A is called an atom if J..t*(A} > 0 
and for every measurable subset E of A we have either J.L*(£) = 0 or J..t .. (A \ £) = 
0. If (X, S, J.L) does not have any atoms, then it is called a nonatomic measure 
space. 

a. Find the atoms of the measure spaces of Examples 13.3 and 13.4. 
b. Show that the real line with the Lebesgue measure is a nonatomic measure space. 

19. This exercise presents an example of a measure that has infinitely many extensions to 
a measure on the cr-algebra generated by S. Fix a proper nonempty subset A of a set 
X (i.e., A=/= X) and consider the collection of subsets S,; {(,t>. A}. 

a. Show that S is a semiring. 
b. Show that the set function !L: S-+ [0. oo] defined by J.L((/)) = 0 and J..t(A) = I is 

a measure. 
c. Describe the Caratheodory extension J.L * of J.L. 
d. Determine the cr-algebra of measurable sets Aw 
e. Show that J.L has uncountably many extensions to a measure on the cr-algebra 

generated by S. Why doesn't this contradict Theorem 15.10? 

16. MEASURABLE FUNCTIONS 

An important role in the theory of integration is played by the so-called almost 
everywhere relations. If J.L is an outer measure of X, then a relation involving the 
elements of X is said to hold almost everywhere (or that it holds for almost all 
x) if the set A of all points for which the relation fails to hold is a null set (i.e., 
J.L(A) = 0). For instance, iff and g are real-valued functions defined on X, then 
f ~ g almost everywhere means that J.L({x E X: f(x) > g(x)}) = 0. Similarly, 
{f,,} converges to f almost everywhere if there is a set A of measure zero such 
that lim f,(x) = f(x) holds for all x ¢. A. 

If (X, S, t-L) is a measure space, then by saying that a relation holds almost 
everywhere (abbreviated a.e.) we mean that the relation holds almost everywhere 
with respect to the outer measure J.L * generated by J.L. The basic almost everywhere 
relations that will be used in this book are summarized below. We assume that 
(X, S, J.L) is a given measure space and that f and g denote real-valued functions 
defined on X. 

l. f = g a.e. if J.L*({x EX: f(x) # g(x)J) = 0. 
2. f 2: g a.e. if t-L*({x EX: f(x) < g(x)J) = 0. 
3. f,, ~ f a.e. if t-L*({x EX: f,,(x) f+ f(x)}) = 0. 
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4. j;, t f a.e. if J,, :::: fn+ 1 a. e. for all.n and J,, --+ f a. e. 
5. j;, ~ f a.e. if J,,+ 1 :::: J,, a.e. for alln and J,, --+ f a.e. 

Throughout this section, (X, S, t-L) will denote a fixed measure space. 

Definition 16.1. Let f: X --+ IR be afwzction. If f- 1 (0) is a measurable set 
for every open subset 0 ofiR., then f is called a measurable function. 

Every constant function is measurable. Indeed, if f(x) = c for all x E X and 
0 is an open subset of IR, then f- 1(0) = 0 if crt 0 and f- 1(0) =X if c E CJ. 

Recall that the Borel sets of a topological space are the members of the a

algebra generated by the open sets. The first theorem gives a number of useful 
characterizations of the measurable functions. (This result is a special case of a 
more general result regarding measurability of functions; see Theorem 20.6.) 

Theorem 16.2. For a ftmction f: X --+ IR, the following statements are equiv
alent: 

I. f is measurable. 
2. f- 1 ((a, b)) is measurable for each bounded open interval (a, b) of IR.. 
3. f- 1(C) is measurable for each closed subset C of IR.. 
4. f- 1( [a, oo)) is measurable for each a E IR. 
5. f- 1((-oo, a]) is measurable for each a E IR. 
6. f- 1 (B) is measurable for each Borel subset B of IR.. 

Proof. ( 1) ===? (2) Obvious. 
(2) ===? (3) It follows from the relation J- 1 (C) = [J-1 (Cc)JC and the fact that 

cc can be written as a countable union of bounded open intervals. 
(3) ===? (4) Obvious. 
(4) ===? (5) Note first that f- 1 (( -oo, a)) = [f- 1 ([a, oo))]c is measurable for 

each a E IR. The result now follows from the identity 

f- 1((-oo, a])= o J- 1 ( ( -oo, a+~)). 

(5) ===? (6) Let A = {A ~ IR: f- 1 (A) is measurable}. An easy verification 
shows that A is a a-algebra of subsets of IR such that ( -oo, a] belongs to A for 
each a E IR by hypothesis. It easily follows that A contains the open subsets of 
IR, and hence, it also contains the Borel sets. Thus, f- 1 (B) is measurable for each 
Borel subset B of IR. 

(6) ===?(I) Obvious. • 

Two functions that are equal almost everywhere are either both measurable or 
else both nonmeasurable. The details follow. 
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Theorem 16.3. Iff is a measurable function and g: X --+ IR satisfies f = g 
a.e., then g is a measurable function. 

Proof. If A = {x E X: f(x) =/= g(x)J, then from our hypothesis J.L*(A) = 0, 
and so, A is measurable. Now,let 0 be an open subset ofiR. Since f is a measurable 
function, f- 1(0) is measurable, and hence, Acng- 1(0) =A en f- 1(0) is a mea
surable set. Also, since Ang-1 ( 0) has outer measure zero, it is measurable. Hence, 

is a measurable set, so that g is a measurable function. 

We continue with more properties of measurable functions. 

Theorem 16.4. Iff and g are nzeasurablefimctions, then the three sets 

a. {x EX: f(x) > g(x)J, 
b. {x EX: f(x) 2::. g(x)j, and 
c. {x EX: f(x) = g(x)J 

are all measurable. 

• 

Proof. (a) If r 1, r2, ••• is an enumeration of the rational numbers of IR, then 

00 

{x EX: f(x) > g(x)J = U [{x EX: f(x) > r,} n {x EX: g(x) < r,J], 
11=1 

which is measurable, since it is a countable union of measurable sets. 
(b) Note that {x eX: f(x):::,g(x)J = {x EX: g(x) > f(xW. which is mea

surable by (a). 
(c) Observe that 

{x EX: f(x) = g(x)J = {x EX: f(x) 2::. g(x)J n {x EX: g(x) 2::. f(x)}, 

which is measurable by (b). • 
The next result informs us that the usual algebraic combinations of measurable 

functions again produce measurable functions. 

Theorem 16.5. For measurable functions f and g the following statements 
hold: 

I. f + g is a measurable .function. 
2. fg is a measurable function. 
3. lfl, f+, and f- aremeasurablefunctions. 
4. f v g and f A g are measurable functions. 
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Proof. ( l) Note first that if c is a const~nt number, then c - g is a measurable 
function. [Reason: If a E IR, then {x E X: c- g(x) 2: a] = {x E X: g(x) ::;:: c-al 
is a measurable set.] Now, if a E IR, then the set 

(J + g)- 1([a, oo)) = {x EX: f(x) + g(x) 2: a]= {x EX: f(x) 2: a- g(x)} 

is measurable by the above observation and Theorem 16.4. Thus, by Theorem 16.2, 
f + g is a measurable function. 

(2) Note first that f 2 is a measurable function. Indeed, if a E IR, then we have 
{x EX: f 2(x)::;:: a] =0ifa < Oand {x EX: f 2(x)::;:: a]= f- 1([-.JG, .JG]) 
if a 2: 0. Thus, f 2 is a measurable function by Theorem 16.2. Also, if c is a 
constant number, then cf is measurable. [Reason: If A = {x E X: cf(x) 2: a], 
then A = {x E X: f(x) 2: afc] for c > 0 and A = {x E X: f(x)::::: afc] for 
c < 0.] The result now follows from the above observations combined with (1) 
and the relation 

(3) The measurability of If I follows from the relations 

{x EX: lf(x)l::;:: a]= 0 if a< 0, 

and 

{x EX: lf(x)l::;:: a]= {x EX: f(x.)::::: a] n {x EX: f(x) 2: -a] if a 2:0. 

For the measurability off+ and f- use the identities 

f+ = ~(lfl +f) and 

(4) The identities 

I 
f- = -(lfl -f). 

2 

l l 
f v g = 2(/ + g + If - g I) and f A g = 2 (J + g - If - g I) 

show that f v g and f A g are measurable functions. • 
The next result states that the almost everywhere limit of a sequence of measur

able functions is again a measurable function. 

Theorem 16.6. For a sequence {!11 } of measurable functions, the following 
statements hold: 

l. If j;, -+ f a.e., then f is a measurable function. 
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2. If {f,(x)J is a bounded sequence for each x, then Jim sup f,, and Jim inf f,, 
are both measurable functions. 

Proof. (I) Let A = {x E X: Jim f,(x) = f(x)J. Since f,, --+ f a.e., it follows 
that ll*(Ac) = 0. Thus, Ac is measurable, and hence, A is also a measurable set. 
Now, Jet a E IR. Observe that the equality 

and the measurability of each /; show that A n f- 1 ((a, oo)) is a measurable set. 
Also, Ac n f- 1((a, oo)) is a measurable set since it is a subset of a set of measure 
zero. Thus, 

is a measurable set. It now easiiy foiiows from Tneorem i 6.2 ihal f is a measurable 
function. 

(2) Let {f,.(x)} be bounded for each x. We shall show that lim sup f, is a 
measurable function. The measurability of lim inf f,, will then follow from the 
identity lim inf f, = - lim sup(- fn ). 

Note first that lim sup f,, = A: I v~,. fk. Fix a natural number 11. Then the 
function 11m = f, v fn+l v · · · v f,,+m is measurable for each m [by Theo
rem 16.5(4)], and since hm t V:,. fk = g, (everywhere), it follows from part 
(1) that each g, is a measurable function. Since g., ..j, Jim sup f,, (everywhere), 
by ( 1) again it follows that Jim sup f,, is a measurable function, and the proof is 
complete. a 

The last two theorems show that the collection of all measurable functions 
forms a function space containing the limits of its sequences that converge almost 
everywhere. Moreover, this collection is an algebra under the pointwise product. 
In other words, the usual operations applied to measurable functions produce 
measurable functions again. 

Therefore, it is natural to ask whether there is a function that fails to be measur
able. Clearly, if every subset of X is measurable [i.e., A = P(X)], then every real
valued function on X is measurable. On the other hand, if there are nonmeasurable 
sets, then there are also nonmeasurable functions. Indeed, if E is a nonmeasurable 
set, then the function f defined by f(x) = I if x E E and f(x) = 0 if x ¢. E is 
not measurable simply because the sef f- 1 ({ 1}) = E is not measurable. 

We close this section with a basic theorem connecting almost everywhere con
vergence and uniform convergence. The result is due to D. F. Egorov.4 

4Dimitry Fedorovich Egorov ( 1869-1931 ), a Russian mathematician. He is credited with the creation 
of the famous Moscow school dealing with the theory of functions of one variable. 
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Theorem 16.7 (Egorov). Let {f,,} be a sequence ofmeasurablefunctions such 
that f,, --+ f a.e., and let E be a measurable subset of X such that J.L*(E) < oo. 
Then for every E > 0, there exists a measurable subset F of E with f.L*(F) < E, 

and with { f,,} converging uniformly to f on E \ F. 

Proof. First note that by removing a null set from X, we can assume without 
loss of generality that lim f,,(x) = f(x) holds for each x E X. Fix a measurable 
subset E of X with f.L ~(E) < oo. For each pair of positive integers n and k let 

E,.~ = {x E £: lf,,(x)- f(x)i < T" for all m ?: k}. 

Clearly, each E,.k is a measurable subset of X. In addition, E,.k £;; E,,k+ 1 holds 
for all k and n. Since lim j;,(x) = f(x) for each x EX, it easily follows that 

E,.~ t ~ E for each fixed n, 

and so, by Theorem 15.4, we see that 

f.L*(E,,k) t~ f.L*(E) for each fixed n. 

Now, let E > 0. Since f.L '(E) < oo, for each n there exists a natural number k, 
such that J.L*(E \ £,.~ .. ) = J.L*(E)- J.L*(E 11 ,k.,) < 2-"E. Let F = U:1(£ \ E,J,). 
Then F is measurable, F £;; E, and f.L"(F) =::: L::;c: 1 f.L*(E \ E,.k..) < E. Also, if 
x E E \ F = n~1 £,.~ ... then if,,(x)- f(x)i < 2-" holds for each m ?: k,. This 
shows that [f,} converges uniformly to f on E \ F, and the proof of the theorem 

is complete. • 

EXERCISES 

1. Let (X, S. J.1.) be a measure space. For a function f: X --+ IR show that the following 
statements are equivalent: 

a. f is a measurable function. 
b. f- 1((-co.a)) ismeasurableforeacha EIR. 
c. f- 1 ((a. co)) is measurable for each a E IR. 

2. Let (X. S. J.l.) be a measure space, and let A be a dense subset of IR. Show that a 
function f: X --+ IRis measurable if and only if (x E X: f(x) 2: a} is measurable 
for each a E A. 

3. Give an example of a non-Lebesgue measurable function f: IR--+ IR such that 1/1 is 
a measurable function and f- 1 ((a}) is a measurable set for each a E IR. 

4. Show that iff: IR --+ IR is continuous a. e., then f is a Lebesgue measurable function. 
5. Let f: IR--+ IR be a differentiable function. Show that f' is Lebesgue measurable. 
6. Let (X, S. ~L) be a measure space and let f: X --+ IR be a measurable function. Show 

that: 
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a. lfiP is a measurable function for all p ~ 0, and 
b. if f(x) # 0 for each x e X, then 1/ f is a measurable function. 

7. Let {f11 ) be a sequence of real-valued measurable functions on a measure space 
(X, S, JL). Then show that the sets 

a. A= (x eX: f,,(x)--+ oo), 
b. B = (x eX: fn(x)--+ -oo), and 
c. C = (x eX: lim f,.(x) exists in IR) 

are all measurable. 
8. Let (X, S, JL) be a measure space. Assume that f: X --+ IRis a measurable function 

and g: IR--+ IRis a continuous function. Show that go f is a measurable function. 
9. Let :F be a nonempty family of continuous real-valued functions defined on IR. Assume 

that there exists a function g: IR --+ IR such that f(x) ~ g(x) for each x e IR 
and all f e :F. Show that the supremum function h: IR --+ IR, defined by h(x) = 
sup(f(x): f e :F), is (Lebesgue) measurable. 

10. Show that iff: X --+ IR is a measurable function, then either f is constant almost 
evcrjwhere or else (exclusively) t.~ere exists a constant r such that 

JL*({x eX: f(x) > c)) > 0 and JL*((x eX: f(x) <c))> 0. 

17. SIMPLE AND STEP FUNCTIONS 

From this section on, the properties of the characteristic functions are needed. For 
this reason their properties are listed below, and the reader is expected to be able to 
verify them. If A is a subset of a set X, then the characteristic function XA of A 
is the real-valued function defined on X by XA(x) = 1 if x E A and XA(x) = 0 if 
x ¢. A. (The characteristic function XA is also called by many authors the indicator 
function of A and is also denoted by 1A.) 

For subsets A and B of a set X, the following relations hold: 

1. Xr;; = 0 and Xx = 1. 
2. A ~ B if and only if XA :::; XB. 
3. XAnB = XA · XB = XA 1\ XB· 
4. XAuB = XA + XB - XAnB = XA V XB. 
5. XA \B = XA- XAnB· 
6. If A = U::1 A,. and {A,.} is a disjoint sequence of subsets of X, then 

00 

XA = LXA.· 
n=l 

7. XAxB = XA · XB· (Here the set B can be taken to be a subset of another 
set Y .) 

Again, throughout this section (X, S, JL) is assumed to be a fixed measure space. 
If a measurable function¢: X--+ lR assumes only a finite number of values, then¢ 
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is called a simple function. Clearly, finite sums, finite products, and finite suprema 
and infima of simple functions are again 'simple functions. In other words, the 
collection of all simple functions is a function space, which is in addition an 
algebra of functions. 

If¢ is a simple function assuming the distinct nonzero values a 1, ••• , a,., then 
the sets A; = {x E X: ¢(x) = a;} are all measurable and pairwise disjoint, and 
¢ = L:;'=• a; XA, holds. This expression is called the standard representation of 
¢. Let us agree also that the standard representation of the constant zero function 
is Xr/J· In general, a simple function ¢ may be represented in more than one way in 
the form¢= L:'j'=.1bjXB;• where the bj values are real numbers and the sets Bj 
are all measurable. 

A simple function ¢ is called a step function if¢ has a representation of the 
form ¢ = L:'j'=• b j xa,, where each B j is a measurable set of finite measure, i.e., 
J.L ~(B j) < oo. Clearly, a simple function is a step function if and only if it vanishes 
outside of a set of finite measure. 5 For this reason, many authors call a step function 
a simple function with finite support. It should also be clear that the collection of 
all step functions forms a function space that is in addition an algebra of functions. 
The step functions will be the "building blocks" for the theory of integration. 

Definition 17.1. Let¢ be a step function with standard representation¢ = 
L:;'=• a; XA;; that is, a 1, ••• , a,. are the distinct nonzero mlues of¢, and A; = 
{x EX: ¢(x) =a;}. Then the Lebesgue integral of¢ (or simply, the integral 
of¢) is defined by 

II 

/(¢) = I:a;J.L~(A;). 
i=l 

The integral of¢ is usually denoted by}~¢ dJ.L, or simply by J ¢ dJ.L. For the 
time being we shall use I ( ¢) to denote the integral of ¢, and later on we shall 
switch to the conventional notation. 

Our first theorem describes the linearity property of the integral for step func
tions. The difficulty of the proof lies in the fact that the standard representation 
of the sum of two simple functions is not necessarily the sum of their standard 
representations. 

Theorem 17.2 (The Linearity of the Integral). If¢ and 1/1 are step func
tions, then 

/(a¢+ /31/1) =a!(¢)+ {31(1/1) 

holds for all a. f3 E JR. 

5Notice that the definition of a step function is more general than the familiar one associated with 
the Riemann integral. There, a function tp: [a. b] --+ lR is called a step function if there exists some 
partition P = (xu. 1 I· ... x, I of [a. b] such that t/J is constant on each open subinterval (.1 1-t, x; ). 
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Proof. Clearly, /(a¢) =a/(¢) holds for each step function¢ and a E IR. 
What needs to be shown, therefore, is that if ¢ and 1/1 are step functions, then 
/(¢ + 1/1) = /(¢) + 1(1/1) holds-the additivity property of the integral. 

Let¢ = I:;'=1a;XA; and 1/1 = L:'j'..1bjXBi be the standard representations of 
¢and 1/1. Let E=<U7=1 A;)U(U'j'..1 Bj). and note that Jl.*(E) < oo. Next put 
Ao = E \ U'= 1 A;, Bo = E \ U'j'.. 1 B j, and ao = bo = 0. Then the A; are pairwise 
disjoint, the B j are pairwise disjoint, and U'=o A; = U}'..o B j = E. 

Now, write ¢ + 1/1 = I:~=l CtXc4 in its standard representation. Since ¢(x) + 
1/F(x) # Oimplieseither¢(x) # Oorl/F(x) # O,iteasilyfollowsthatU~=I C~ ~E. 
Put Co= E \ U~=l Ct and co= 0. Then the C~ are pairwise disjoint, and 

n m 

c~ = U U<c~ n A; n Bj) 
i=Oj=O 

is a disjoint union for 0 ~ k ~ r. Thus, JL*(Cd = I:;'=o I:}'..o Jl.*(C~ n A; n B j ). 
In addition, note that CtJl.*(Ct n A; n Bj) =(a;+ bj)Jl.•(C~ n A; n Bj) holds for 
all i, j, and k. Indeed, if C~ n A; n B j =(/),then the equality holds trivially, and if 
x E C~ n A; nB j. then the equality holds by virtue of c~ = t/J(x)+ 1/F(x) =a; +hi· 

Putting the above together and using the (finite) additivity of Jl.* on A, we get 

1 r 1 n m 

/(¢ + 1/1) = I>~Jl.*(Cd = .L:>~JL*(Cd = L L :~:::>~Jl.*(C~ n A; n Bj) 
k=l ~=0 ~=0 i=O j=O 

11 m r 

= L L L:<a; + bj)Jl.*(C~ n A; n Bj) 
i=O j=O k=O 

n m 

= L L:<a; + bj)Jl..(A; n Bj) 
i=O j=O 

11 m m n 

= L:a,. LJ.L*(A; n Bj) + Lbj LJ.L*(A; n Bj) 
i=O j=O j=O i=O 

11 m 

= L:a;JL*(A;) + L bjJl.*(Bj) 
i=O j=O 

= /(¢) + 1(1/1). 

and the proof is finished. • 
From the preceding theorem, it should be clear that if¢ is a step function having 

a representation ¢ = I:}'..1 b j XBi, with b j E IR and each B j measurable with 
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finite measure. then/(¢)= I:j'=.1 hjJ.L*(Bj) holds. In other words, the integral of 
a step function does not depend upon its particular representation. 

We continue with the monotone property of the integral. 

Theorem 17.3 (The Monotonicity of the Integral). For step functions¢ and 
1{!, the following statements hold: 

I. ff¢::: Oa.e.,thenl(¢)::: 0./nparticular,if¢::: l{!a.e.,thenl(¢)::: /(1{!). 

2. If¢ = 0 a.e., then I(¢) = 0./n particular, if¢ = 1{! a.e., then I(¢) = I (1{!). 

Proof. (l) Let¢ = L;;'=1a;XA1 be the standard representation of¢. Since 
¢ ::: 0 a. e., note that if a; < 0 holds for some i, then necessarily J.L *(A;) = 0 for 
that i. Thus,/(¢)= I;;'=1 a;J.L'(A;)::: 0. 

Now, if¢ ::: 1{! a. e., then¢ - 1{! ::: 0 a. e., and so I(¢)- I ( 1{!) = I(¢ -1{!) ::: 0. 
Hence, I ( ¢) ::: I ( 1{! ). 

(2) If¢ = 0 a.e., then¢ ::: 0 a.e. and-¢ ::: 0 a.e. both hold. Thus, by part (1), 
/(¢)::: 0 and-/(¢)::: 0 both hold. Therefore,/(¢)= 0. 

Now, if¢ = 1{! a.e., then ¢ - 1{! = 0 a.e., and hence, by the preceding case, we 
obtain/(¢) -1(1/t) = /(¢ -1/t) = 0. That is,/(¢)= 1(1/t). • 

The next theorem describes a basic continuity property of the integral. 

Theorem 17.4 (The Order Continuity of the Integral). Let {¢11 } be a sequ
ence ofstepfunctions./f¢11 .!. 0 a.e., then/(¢11 ).!. 0. 

In particular, if¢ is a step function and ¢ 11 t ¢ a.e., then I (¢11 ) t I(¢). 

Proof. Assume ¢ 11 .!. 0 a.e. Put 

A11 = {x EX: ¢ 11 +1 > ¢ 11 (x)} and Ao = {x EX: t/J11 (x)-/+- 0}. 

By assumption. p.'(A 11 ) = 0 for n = 0, 1, 2, .... 
Let A = U~o A 11 • Then p.~(A) = 0 (use the a-subadditivity of p.* to see this), 

and note that ¢ 11 (x) .!. 0 and ¢ 11+ 1 (x) :::: ¢ 11 (x) hold for each x E A c. Also, if 
1/111 = ¢11 • XA'· then 1/111 is a step function and 1/111 = ¢ 11 a.e. for each 11, l/t11 (x) .!. 0 
for each x E X, and by Theorem 17 .3, we have I ( 1/111 ) = I ( ¢ 11 ) for each n. Thus, 
replacing {¢11 } by { 1/111 } if necessary, we can assume without loss of generality that 
¢ 11 (x),!. 0 holds for each x EX. 

Now, let E > 0. Put M = max{¢ 1(x): x EX} and B = {x EX: ¢ 1(x) > 0}; 
clearly, p.~(B) < oo. For each 11, define E 11 = {x E X: ¢11 (x) ::: E). Then 
J.L~(EJ) < oo, each En is measurable, and E11 .!. 0 by virtue of ¢11 (x) .[. 0 for 
each x E X. By Theorem 15.4, we have p.*(E11 ) .!. 0. Pick an integer k such that 
p.~(Ek) < E. Now. if 11 ::: k, then taking into account that ¢k(x) < E for each 
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x E B \ E ~, we see that 

from which it follows that 

0 .:::: I(¢,) .:::: M J.L*(Ed + E J.L *(B) < E[M + J.L*(B)] 

for all n ?:: k. Therefore, lim I ( ¢,) = 0. 
Now, if¢ is a step function and¢, t ¢a. e. holds, then¢-¢, .J, 0 a. e. also holds, 

and so, by the previous case, I(¢) -I(¢,)= I(¢-¢,) .J, 0. Hence, I(¢,) t 1(¢), 
and the proof is finished. • 

As an application of the last theorem, we have the following result: 

Theurem 17.5. Assume ihai two sequences of step functions{¢,} and {1#'"11 } 

satisfy ¢, t f a.e. and 1/111 t f a.e., where f: X ~ IR* is a given function. 
Then 

lim 1(¢,) = lim 1(1/1,) 
11-+00 11-+00 

holds, with the above limits possibly being infinite. 

Proof. Note first that for each fixed m, we have 

¢, 1\ 1/1, t, ¢m 1\ f = ¢m a.e. 

Therefore, by Theorem 17.4, lim,-+oo 1(¢111 1\ 1/1,) = 1(¢111 ). 

Now, by virtue of ¢m 1\ 1/1, .:::: 1/111 a.e. for all m and n and the monotonicity of 
the integral, we get 

1(¢111 ) = lim 1(¢111 1\ 1/111 ).:::: lim 1(1/111 ) 
11-+00 11-+00 

for all m. Hence, lim I(¢,) .:::: lim I (1/1,) holds. By the symmetry of the situation, 
liml(l/1,).:::: lim 1(¢,), and so, lim 1(¢,) =lim 1(1/1,). • 

The next result describes another useful property of step functions. 

Theorem 17.6. Let{¢,} be a sequence of step functions. If A is a subset of 
X such that¢, t XA a.e., then A is a measurable set, and lim I (¢11 ) = J.L*(A) 
holds. 
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Proof. The measurability of A follows from Theorem 16.6( I). We can assume 
(how?) that ¢,.(x) t XA(x) holds for all x EX. 

For each 11 the set A,. = {x E X: ¢,.(.r) > 0} is measurable with finite mea
sure, and A,. t A holds. It follows that XA., t XA. and thus, by Theorem 17.5, we 
have 

lim /(¢,.) = lim I(xA,) = lim ll*(A,.) = f.L*(A), 
n___,oo ,_,.x n~oo 

where the last equality holds by virtue of Theorem 15.4. • 
We close this section with an important approximation property of measurable 

functions. 

Theorem 17.7. Let f: X ~ IR be a measurable function satisfying f(x) 2: 0 
for all x. Then there exists a sequence {¢,.} of simple jimctions such that 0 S 
¢,.(x) t f(x)holdsforallx EX. 

Proof. For each n let A:, = {x E X: (i- 1)2-" S f(x) < i2-"} fori = 
I, 2, ... , n2", and note that A!, n A/. = 1/J if i =/= j. Since f is measurable, all the 
A:, are measurable sets. 

"""'".,, Now, for each n define¢,. = L...;,: 1 2-"(i -I) X A:,, and note that{¢,.} is a sequence 
of simple functions. Also, an easy verification shows that 0 S ¢,. (x) S ¢,.+1 (x) S 
f (x) holds for all x and alln. Moreover, if x is fixed, then 0 S f (x)- ¢,. (x) S 2-" 
holds for all sufficiently large 11. Thus, ¢,. (x) t f (x) holds for all x, and the proof 
of the theorem is finished. • 

If f: X ~ IR is a measurable function such that f (x) 2: 0 for almost all x, 
then there exists a sequence {¢,.} of positive simple functions such that¢,. t f 
a.e. holds. To see this, let E = {x EX: f(x) 2: 0}, and then apply Theorem 17.7 
to the measurable function f X£. 

EXERCISES 

1. Verify the identities about the characteristic functions at the beginning of Section 17. 
2. Let cp be a step function and 1/J a simple function such that 0 ::; 1/J ::; cp a. e. Show that 

1/J is a step function. 
3. Show that if (X. S./1) is a finite measure space, then every simple function is a step 

function. 
4. Give an alternate proof of the linearity of the integral (Theorem 17 .2) based on Exer

cise 14 of Section 12. 
5. Show that 1/(c/J)I::: /(lc/JI) holds for every step function c/J. 
6. Let cp be a step function such that/(lc/JI> = 0. Show that cfJ = 0 a.e. holds. 
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7. Let cp be a step function. Let A= {x E X: cp{x) # 0} and M = max{lcp(x)l: x EX}. 
Show that ll(t/J)I:::; MJ.L*(A). 

8. Let {t/l11 } be a sequence of step functions. Show that if cp is a step function and t/J11 .j. cp 
a.e. holds, then I (cp11 ) .j. I (cp) also holds. 

9. Let {t/J11 } be a sequence of step functions and cpa simple function such that 0 :::; cp,. t cp 
a.e. holds. Show that if lim I (cp,.) < oo, then cp is a step function. 

10. Let (X. S, J.L) be a measure space, and let f: X -+ IR be a function. Show that f is 
a measurable function if and only if there exists a sequence { t/J11 } of simple functions 
such that lim t/J11 (x) = f(x) holds for all x E X. 

11. Let(X, S, J.L) be au-finite measure space, and let f: X -+ IR be a measurable function 
such that f (x) ;::: 0 for all x E X. Show that there exists a sequence { cp,.} of step 
functions such that 0:::; cp,. t f(x) holds for all x E X. 

12. Give a proof of the order continuity of the integral (Theorem 17.4) based on Egorov ·s 
Theorem 16.7. 

13. Let (X, S, JJ.) be a measure space, and let f: X -+ [0, oo) be a function. Show that 
f is a measurable function if and only if there exist non-negative constants c,, C:J. • ••• 

and measurable sets E ,, E2 • ... such that 

00 

f(x) = L:CnXE.,(X) 
11=.1 

holds for each x E X. 
14. Let (X, S, JJ.) be a measure space satisfying J.I.*(X) = 1, and let E,, E2 .... , E 10 be 

ten measurable sets such that J.L*(E;) = t holds for each i. Show that four of these sets 
have an intersection with positive measure. Is the conclusion true for nine measurable 
sets instead of ten? 

15. Iff: X -+ [0, 1] is a measurable function, then show that either f = XA a.e. for some 
measurable set A or else (exclusively) there exists a constant 0 < c < ! such that 

J.l.*({x E X: c < f(x) < I - c}) > 0. 

16. Let (X, S, JJ.) be a measure space, and let cp: X -+ IR be a simple function having the 
standard representation cp = I:/'=1 a; XA;. If cp ?. 0 a.e., then the sum I:/'=1 a;J.I.*(A; l 
makes sense as an extended real number (it may be infinite). Call this extended real 
number the Lebesgue integral of r/J, and write l(cp) = I:/'=1 a;J.I.*(A; ). 

a. If cp and 1/J are simple functions such that cp ;::: 0 a.e. and 1/J ;::: 0 a.e., then show 
that l(cp + 1/J) = l(cp) + l(lj1). 

b. If cp and 1/J are simple functions such that 0 :::; cp :::; 1/J a.e., then show that 
l(cp):::: 1{1/J). 

c. Show that if {cp11 } and {1/111 } are two sequences of simple functions and f: X -+ IR" 
such that 0 :::; cp,. t f a.e. and 0 :::; 1/111 t f a.e., then lim I (cp11 ) = lim I ( 1/J, J 
holds (with the limits possibly ~eing infinite). 

d. Assume that {t/J11 } is a sequence of simple functions such that 0 :::; r/>11 t XA a.e. 
holds. Show that lim I (t/J11 ) = J.I.*(A). 

e. Give an example of a sequence (t/J11 } of simple functions on some measure space 
such that cp,. .j. 0 (everywhere) and lim l(cp11 ) # 0. 
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17. Let (X, ~. J.L) be a measure space with ~ being a a-algebra. Let us say that a function 
f: X -+ IRis ~-measurable if f-i (A) "E ~ for each open subset A of IR. Also, let 
JVI. :l: denote the collection of all ~-measurable functions. Establish the following: 

a. M:I: is a function space and an algebra of functions. 
b. JVI :l: is closed under sequential pointwise limits. 
c. If J1. is a-finite and f: X -+ IR is a measurable function, then there exists a 

~-measurable function g: X -+ IR such that f = g a.e. 

18. THE LEBESGUE MEASURE 

The notion of the Lebesgue measure is the natural extension of the concepts of 
length, area, and volume. In particular, the Lebesgue measure of any geometric 
figure in IR2 turns out to be its area, while the Lebesgue measure of any geometric 
solid in IR.3 is its volume. Throughout this section, d(x, y) will denote the Eu
clidean distance of the vectors x1 =(xi .... , x,) andy = (Yi· ... , y,) of IR". That 
is, d(x, y) = [ :L;1=i(x;- y;)2)2. 

The objective of this section is to present in some detail the properties of 
the Lebesgue measure on IR". For this discussion, S will denote the semiring 
consisting of the empty set and all sets of the form A = n;1=i [a;, h; ), where 
-oo <a; < b; < oo for each i. This semi ring was discussed in Example 12. In Ex
ample 13 we have promised the reader to show that the set function A.: S ~ [0, oo) 
defined by A.((ll) = 0 and A.( n;1=i [a;, b; )) = n;1=i (b; -a;) is a-additive. We shall 
do this next. 

Theorem 18.1. The set function A.: S ~ [0, oo) defined above is a measure, 
called the Lebesgue measure on S. 

Proof. The proof is by induction on the dimension of IR.'1• Let us denote by 
S, the semiring S on IR'1, and the corresponding set function by A.,. For n = I the 
result has been established in Example 13. Now, assume that A., is a measure for 
some n. We have to show that A.,+i is a-additive on Sn+i· 

To this end. let A x [a, b)= U;':i [A; x [a;, b;)], with A E S,, A; E 5 11 for 
each i, and the sequence {A; x [a;, b;)} being pairwise disjoint. It easily follows 
that XAx[u.b) = L:':i XA,x[u,.b,l· Now for X= (.t~o ... , X 11 ) E IR'1 and t E IR, the 
last equality yields 

co 

XA(X) · X[u.b)(t) = L XA,(X) · X[u,.l>;)(t). 

i=i 

Fix x =(xi, ... , x,) E IR", and let¢~ (t) = :L~=i XA;(x) · X!n;.I>,J(t). Then each¢~ 

~s: ;~~~u~~~~~e~o;/~~~i~~i~f~~~; t:a:;~~~.)(x~ ~A~~)~~~~~~:;)~~:~:~~ 
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x = (x 1, ••• , x,) E JR.". Since by our induction hypothesis (JR.". S,, 'J...,) is a 
measure space, by applying Theorem 17.4 once more, we get 

That is, 

k 

L(b;- a;)'J...,(A;) t (b- a)'J...,(A). 
i=l 

00 

LA,+t(A; x [a;,b;))='J...,+ 1(A x [a,b)). 
i=l 

Thus, 'J...,.+ 1 is a-additive and the proof is finished. • 
An interval of JR. n is any set of the form n;·= I I;' where each I; is an interval of 

JR. If each I; is in addition a bounded open interval of IR, then n;·=, I; is called a 
bounded open interval of JR.". As in Example I 5.5, we can show that each interval 
ofiR." is Lebesgue measurable, and moreover, 'J... *( n;'=1 I;)= n;'=1 j/;1, where jl;l 
denotes the length of I;. 

A useful formula for the outer Lebesgue measure is the following: 

)... *(A) = inf I ~)... *(/; ): Each /; is a bounded open interval and A ~ Q I; I 
for every subset A of JR.". 

To prove the formula, note first that if A = n;'=1 [a;, b;) (i.e., A E S), then for 
each E > 0 the bounded open interval IE = n;·=l (a;- E, b;) satisfies A ~IE, and 

n n 

'J...*(/E)- 'J...(A) = n(b; -a; +E)- n(b; -a;) ---7 0 as E--+- 0. 
i=l i=l 

If )... *(A) = oo, then the formula holds trivially. If )... *(A) < oo, then given 
E > 0, choose a sequence {A;} of S such that I:;':1 'J...(A;) < 'J...*(A) +E. By the 
preceding, for each i there exists a bounded open interval/; such that A; ~ I; and 
)...*(/;)- 'J...(A;) < 2-iE. Then A~ U;':1 I; and 

00 00 

'J...*(A) ~ .L:'J...*(/;) < L['J...(A;) +TiE]< 'J...*(A) + E, 
i=l i=l 

which establishes the validity of the desired formula. 

• From now on ,for simplicity,)...* will be denoted by)... and it will be called the 
Lebesgue measure on JR.". 
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It should be clear that every finite subset of JR." has Lebesgue measure zero. 
Therefore, by the a-subadditivity of A., ev~ry countable subset of JR." likewise has 
Lebesgue measure zero. 

Our next result deals with an approximation property of the Lebesgue measur
able sets by open sets. 

Theorem 18.2. A subset E of JR." is Lebesgue measurable if and only if for 
each E > 0, there exists an open set 0 such that E £; 0, and A.(O \E)< E. 

Proof. Assume E to be Lebesgue measurable. First, consider the case when 
A.( E) < oo. Given E > 0, choose a sequence {/;} of bounded open intervals such 
that E £; u~l I; and L~l A.(/;) < A.(E) +E. Then 0 = u~l I; is an open set 
such that E £; 0 and A.(O) .::: L:~ 1 A.(/;) < A.(E)+E hold. Since E is measurable, 
we get A.(O \E)= A.(O)- A.(E) <E. 

Now, assume A.( E) = oo. For each i let B; = {x E JR.": d(x, 0) .::: i} and 
E; = En B;. Then E = U~ 1 E;, and each E; is a Lebesgue measurable set 
such that A.(£;) < oo. By what was shown above, for each i there exists an 
open set 0; such that E; £; 0; and A.(O; \E;) < 2-iE. Put 0 = U~1 0;. 
Clearly, 0 is an open set, E ~ 0, and in view of 0\ E ~ U~1 (0; \ E; ), we get 
A.(O\E).::: L:;:l A.(O; \E;) <E. 

For the converse, assume that for each E > 0 there exists an open set 0 such 
that E ~ 0 and A.( 0 \E) < E. For each i choose an open set 0; such that E ~ 0; 
and A.(O; \E) < ;-1• Put G = n~ 1 0;. Then G is a Lebesgue measurable set 
such that E ~ G. Also, A.(G \E) .::: A.(O; \E) < i- 1 for each i implies that 
A.(G \E) = 0, and so G \ E is a Lebesgue measurable set. The measurability of 
E now follows from the identity E = G \ ( G \ E), and the proof is finished. • 

The next result informs us that every Borel set is Lebesgue measurable. The 
collection of all Lebesgue measurable sets is denoted (as usual) by A. 

Theorem 18.3. Every Borel subset of JR." is Lebesgue measurable. 

Proof. Let -oo < a; < b; < oo fori = I, ... , n. Choose m such that 
a; + ~ < b; for each I .::: i .::: n. The relation 

II 00 [ II [ J :\] 
D(a;, b;) = kl.d D a;+ k' b,J 

and the fact that A is a a-algebra imply that 11;'=1 (a;, b;) E A. But then, since 
every open set can be written as a countable union of such sets, it follows that A 
contains every open set. Therefore, A must contain every Borel set since the Borel 
sets are the members of the a-algebra generated by the open sets. • 
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It will become apparent in the course of this book that the link connecting 
measure theory, topology, and analysis is the concept of a regular Borel measure. 
Its definition follows. 

Definition 18.4. Let (X, r) be a Hausdorff topological space, and let B be t/ze" 
a-algebra of its Borel sets. A measure J.L: B---+ [0, oo] is called a regular Borel 
measure if it satisfies the following properties: 

I. J.L(K) < oo for eve1y compact set K. 
2. If B is a Borel subset of X, then 

J.L(B) = inf{J,.L(O): 0 open and B £ 0}. 

3. If 0 is an open subset of X, then 

J.L(O) = sup{J..L(K): K compact and K £ 0}. 

A measure J.L on the Borel sets of a topological space that satisfies 11(K) < oo 
for each compact set K is referred to as a Borel measure. 

The next result informs us that property (3) of the definition of a regular Borel 
measure is true for all Borel sets. 

Lemma 18.5. If 11 is a regular Borel measure on a topological space, then 

J.L(B) = sup{J..L(K): K compact and K £B) 

holds for each Borel set B with J.L(B) < oo. 

Proof. Let B be a Borel set with J.L(B) < oo, and let E > 0. Pick an open set 
V with B £ V, and J.L(V) < J.L(B) +E. Similarly, choose an open set W such that 
V \B £ W £ V and 

J,.L(W) < J.L(V \B)+ E = J,.L(V)- J,.L(B) + E < 2E. 

Next, choose a compact set C such that C £ V and J.L(V) < 1J.(C) +E. Put 
K = C n we, and note that K is a compact subset of B. Moreover, 

0 S J.L(B)- J.L(K) = J.L(B \ K) S J.L(V \ K) = J.L((V \C) U W) 

S [J.L(V)- J.L(C)] + J.L(W) < 3E 

holds, and the proof is finished. • 
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It is important to realize that the Lebesgue measure is a regular Borel measure. 
The details follow. 

Theorem 18.6. The Lebesgue measure on IR" is a regular Borel measure. 

Proof. (I) Let K be a compact subset of IR". Then K is bounded, and so there 
exists some A= n;'=1[a;, h;) with K £;;A. Therefore, A.(K) ~ A.(A) < oo. 

(2) Let B be a Borel set, and let E > 0. By Theorem 18.2 there exists an open 
set V such that B £;; V and A.(V \B) < E. Therefore, 

A.(B) ::: inf{A.(O): 0 is open and B £;; OJ 

~ A.(V) = A.(V \B)+ A.(B) ~ A.(B) + E 

holds for all E > 0, from which the desired equality follows. 
(3) Let 0 be an open subset of IR". Pick a sequence {K;} of compact sets with 

0 = U~ 1 K;; for instance, let {K1. K2 •.. . } be an enumeration of all closed balls 
with "rational" centers and rational radii that are included in 0. Now, for each i 
let C; = u:"=l K 111 , and note that each C, is compact and C; t 0. It follows that 
A.(C;) t A.(O), and so A.(O) = sup{A.(K): K compact and K £;; 0} holds. The 
proof of the theorem is now complete. • 

Later we shall prove a general result (see Theorem [38.4]) that will guarantee 
that every Borel measure on IR" is necessarily a regular Borel measure. 

If A is a subset of IR" and a E IR", then the set a + A = {a + x: x E A} is 
called the translate of A by the vector a. An alternate notation for a+ A is A+ a. 
It is easy to see that A.( A) = A.(a + A) holds for every subset A of IR" and every 
a. Also, by using the identities 

En (a+ A)= a+ (E- a) n A and En (a+ A)c =a+ (E- a) n Ac, 

it can be shown easily that a subset A of IR" is Lebesgue measurable if and only 
if a + A is Lebesgue measurable for each a E IR". 

Let B denote the a-algebra of all Borel .subsets ofiR". Then a+ A E B for each 
A E Band each a. Indeed, if A= {A E B: a+ A E B for all a E IR"), then A 
is a a-algebra of sets containing the open subsets of IR"; hence, A= B. 

A measure fJ.: B ~ [0, oo] is said to be translation invariant if fl.(A) = 
fJ.(a + A) holds for all A E B and all a E IR". The following question is a natural 
one: 

• What are the translation invariant Bore/measures on IR"? 



138 Chapter 3: THE THEORY OF MEASURE 

In answering this question, we shall show that besides a multiplication factor 
the only translation invariant Borel measure on IR" is the Lebesgue measure. To 
establish this, the following result dealing with additive functions is needed. Recall 
that a function f: IR --+ IR is said to be additive if f (x + y) = f (x) + f (y) holds 
for all x, y E IR. 

Lemma 18.7. Let f: IR --+ IR be an additive function. Iff is continuous at 
zero, then there exists a constant c such that f(x) = ex holds for all x E IR. 

In particular, iff: IR" --+ IR is continuous at zero for each variable and 
additive for each variable separately, then there exists a constant c such that 

j(X(, .•• ,X11 ) = CX 1 · ··X11 

holds for all (xl, ... , x,.) E IR". 

Proof. If f: IR --+ IR is additive, then f satisfies the following properties: 

1. /(0) = 0 [Reason: /(0) = f(O + 0) = f(O) + /(0)], 
2. f(-x) =- f(x) for each x E IR [Reason: f(x) + f(-x) = f(x- x) = 

f(O) = 0], and 
3. f(rx) = rf(x) for all rational numbers r E IR and all x E IR.. 

The proof of (3) goes by steps. If k is a positive integer, then 

f(kx) = f(x + · · · + x) = f(x) + · · · + f(x) = kf(x). 

So, nfU-) = f ( ~) = f(x ), which shows that /( l x) = l f(x ). Thus, if m and 11 
II II II II 

are positive integers, then 

( m ) (I ) m f -x = mf -x = - f(x). 
II n 11 

It follows that f(rx) = rf(x) holds for all rational numbers r and all x E IR. 
Since f is continuous at zero, the identity f(x- y) = f(x)- f(y) shows that 

f is continuous at every point of IR. Now, if x E IR, then choose a sequence of 
rational numbers {r11 } such that lim r11 = x. Consequently, 

f(x) = lim f(rn) = lim rnf(l) = xf(l) =ex 
n--?00 ,_,.oo 

where c = f ( 1) is a constant, and the result has been proven for the one-dimensional 
case. 

The general case can be established now by induction. We leave the details as 
an exercise for the reader. • 
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We are now ready to prove that, aside from a multiplication factor, the Lebesgue 
measure is the one and only translation invariant Borel measure on IR". 

Theorem 18.8. Let f.L be a translation invariant Borel measure on IR". Then 
there exists a constant c such that J.L(A) = cA.( A) holds for every Borel set A 
ofiR". 

Proof. For each x E IR let lr = 0 if x = 0, lx = [O,x) if x > 0, and 
lx = [x, 0) if x < 0. Also, for every x = (x 1, ••• , x,) E IR" let Sgnx = I if 
n;·=l Xj ::: 0 and Sgn X = -1 if n;·=l Xj < 0. 

Assume now that f.L is a translation invariant nonzero Borel measure on IR". 
Define f: IR" ~ IR by 

f(x" ... , x,) = Sgn x · f.L ( (I lx1), 

1=1 

where x = (x 1 •••• , x,) E IR". Then f is additive in each variable separately. 
For instance, to see that f is additive in the first variable, consider the case when 
a > 0, b < 0 with a + b > 0. Fix x2 •... , x, and lets = Sgn (x2, ... , x,) and 
I = n;·=21X;· Clearly, [0, a)\ [a + b, a) = [0, a + b) and [a + b, a) X I = 
(a, 0, 0, ... , 0) + [b, 0) x I. Since f.L is translation invariant, 

J.L([h, 0) x I)= J.L([a + b, a) x 1). 

Consequently, 

f(a, x2 •... , x,) + f(b, x2 , ••• , x,) = s[ f.J-([0, a) x I)- J.L([b, 0) x /)] 

= s[ f.L([O, a) x I) - J.L([a + b, a) x /)] 

= s J.L(([O, a)\ [a + b, a)) x I) 

= Sf.J-([0, a+ b) X I) 

= f(a + b, Xz, ... , Xn). 

The other cases can be proven easily in a similar manner. 
Next, note that f is continuous at zero for each variable separately. Indeed, 

if ak t 0 and I = n;'=21r1 , then [a~. 0) x I .J, (/).Hence, By Theorem 15.4, 
J.L([at, 0) x I) .J, 0, which implies limk-+oo f(at, xz, ... , x,) = 0. That is, f 
is left continuous at zero for the first variable. On the other hand, the identity 
f(b, x2 •... , x,) = - f( -b, x2, ... , x,) implies that f is also right continuous 
for the first variable. Therefore, f is continuous for each variable separately. 

By Lemma 18.7, there exists a constant c such that f(x" ... , x,) = cx1 • • • x,. 
Since f.L =f. 0, it follows that c > 0. 
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Now, let A = n;'=1 [a;, b; ), where -oo < a; < b; < oo for each i. Since 
A = (a1, .... a11 ) + TI;'=1 [0, b; -a;), we get 

J.l(A) = J.l( (I [0, b;- a;))= j(b1- a1, ... , b11 - all) 
1=1 

II 

= c n(b;- a;)= cA(A). 
i=l 

Thus, A= c-1 J.l on S. But then Theorem 15.10 shows that A= c-1 J.l holds on B. 
That is, J.l(A) = CA(A) holds for each A E B. • 

A natural question one may ask at this point is whether every Lebesgue mea
surable set is a Borel set. The answer is negative. That is, there exist Lebesgue 
measurable sets that are not Borel sets. One way of establishing this is by a cardi
nality argument. It can be shown that the a -algebra of ali Borei sets has cardinality 
c, while that of the Lebesgue measurable sets is 2'. Hence, the two a -algebras do 
not coincide; see [I5, p. 133]. 

Next, we shall present a different proof of the existence of a Lebesgue measurable 
set that is not a Borel set, the steps of which have some independent interest. For 
simplicity, the arguments will be given for the one-dimensional case. In fact, the 
example will be a subset of [0, I]. To do this, we need some preliminary discussion. 

The Cantor set C has been described in Example 6.I5. It was observed there 
that the total length of the open intervals removed from [0, I] to get C is equal 
to one. It follows from this that A.( C) = 0. Thus, every subset of C has Lebesgue 
measure zero, and hence, every subset of C is Lebesgue measurable. 

Next, we shall describe thee-Cantor set. The process for constructing it is similar 
to the one described in Example 6.I5. Fix 0 < E < I, and let 8 = I -E. Start with 
Ao = [0, I] and remove from the center of Ao an open interval of length 2- 18. Let 
A 1 be the remaining set; that is, 

Note that A 1 consists of 2 1 = 2 disjoint closed intervals of the same length and 
that A.(A 1) = I - 2-18. In the next step, remove from the center of each of the 
two disjoint closed intervals of A1 an open interval of length 2-38. Thus, the 
"total length" removed from A1 is 2-28. Let A2 be the union of the remaining 22 

disjoint closed intervals of equal length. Note also that A.(A 2) = A(A 1) - 2-28 = 
I - (2-1 + 2-2)8. 

For the general step, suppose that the set An has been constructed consisting 
of the union of 2" disjoint closed intervals all of the same length and satisfying 



Section 18: THE LEBESGUE MEASURE 141 

A.(A,) = I - (2- 1 + · · · + 2-")8. From the center of each of these 2" closed 
intervals, delete an open interval of length·2-2"- 18. Let A,+ 1 be the union of the 
remaining 2"+ 1 disjoint closed intervals of equal length. Since the "total length" 
removed from A, is 2-"- 18, it follows that 

Clearly, A,+ 1 ~ A, holds for each n. and theE-Cantor set is now defined to 
be the set CE = n~, A,. Clearly, CE is a closed set, and nowhere dense in [0, 1]. 
Also, 

A.(CE) = lim A.(A,) = 1- ( ~T")8 =I- 8 =E. ,_00 ~ 
11=1 

Lemma 18.9. For e\'ery 0 < E < I there exists a real-valued continuousjitnc
tion f: [0, I] -+ [0, I] such that: 

I. f is onto, 
2. f is strictly increasing (and hence, f is one-to-one), and 
3. f maps theE-Cantor set CE o/lto the Camor set C. 

Proof. Let {/ 1, h ... } be the open intervals removed from [0, 1] in the con
struction of CE (counted from left to right, following the construction process in
ductively). Similarly, let {11, h, ... } be the open intervals removed from [0, 1] 
in order to get the Cantor set C (counted again from left to right). Clearly, 
CE = [0, I]\ u~, /,and c = [0, I]\ u:, J,. 

Let/, = (a,, b,) and J, = (c,, d,) for each n. Now define f: [0, I] -+ [0, 1] 
by steps as follows: 

I. /(0) = 0. 
2. For x E /, = (a,, b,) define 

d,- c, 
f(x) = ---(x -a,)+ c,. 

b, - a, 

Note that f maps I, onto J,. 
3. If x # 0 and x E CE, define 

f(x) =sup [f(y): y < x andy E U I,j. 
11=1 

A part of the graph for a typical function f is shown in Figure 3.1. 
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FIGURE 3.1. 

We leave the details as an exercise for the reader to verify that f satisfies the 
properties stated in the lemma. • 

Since the setC has cardinality c (see Example [6.15], it follows from Lemma 18.9 
that every E-Cantor set also has cardinality c. 

In view of Example 15, we know that there exist subsets of [0, I] that are not 
Lebesgue measurable. The next result describes an interesting property of the 
non-Lebesgue measurable subsets of [0. I]. 

Lemma 18.10. Let A be a non-Lebesgue measurable subset of [0, I]. Then 
there exists some 0 < E < I such that for any Lebesgue measurable subset E 
of[O, I] with A.(E) ~ E, the set A n E is not Lebesgue measurable. 

Proof. Assume by way of contradiction that the conclusion is false. Then for 
each 0 < E < I there exists a Lebesgue measurable subset EE of [0, 1] such that 
A.(EE) ~ E and An EE is Lebesgue measurable. Choose a sequence {E11 ) of (0, 1) 
such that lim E11 = l. 

Put E = u:l EE,.• and note that Eisa Lebesgue measuraJ:>le subset of [0, 1]. 
Moreover, En :::: A.(EE..) :::: A.(E) :::: I holds for all n, and thus,)..(£) = I. Now, 
since A.(A n Ec) :::: A.([O, I]\ E)= 0, we have A.(A n Ec) = 0, and so, An Ec is 
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Lebesgue measurable. But then 

holds and shows that A is a Lebesgue measurable set. However, this is a contra
diction, and the proof is complete. • 

It was observed before that every subset of the Cantor set is Lebesgue measurable 
(since it has Lebesgue measure zero). We are now ready to establish that there exists 
a Lebesgue measurable set that is not a Borel set. 

Theorem 18.11. The Cantor set has a subset that is not a Borel set. 

Proof. Choose a subset A of [0, 1] that is not Lebesgue measurable. By 
Lemma 18.10 there exists 0 < E < I such that A n E is not Lebesgue mea
surable for all Lebesgue measurable subsets E of [0, 1] with A.( E) :::: E. 

Next, consider the continuous function f of Lemma 18.9 that carries the E

Cantor set CE onto the Cantor set C. By the continuity off, we get that f is 
Lebesgue measurable (where, of course, it is assumed that the Lebesgue measure 
is restricted to [0, 1]). Since A.(CE) = E, the set B = A n CE is not Lebesgue 
measurable. Therefore, the subset f(B) of the Cantor set, which is Lebesgue mea
surable, cannot be a Borel set-since B = f- 1 (f(B)) is not Lebesgue measurable. 
The proof of the theorem is now complete. • 

A useful result (due to H. Steinhaus6) regarding Lebesgue measurable sets will 
be presented next. It will be shown that if A is a Lebesgue measurable subset of 
IR" such that A.(A) > 0, then zero is an interior point of A - A. Recall that if A 
and Bare two subsets ofiR", then A- B =[a- b: a E A and bE B). The set 
A - B is called the algebraic difference of B from A. 

In order to establish this result, we need a lemma. 

Lemma 18.12. Let E be a_fubset ofiR" such that A.(E) > 0. Thenfor each 
0 < E < 1, there exists a bounded open interval/ ofiR." such that EA.(/) < 
A.(E n !). 

Proof. Fix 0 < E < I, and let E be a subset of IR" such that A.(£) > 0. 
Without loss of generality, we can assume that A.( E) < oo. Indeed, if Bk = [x E 

JR.": d(O, x) ::;:: k), then E = U:1 (£ n Bk), and so A.(E n Bk) > 0 must hold for 
some k; since En Bk ~ E, we can replace E byE n Bk. 

6Hugo Steinhaus (1887-1972), a Polish mathematician. He made many curious and interesting 
contributions to functional analysis. 
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Since 0 < E < I, there exists a sequence {/;} of bounded open intervals such 
that E s;; u~. /;and E L:::. A.(/;) < A.(E). To complete the proof. we show that 
there exists some i such that EA.(/;) < >..(E n /; ). Indeed, if this is not the case, 
then A.(E n /;) :5 EA.(/;) holds for all i, and so 

( 
00 ) 00 00 

A.( E)= A. ~En I; :::: t; A.(E n I;):::: E t; A.(!;)< A.( E), 

which is impossible. This completes the proof of the lemma. • 
Theorem 18.13 (Steinhaus). If E is a Lebesgue measurable subset of IR" 
such that A.(E) > 0, then the zero vector is an interior point of E - E. 

Proof. Assume that E is measurable with A.(£) > 0. By Lemma 18.12 there 
exists a bounded open interval/ = n7=1 (a;, b;) such that ~A.(!) < A.(E n /). 
~.1·' •,... htl·•' rrll,. ob+"'-•'-.C.--'('' 3''') hexr, cnoose o > u ::;ut.: Ji:I.L 18 = J Ji=I \Ui - o, ; OJ Sau:.uc:. 11. '8J < 21\.\l , 

and then consider the open interval J = ( -8, 8) x · · · x ( -8, 8) s;; IR". To complete 
the proof, we shall show that J s;; E - E. 

To see this, let x E J. Then 

(En I) u (x +En I) s;; I u (x +I) s;; Io 

holds. Therefore, A.((E n I) U (x +En/)) :5 A.(f&) < tA.(/), which implies that 
(Enl)n(x+Enl) =f. QUndeed, if(En/)n(x+Enl) = <t>. then by the additivity 
of A., we get A.((E n /) u (x + E n /)) = 2A.(£ n I) > ~A.(/) (here we use the 
measurability of E), which is impossible. Pick a vector y E (£ n I) n (x +En I). 
Then y E £,and thereexistsz E E such thatx+z = y. Thatis,x = y-z E E -E, 
so that J s;; E - E, and the proof is complete. • 

EXERCISES 

1. Let I = 0/'=.1 /; be an interval of IR". Show that I is Lebesgue measurable and that 
)..(/) = n;·=· l/;1, where l/;1 denotes the length of the interval/;. 

2. Let 0 be an open subset of IR. Show that there exists an at-most countable collection 
Ua: ot E A} of pairwise disjoint open intervals such that 0 = UaeA Ia. Also, show 

that A.(O) = LaeA ilai· 
3. Show that the Borel sets of IR" are precisely the members of the a -algebra generated 

by the compact sets. · 
4. Show that a subset E of IR" is Lebesgue measurable if and only if for each E > 0 

there exists a closed subset F of IR" such that F ~ E and J..(E \F) <E. 
5. Show that if a subset E of [0, 1] satisfies J...(E) = 1, then E is dense in [0, 1]. 
6. If E ~ IR" satisfies J...(E) = 0, then show that E0 = (/). 
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7. Show that if E is a Lebesgue measurable subset of IR", then there ex 1st an F11 -set A 
and a G0-set 8 such that A £ E £ 8 and >..(8 \A)= 0. 

8. Let ( £ 11 ) be a sequence of nonempty (Lebesgue) measurable subsets of [0, I] satisfying 
lim.A.(£11 ) = I. 
a. Show that for each 0 < E < I there exists a subsequence ( £~ .. ) of ( £ 11 ) such that 

>..(n~l Ek,) >E. 
b. Show that n~,. E~ = ctJ is possible for each n = I, 2 ..... 

9. Assume that a function f: I__,. IR defined on a subinterval of IR satisfies a 
Lipschitz7 condition. That is, assume that there exists a constant C > 0 such that 
1/(x)- f(y)l ~ Clx- yl holds for all x, y E I. Show that f carries (Lebesgue) null 
sets to null ~ets. 

In particular, 1f a function f: I -+ IR defined on a subinterval of IR has a contin
uous derivative, then show that f carries null sets to null sets. 
[HINT: For the second part note that if J is a closed subinterval of I and 1/'(t)l ~ M 
holds for each t E J, then by the Mean Value Theorem we have 1/(x) - f(y)l ~ 
M lx - y I for all x, y E J. ] 

10. Show that the Lebesgue measure of a triangle in IR2 equals its area. Also, determine 
the Lebesgue measure of a disk in IR 2. 

11. If JJ. is a translation invariant Borel measure on IR", then show that there exists some 
c :=:: 0 such that JJ. .. (A) = c>..(A) for all subsets A of IR". 

12. Show that an arbitrary collection of pairwise disjoint measurable subsets of IR, each 
of which has positive measure, is at most countable. 

13. Let G be a proper additive subgroup of IR" (i.e., x, y E G imply x + y E G and 
-x E G). If G is a measurable set, then show that >..(G)= 0. 
[HINT: Use Theorem 18.13.] 

14. Let f: IR __,. IR be additive (i.e., f(x + y) = f(x) + f(y) for all x, y E IR) and 
Lebesgue measurable. Show that f is continuous (and hence, of the form f(x) =ex). 
[HINT: Use the properties off shown during the proof of Lemma 18.7 to establish that 
f- 1 ((0, E)) has positive Lebesgue measure foreachE > 0, and then use Theorem 18.13 
to show that f is continuous at zero.] 

15. Show that an arbitrary union of proper intervals of IR is a Lebesgue measurable set. 
16. Let C be a closed nowhere dense subset of IR" such that >..(C) > 0. Show that the 

characteristic function xc cannot be continuous on the complement of any Lebesgue 
null set ofiR". Also, show that xc will be continuous on the complement of a properly 
chosen open set whose Lebesgue measure can be made arbitrarily small. 

17. Let f: IR" __,. IR be a continuous function. Show that the graph 

G = ((x, •...• x,., f(x,, ... , x,.)): (x,, ... , x,.) E IR") 

off has (11 + I)-dimensional Lebesgue measure zero. 
[HINT: If G~ = ((x,, ... , x,., f(xl, ...• x,.)): lx; I ~ k for i = I. ... , 11), show that 
>..( G ~) = 0 and then note that G ~ t G. ] 

7RudolfLipschitz (I 832-1903). a Gennan mathematician. His name is associated with the existence 
and uniqueness of solutions to differential equations. 
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18. Let X be a Hausdorff topological space, and let JJ- be a regular Borel measure on X. 
Show the following: 

a. If A is an arbitrary subset of X, then 

JJ-*(A) = inf(JJ-(0): 0 open and A £ 0}. 

b. If A is a measurable subset of X with JJ-*(A) < oo, then 

JJ-*(A) = sup(JJ-(K): K compact and K £A}. 

c. If JJ- is a -finite and A is a measurable subset of X, then 

JJ-*(A) = sup{JJ-(K): K compact and K £A}. 

19. If A is a measurable subset of 1R of positive measure and 0 < 8 < ).(A), then show 
that there exists a measurable subset B of A satisfying >..(B)= 8. 

20. Let E be a Lebesgue measurable subset of 1R of finite Lebesgue measure. Show that 
the function f E: 1R ---+ lR, defined by 

fE(X) = .l .. (£~( . .\' + £}), 

is uniformly continuous. 

19. CONVERGENCE IN MEASURE 

Let (X, S, t-L) be a measure space again. The collection of all real-valued t-L
measurable functions defined on X will be denoted by M. That is, 

M = {f E IR x: f is tJ.-measurable I. 

It should be clear from Theorem 16.5 that M is closed under the ordinary 
algebraic and lattice operations. That is, M is a function space and an algebra. In 
the space M, a useful concept of convergence of sequences is defined as follows: 

Definition 19.1. A sequence (f, I of measurable functions con\'erges in mea
sure to a function f E M, in symbols f, ~ f, if for eve1y E > 0 we have 

lim t-L~({x EX: Jf,,(x)- f(x)J :::e))= 0. 
11-+00 

The next result summarizes the basic properties of convergence in measure. 

Theorem 19.2. Let (f, I and {g, I be Mo sequences of measurable functions, 
and let f, gEM. Then the following statements hold: 

1. Iff,~ f and g,__!!:_,. g, then a.f, + f3g,~a.f + f3g for all a., f3 E IR. 

2. If fn__!!:_,. f and f,~g. then f = g a.e. 
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Proof. (I) We can assume a, f3 =f:. 0. from 

lafn(X) + f3g,(x)- [af(x) + f3g(x)] I :S lallf,(x)- f(x)l + lf311gn(X)- g(x)l, 

it follows that 

(x EX: laf,(x) + f3g,(x)- [af(x) + f3g(x)] I::: E) 

~ {x EX: lf,(x)- f(x)l::: 2~ 1 } U {x EX: lg,(x)- g(x)l::: 2~ 1 }· 

The conclusion now follows easily. 

(2) Let f,---4 f and j~....4g. Given E > 0, the triangle inequality implies 

(x EX: lf(x)- g(x)l::: 2E} 

~ (X EX: lfn(X)- f(x)l :::E) U (x EX: lf,(x)- g(x)l :::E). 

from which it easily follows that J.L~((x E X: lf(x)- g(x)l ::: 2E}) = 0 for all 
E > 0. Therefore, 

J.L*((x EX: f(x) I- g(x)J) = J.L* (,Q {x EX: lf(x)- g(x)l ::: ~}) = 0, 

so that f = g a.e. holds. • 
The lattice operations are also continuous with respect to convergence in 

measure. 

Theorem 19.3. If a sequence If,} of measurable functions satisfies f, ....4 f, 
then 

f,;....4f+, f,;-....4f-, and IJ,,I---41fl. 

Proof. The statements easily follow from the standard lattice inequalities 
lfn+- f+l :S If,- fl, lfn-- f-1 :S If,,- fl, and llf,l-lfll :S If,- fl. • 

The convergence in measure is related to the pointwise convergence as follows. 

Theorem 19.4. If a sequence (f,,} of measurable functions satisfies f,, ~ f 
for some f E M, then there exists a subsequence l!k,,l of (f,,} such that 
!k,, ~ f a.e. 
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Proof. Let f,. ~f. A simple inductive argument shows that there exists a 
strictly increasing sequence {k,.} of natural numbers such that 

JL*({x EX: lfk(x)- f(x)i ~ ~}) < r" 

for all k ~ k,. Let E,. = {x eX: lfk.(x)- f(x)l ~ ~}for each n, and define the 
measurable set E = n~=l U~m E,. Then 

holds for all m, so that JL* E)= 0. Also, if x ¢. E, then there exists some m such 
that X ¢. u:m E,., and so, lt~.(x)- f(x)i < ~holds for each ll ~ 171. Therefore, 
lim h.(x) = f(x) for each x e Ec, and so fk. ~ f a.e. holds. • 

Pointwise convergence does not imply convergence in measure. For instance, 
let X = JR. with the Lebesgue measure A., and define f, = X[11 .n+ll for each 11. 

Clearly, lim f,.(x) = 0 holds for each x e JR. Since 

A.({x EX: ifn(x)i ~ 1}) = A.([n,n + 1)) =I 

holds for alln, it follows that { f,.} does not converge to zero in measure. 
However, if the measure space is finite, then pointwise convergence implies 

convergence in measure. 

Theorem 19.5. Assume JL*(X) < oo.Jfa sequence (f,.} of measurable func
tions satisfies fn ~ f a.e., then f,.~ f also holds. 

Proof. FixE > 0 and for each nlet E,. = {x eX: lf,.(x)- f(x)l ~ E}. Now 
let 8 > 0. Since JL*(X) < oo, it follows from Egorov's Theorem 16.7 that there 
exists a measurable set A such that JL*(A) < 8 and (f,.} converges uniformly to f 
on Ac. 

Choose k such that If,, (x) - f (x) 1 < E holds for all x e A c and alln ~ k. Then 
En ~ A holds for all n ~ k, and so JL*(E,.) ::::; JL*(A) < 8 for all n ~ k. Thus, 
limJL*(E,.) = 0, and the proof is finished. • 

It is interesting to observe that there .exist sequences of measurable functions 
that converge in measure, but fail to converge at any points. An example of this 
type is presented next. 

Example 19.6. Consider [0, 1] equipped with the Lebesgue measure')... For each n sub
divide [0, 1] into then subintervals [0, * ], [*, !, ], ... , [ ";1 , 1]. 
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Enumerate all these intervals as follows: 

Let f, be the characteristic function of the nth interval of the above sequence. It is easy to 

see that f,....!:...,.o holds and that {f,(x)l does not converge to zero for any x E [0, 1]. B 

EXERCISES 

1. Let If, I be a sequence of measurable functions and let j: X --+ JR. Assume that 
limp.*({.r E X: l/11 (x)- f(x)l ::::_ El) = 0 holds for every E > 0. Show that f is a 
measurable function. 

2. Assume that { / 11 I £ M satisfies ];, t and ];, ...J!:..... f. Show that / 11 t f a.e. holds. 

3. If If, I £ .VI satisfies ];,...J!:..... f and / 11 ::::_ 0 a.e. for each 11, then show that f ::::_ 0 a.e. 
holds. 

4. Let If, I £ . \It and {g, I £ J\11 satisfy f,...J!:..... f, g,...J!:..... g, and / 11 = g11 a. e. for each 11. 

Show that f = g a.e. holds. 
5. Let (X. s. p.) be a finite measure space. Assume that two sequences u;, I and {g, I 

of M satisfy ];,...J!:..... f and g,...J!:.....g. Show that f,g,...J!:..... fg. Is this statement true if 
p.*(X) = oo? 

6. Show that a sequence of measurable functions {];,I on a finite measure space converges 
to f in measure if and only if every subsequence of { J,, I has in tum a subsequence 
which converges to f a.e. 

7. Define a sequence {];,I of J\11 to be p.-Cauchy whenever for each E > 0 and 8 > 0 there 
exists some k (depending onE and 8) such that p.*({x EX: l/11 (x)- / 111 (.r)l ::::_E)) < 8 
holds for alln. m ::::_ k. 

Show that a sequence {];,I of J\11 is a p.-Cauchy sequence if and only if there exists 
a measurable function f such that ];, ...J!:..... f. 

20. ABSTRACT MEASURABILITY 

This section can be skipped in the first reading. It deals with collections of sets with 
stronger properties than those of a semiring. Most of these families were introduced 
briefly in Section 12. Let us start by recalling the notion of a ring of sets. 

Definition 20.1. A nonempty collection 'R of subsets of a set X is said to be a 
ring if A. B E 'R imply AU 8 E 'Rand A\ 8 E 'R. 

It should be obvious that every ring is closed under finite unions. Also, since an 
arbitrary ring 'R is nonempty, it contains a set, say A E 'R, and so 0 = A \A E 'R. 
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That is, every ring contains the empty set. Also, from the identities 

AllB =(A\ B) U (B \A) and An B =A\ (A\ B), 

it easily follows that every ring is closed under symmetric differences and finite 
intersections. 

Recall that a nonempty collection of subsets of a set X is said to be an algebra 
of sets if it is closed under finite intersections and complementation. From the 
identities 

it should be obvious that every algebra is a ring. In the converse direction, we have 
the following result (whose easy proof is left for the reader): 

Lemma 20.2. A ring R, is an aigebra if and only if X E R •. 

A ring'R is called a a-ring if it is closed under countable unions, i.e., if {A,} s:; 'R 
implies U:1 A, E 'R. 

Notice that every a-ring is automatically closed under countable intersections. 
To see this, let {A,} be a sequence in a a-ring 'Rand let A = n~1 A,. Then 
A1 \A= U:1(AI \A,) E 'R, and so A= A1 \(AI \A) E 'R. 

The straightforward proof of the next result is also left for the reader. 

Lemma 20.3. A a-ring 'R is a a-algebra if and only if X E 'R. 

The following scheme indicates the relationships between the various families 
of sets we have introduced so far: 

a-ring~ 

a-algebra ~ ring ==='=> semiring 

~algebra~ 
FIGURE 3.2. The Implication Scheme 

In general, no other implication is valid; see Exercise 3 at the end of this section. 
Arbitrary intersections of a -algebras ·of subsets of a fixed set X are also a

algebras. Thus, for every nonempty family :F of subsets of a set X there exists 
a smallest a-algebra (with respect to inclusion) that includes :F. This smallest 
a-algebra is called the a-algebra generated by :F and is denoted by a(:F). It is 
the intersection of all a-algebras that contain :F (notice that 'P(X) is one of them). 
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That is, 

a(:F) = n {I:: :Eisa a-algebra and :F ~ :E). 

If :Eisa a-algebra and a family of sets :F of :E (i.e., :F ~ :E) satisfies a(:F) = :E, 
then :F is called a family of generators for :E. The reader should also notice that 
for an arbitrary collection of subsets :F of a set X there always exists an algebra, 
a ring, and a a-ring generated by :F. In this book, we shall make use only of the 
a-algebras generated by families of sets. 

We now tum our attention to abstract measurability properties of functions. 
Notice that iff: X ~ Y is a function and A is either an algebra or a a-algebra 
(or a ring, or a a-ring, or a semiring), then 

is likewise an algebra or a a-algebra (or a ring, or a a-ring, or a semiring). 

Lemma 20.4. Iff: X ~ Y is a function and :F is a nonempty family of subsets 
ofY, then 

a(f-l(:F)) = f-l(a(:F)). 

Proof. Notice first that the identities f- 1(N) = (f-1(A)]C, 

guarantee that f- 1(:E) = {f-1(A): A E :E) is a a-algebra whenever :E is a 
a-algebra. 

So, f- 1(a(:F)) is a a-algebra satisfying f- 1(:F) ~ f- 1(a(:F)). This implies 

For the reverse inclusion, let 

Clearly, A is a a-algebra satisfying :F ~ A ~ a(:F). Hence, A = a(:F). This 
implies f- 1(a(:F)) ~ a(f-1(:F)), and so f- 1(a(:F)) = a(f-1(:F)). • 

In an abstract setting, a measurable space is now a pair (X, :E), where X is a set 
and :Eisa a-algebra of subsets of X. The members of :E are called the measurable 
sets of X. 
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Definition20.5. Afunction f:(XJ, :E1)--+ (X2, :E2) between two measur
able spaces is said to be measurable (more precisely (:E1, 'E2)-measurable) if 
f- 1(A) E :E1 holds for each A E :E2, i.e., if f- 1(:E2) ~ 'E1. 

A function f: X --+ Y between two topological spaces is said to be Borel 
measurable iff: (X, Bx)--+ (Y, By) is measurable, i.e., if f- 1(B) is a Borel 
subset of X for each Borel subset B of Y. 

When (X, :E) is a measurable space and Y is a topological space, then a function 
f: X--+ Y is called measurable iff: (X, :E)--+ (Y, By) is measurable. 

Theorem 20.6. Let f: (X 1, :E1)--+ (X2, 'Ez) be a function between two mea
surable spaces and let F be a family of generators for :E2. i.e., a(F) = :E2. 
Then f is measurable if and only if f- 1 (A) E :E 1 for each A E F. 

Proof. Iff is measurable, then clearly f- 1(A) E :E1 holds for each A E F. 
On the other hand, if f- 1 (A) E :E1 for all A E F. then it follows from Lemma 20.4 
that 

which shows that f is a measurable function. • 
We now continue with another important family of sets. 

Definition 20.7. A family of subsets V of a set X is said to be a Dynkin8 

system if it satisfies the following three properties: 

1. X E 'D, 
2. A, B E V and A ~ B imply B \ A E V, and 
3. whenever a sequence {A 11 } ~ V satisfies A 11 t A, then A E 'D. 

The reader should stop and verify that a Dynkin system is a a-algebra if and 
only if it is closed under finite intersections. The Dynkin systems play an important 
role because of the following result-known as Dynkin 's lemma. 

Lemma 20.8 (Dynkin's Lemma). Let V be a Dynkin system and let F be a 
family of sets such that F ~ V. IfF is closed under finite intersections, then 
tlze a-algebra generated by F is incft~ded in V, i.e., a(F) ~ V. 

8Eugene Borisovich Dynkin (1924-), a Russian mathematician. His main research interests are in 
probability theory. In 1977 he was appointed Professor of mathematics at Cornell University, Ithaca, 
New York. 
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Proof. Assume that :F ~ 1J is nonempty and closed under finite intersections. 
Let us denote by Do the smallest Dynkin system including :F (i.e., 'Do is the 
intersection of all Dynkin systems that include :F). Clearly, :F ~ 'Do ~ 'D. Now 
let 

'Dt =(A E 'Do: A nC E 'Do for all C E :F). 

An easy verification shows that 7)1 is itself a Dynkin system satisfying A E 7)1 

for all A E :F (to establish this we must use the assumption that :F is closed under 
finite intersections). Thus, :F ~ 7)1 ~ 7J0, and so by the definition of 7J0, we infer 
that 'Dt ='Do. 

Next, consider the family 

'D2 =(A E 'Do: An B E 'Do for all B E 'Do). 

Again, it is easy to check that 'D2 is a Dynkin system such that :F ~ 'D2 ~ 'Do. 
Thus, 'Do = D2, and therefore, 'Do is a Dynkin system which is closed under finite 
intersections. This easily implies that 'Do is a a-algebra, and from this we see that 
a(:F) ='Do ~ 'D, as desired. a 

Here are a few striking consequences of Dynkin 's lemma: 

Corollary 20.9. Assume that 1J is a Dynkin system and I: is a a-algebra such 
that 1) ~ I:. lf'D contains a family of generators of I: which is closed under 
finite imersections, then 1) = I:. 

Corollary 20.10. Let I: be a a-algebra of subsets of a set X and let :F be 
a family of generators for I: (i.e., a(:F) = :E) which is closed under finite 
illtersections. Then two finite measures J.L and v on I: coincide (i.e., J.L = v) if 
and only if 

I. J.L(X) = v(X), and 
2. J.L(F) = v(F)for each F E :F. 

Proof. Assume that two finite measures J.L and von I: satisfy ( 1) and (2). Let 

1) =(A E I:: J.L(A) = v(A)}. 

Then X E 1J and if A, BE 1J satisfy A~ B, then 

f.l.(B \A) = J.L(B) - J.L(A) = v(B) - v(A) = v(B \A), 



154 Chapter 3: THE THEORY OF MEASURE 

i.e., B \A E 'D. Moreover, if a sequence {A,.}~ V satisfies A,. t A, then 

f.L(A) = lim f.L(A,.) = lim v(A,.) = v(A), 
tr-+00 ll-+00 

so that A E 'D. Thus, Vis a Dynkin system and :F ~ V holds. By Corollary 20.9, 
V = :E, and so ll = v. • 

Corollary 20.11. Two finite measures defined on the Borel sets of a topological 
space are equal if and only if they coincide on the open sets. 

We now tum our attention to product semirings. If 5t and 5 2 are two semirings 
of subsets of X and Y respectively, then the product semiring 5t ®52 is defined 
by 

Using the identities 

(A x B) n (At x Bt) = (An At) x (B n Bt) 

(Ax B)\ (At x Bt) =[(A \At) x B J u [(An At) x (B \BtH 

it is easy to verify that 5t ®52 is indeed a semiring of X x Y. It should be noticed 
that 5t ®52 need not be an algebra even when 5t and 5 2 are both a-algebras. The 
product a-algebra generated by 5t and 5 2 is the a-algebra a(5t ®52) generated 
by5t ®52. 

If A is a subset of X x Y and x E X, then the x-section A.1 of A is the subset 
of Y defined by 

Ax= /Y E Y: (x,y) E A}. 

Similarly, if y E Y, then they-section AY of A is the subset of X defined by 

A Y = I x E X: (x, y) E A}. 

The geometric meanings of the x- andy-sections are shown in Figure 3.3. 
Regarding sections, we have the following identities. (The families of sets below 

are assumed to be families of subsets of X x Y .) 

I. <Uie/ A;)_,.= Uer(A;)x and en~/ A;)x = nie/(A;)x. 
2. <Uer A;)>'= Uer(A;)Y and <ne/ A;)>'= ner(A;)Y. 
3. (Ac)x = (Ax)c and (Ac)Y = (A>y. 

The easy verification of these identities are left for the reader. 
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y 

y 

~ X 

FIGURE 3.3. The Sections of a Set 

Lemma 20.12. Let (X, Et) and (Y, 2:2) be measurable spaces.lf A belongs to 
the product a-algebra, i.e., A E a(2: 1 ® :E2), then A has "measurable sections." 
That is, A.1· E E2jor each x E X and AY E :Et for ally E Y. 

Proof. Let A E a(:E 1 ® :E2). By the symmetry of the situation, it suffices to 
show that Ax E I:2 for each x E X. To this end, fix x E X and let 

:E = {A E a(:Et ® E2): Ax E E2 for all x E X}. 

From (<l> x <l>)x = <Z> and (X x Y>x = Y, we see that <;Z>, X x Y E :E. Also, from the 
identities listed preceding the lemma, we see that 2: is a a-algebra. Moreover, if Ax 
B E :Et x E2, then (Ax B)x = B E E2 ifx E A and (Ax B)x = <l> E E2 ifx ¢. A, 
and so :E1 ® 2:2 ~ I:. This implies :E = a(:Et ® !:2}, and the proof is finished. • 

We now come to the notion of joint measurability for functions. Let (X, I: 1}, 

(Y, :E2}, and (Z, I:3) be three measurable spaces, and let f: X x Y ~ Z be a 
function. We shall say that: 

l. f is jointly measurable, iff: (X x Y, a(:Et ® E2)) ~ (Z, :E3) is measur
able, 

2. f is measurable in the variable x (resp. in y) if for each y E Y (resp. for 
each x E X) the function f(·, y): (X, :E1) ~ (Z, :E3) (resp. the function 
f(x, ·): (Y, :E2) ~ (Z, !:3)) is measurable, and 

3. f is separately measurable iff is measurable in each variable. 

Joint measurability always guarantees separate measurability. 

Theorem 20.13. Let (X, :E t), (Y, :E2) and (Z, !:3) be three measurable spaces. 
If a function f: X x Y ~ Z is jointly measurable, then it is separately 
measurable. 
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Proof. Assume f: X x Y --+ Z is jointly measurable, let A E :E3 and fix 
y E Y. Also, let B = f- 1 (A) E a(:E1 ® :E2). Note that 

f- 1(A, y) = {x EX: f(x, y) E A}= {x EX: (x, y) E B)= BY. 

Now, a glance at Lemma 20.12 guarantees that BY E :E1, and consequently, the 
function J(·, y): (X, :E1) --+ (Z, :E3) is measurable. Similarly, it can be shown that 
the function f(x, ·): (Y, :E2)--+ (Z, :E3) is measurable for each x EX. • 

Does separate measurability imply joint measurability? The answer is in general 
negative. W. Sierpinsk.i9 has constructed in [27] a non-Lebesgue measurable subset 
A of IR.2 whose intersection with each line consists of at-most two points; see also 
[10 p. 130] and [9]. From this property it easily follows that the characteristic 
function XA is separately measurable but not jointly measurable. 

However, under certain conditions, separate measurability suffices for the joint 
measurability. In order to state such a result, we need the notion of a Caratheodory 
function. 

Definition 20.14. Let (X, :E) be a measurable space, and let Y and Z be Mo 
topological spaces. A function f: X x Y --+ Z is said to be a Caratheodory 
function if 
1. for each x E X the function f (x, · ): Y --+ Z is continuous, and 
2. for each y E Y, the function f( ·, y): (X, :E) --+ (Z, Bz) (where Bz is the 

a-algebra of all Borel sets of Z) is measurable. 

Briefly, a function f(x, y) of two variables is a Caratheodory function iff is 
continuous in y and measurable in x. For the next result, keep in mind that every 
topological space is considered a measurable space equipped with the a-algebra 
of its Borel sets. 

Theorem 20.15. Let (X, 'E) be a measurable space, Y a separable metric 
space, and Z a metric space. Then every Carat/zeod01yjunction f: X x Y --+ Z 
is jointly measurable. 

Proof. Let d denote the metric of Y and p the metric of Z. Also, let {YI, Y2, ... } 
be a dense subset of Y. Since the closed sets form a family of generators for Bz, 
it suffices to show that f-1 (C) E a('E ® Br ). So, let C be a closed subset of Z. 

Start by observing that (since f(x, ·)'is continuous for each x E X), f(x, y) 
belongs to the closed set C if and only if for each n there exists some Ym with 

9Waclaw Sierpinski ( 1882-1969), a Polish mathematician. He made many important contributions 
to set theory, topology, and number theory. 
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d(y, y,) < ~and 

This implies 

p(f(x, y,), C)= inf{p(/(x, y,), c): c E C) < ~
n 
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where B! (C)= {: E Z: p(:, C) < ~}.The continuity of the function: r+ p(z, C) 
guarantees that B!(C) is an open set. Since f is measurable in x and B!(C) is 
open (and hence a"Borel set), it follows that {x EX: f(x, y,) E B!(C)} E :E for 
each m and 11. Now, a glance at ( *) shows that f- 1 (C) E a (:E ® s;'>, and thus, f 
is jointly measurable. • 

EXERCISES 

1. Let 1?. be a nonempty collection of subsets of a set X. Show that 1?. is a ring if and 
only if n is closed under symmetric differences and finite intersections. 
[HINT: Note that A~B =(A\ B)U(B \A), An B =A\ (A\ B), A\ B = A~(A n 
B), and AU B = (A~B)~(A n B).] 

2. If 1?. is a ring, then show that the collection 

A= {A E 1?.: Either A or Ac belongs to 1?.} 

is an algebra of sets. 
3. In the implication scheme of Figure 3.4 show that no other implication is true by 

verifying the following regarding an uncountable set X: 

a. The collection of all singleton subsets of X together with the empty set is a 
semiring but not a ring. 

b. The collection of all finite subsets of X is a ring but is neither an algebra nor a 
a-ring. 

c. The collection of all subsets of X that are either finite or have finite complement 
is an algebra but is neither a a-algebra nor a a-ring. 

d. The collection of all at-most countable subsets of X is a a -ring but not an algebra. 

~cr-ring~ 
cr-al aebra ring 

e ~alaebra~ 
e 

=======::> semiring 

FIGURE 3.4. The Implication Scheme 
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e. The collection of all subsets of X that are either at most countable or have at-most 
a countable complement is a a -algebra (which is, in fact, the a -algebra generated 
by the singletons). 

4. Show that a Dynkin system is a a-algebra if and only if it is closed under finite 
intersections. 

5. Give an example of a Dynkin system which is not an algebra. 
6. A monotone class of sets is a family M of subsets of a set X such that if a sequence 

{A,} of M satisfies A, t A or A, ,!. A, then A E M. Establish the following 
properties regarding monotone classes: 

a. We have the following implication scheme: 

a-algebra ==> Dynkin system ==> monotone class 

Give examples to show that no other implication in the above scheme is true. 
b. An algebra is a monotone class if and only if it is a a-algebra. 
c. The a-algebra a(A) generated by an algebra A is the smallest monotone class 

containing A. 

7. Show that if X and Y are two separable metric spaces, then Bx x y = Bx ® By. 
8. Show that the composition function of two measurable functions is measurable. 
9. If (X, I:) is a measurable space, then show that 

a. the collection of all real-valued measurable functions defined on X is a function 
space and an algebra of functions, and 

b. any real-valued function on X which is the pointwise limit of a sequence of 
(I:, B)-measurable real-valued functions is itself (I:, B)-measurable. 

10. Let (X, I:) be a measurable space. A I:-simple function is any measurable function 
cp: X -+ JR. which has a finite range, i.e, if cp has finite range and its standard repre
sentation cfJ = I: I= 1 a; XA, satisfies A; E I: for each i. 

Show that a function f: X -+ [0, oo) is measurable if and only if there exists a 
sequence {cp,} of I:-simple functions such that cp11 (x) t f(x) holds for each x E X. 

11. Use Corollary 20.10 to show that if a measure 1-L is a-finite, then 1-L* is the one and 
only extension of j.L to a measure on a(S). Give an example of a measure space such 
that 1-L* is not the only extension of j.L to a measure on a(S). 

12. Show that the uniform limit of a sequence of measurable functions from a measurable 
space into a metric space is measurable. 

13. Let f, g: X -+ IR be two functions and let B denote the a-algebra of all Borel sets of 
IR. Show that there exists a Borel measurable function h: JR. -+ IR satisfying f = hog 
if and only if f- 1(B) ~ g- 1(B) holds. 

14. Let (X, I:) be a measurable space, Y, Z 1 and Z2 be separable metric spaces and \(1 

a topological space. Assume also that the functions f;: X x Y -+ Z;, (i = I, 2), are 
Caratheodory functions and g: Z 1 x Z2 -+ \(1 is Borel measurable. Show that the 
function h: X x Y -+ \(1, defined by 

h(x, y) = g(f1(x, y), h(x, y)), 

is jointly measurable. 
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15. Let (X, I:) be a measurable space and (1:', d) a separable metric space. Show that a 
function f: X-+ Y is measurable if and only if the function x H- d(y, f(x}}, from 
X into IR, is measurable for each fixed y E Y. 

16. Let (X, S, J.L) be a a-finite measure space, where S is a a-algebra. Iff: X -+ IR 
is a A11 -measurable function, then show that there exists aS-measurable function 
g: X -+ IR such that f = g a.e. 





CHAPTER 4 _____________ _ 

THE LEBESGUE INTEGRAL 

By definition a Riemann integrable function is bounded, and its domain is a closed 
interval. These two restrictions make the Riemann integral inadequate to fulfill the 
requirements of many scientific problems. H. Lebesgue' in his classical work [21] 
introduced a concept of an integral (called today the Lebesgue integral) based 
on measure theory that generalizes the Riemann integral. It has the advantage 
of treating at the same time both bounded and unbounded functions and allows 
their domains to be more general sets. Also, it gives more powerful and useful 
convergence theorems than the Riemann integral. 

In this chapter we study the Lebesgue integral. The concepts of an upper 
function and its Lebesgue integral are introduced first. Consequently, the Lebesgue 
integrable functions are introduced as differences of two upper functions, and their 
properties are studied. The Lebesgue dominated convergence theorem that (under 
certain conditions) allows us to interchange the processes of limit and integration 
is proved, and various applications of this powerful result are presented. Next, it is 
shown that every Riemann integrable function is Lebesgue integrable, and that in 
this case the two integrals (the Riemann and the Lebesgue) coincide. Furthermore, 
the relationship between an improper Riemann integral and the Lebesgue integral 
is obtained. Finally, the chapter culminates with a study of product measures and 
iterated integrals. 

For this chapter, (X, S, Jl) will be a fixed measure space, and unless otherwise 
specified, all properties of the functions will be tacitly referred to in this measure 
space. 

21. UPPER FUNCTIONS 

It was mentioned before that the step functions will be the "building blocks" for 
the Lebesgue integral. Recall that a function ¢ is a step function if and only if 
there exist a finite collection {A 1, ••• , A,.} of measurable sets with J1 *(A;) < oo 
for i = I, .... n. and real numbers a" ... , a, such that ¢ = I:;'= I a; XA; holds. 

1 Henri Leon Lebesgue (1875-1941 ), a prominent French mathematician. The founder of the modem 
theory of integration. 

161 
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The real number I(¢) = L:7=1 a; J.L *(A;) is called the Lebesgue integral of¢, 
and we have already seen (in Section 17) that it is independent of the particular 
representation of¢. From now on, the Lebesgue integral of¢ will be denoted by 
its conventional symbol J ¢ d J.L, or fx ¢ d J.L. If clarity requires the variable to be 
emphasized, then the notation J rjJ(x) d J.L(X) will be used. Thus, the integral of 
the step function is 

The collection of all step functions has both the structure of an algebra and that 
of a function space. 

Theorem 21.1. The collection of all step functions under the pointwise oper
otions is a function space and an algebra. 

Proof. The proof that the step functions form an algebra is straightforward. 
To see that this collection is also a function space, note that if the step function ¢ 
has the standard representation¢= L:;'=1a;XA,. then¢+= L:;'=1max{a;, O}XA, 
holds. Thus,¢+ is a step function, and the conclusion follows. • 

The basic properties of the Lebesgue integral for step functions were discussed 
in Section 17. Here we shall deal with the almost everywhere limits of increasing 
sequences of step functions. Such limits are used to define upper functions. 

Definition 21.2. A function f : X ~ IR. is called an upper function if there 
exists a sequence { ¢,} of step functions such that 

I. ¢, t f a.e., and 
2. Iimf ¢, dJ.L < oo. 

Any sequence of step functions that satisfies conditions (l) and (2) of the pre
ceding definition will be referred to as a generating sequence for f. Note, in 
particular, that by Theorem 16.6 every upper function is a measurable function. 
The collection of all upper functions will be denoted by U. Clearly, 

• every step function is an upper function. 

Also, observe that an upper function need not be a positive function. 
Iff is an upper function with a generating sequence{¢,}, and if {1/1,} is another 

sequence of step functions such that ljJ, t fa. e., then it follows from Theorem 17.5 
that lim J ¢, d J.L = lim J ljJ, d J.L holds. Thus, { 1/1,} is also a generating sequence 
for f, and therefore, the following definition is well justified. 
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Definition 21.3. Let f be an upper ftJnction, and let { rPn} be a sequence of 
step functions such that ¢,. t f a.e. holds. Then the Lebesgue integral (or 
simply the integral) off is defined by 

l fdp. =lim lrjJ,.dp.. 
11-+00 

Again, we stress the fact that the value of the Lebesgue integral of an upper 
function is independent of the generating sequence of step functions. Also, it 
should be clear that iff is an upper function and g is another function such that 
g = f a.e., then g is also an upper function and J g dp. = J f dp. holds. 

The rest of this section is devoted to the properties of upper functions. 

Theorem 21.4. For upper functions f and g, the following statements hold: 

1. f + g is an upper function and j(f +g) dp. = J f dp. + J g dp.. 
2. af is an upperfunctionfor each a 2:::. 0 and j(af)dp. =a J f dp.. 
3. f V g and f 1\ g are upper functions. 

Proof. Choose two generating sequences { rPn} and { 1/r,} for f and g, respec
tively. 

(1) Clearly, { ¢, + 1/r,} is a sequence of step functions, and ¢,. + 1/r, t f + g 
a.e. holds. The result now follows by observing that 

(2) Straightforward. 
(3) Note that both { ¢, v 1/r,.} and { ¢, 1\ 1/r,} are sequences of step functions. 

Now,¢,. 1\ 1/rn t f 1\ g a.e. and lim J ¢,. 1\ 1/r,. dp. ,::: lim J ¢,. dp. < oo, show that 
f 1\ g is an upper function. 

To see that f v g is an upper function, observe first that ¢, v 1/r, t f v g a.e. 
holds, and then use the identity 

¢,. v 1/r, = ¢, + 1/r,. - ¢, 1\ 1/r, 

to obtain J ¢, v 1/r,. dp. = J ¢, dp. + J 1/r, dp.- J ¢, 1\ 1/r, dp.. This implies 

1¢, v 1/r, d /J. = 1¢, d /J. t 1 f d /J. + 1 g d /J. - 1 f 1\ g d /J. < 00. 

This finishes the proof of the theorem. • 
The next theorem states that the integral is a monotone function on U. 
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Theorem 21.5. If f and g are upper functions such that f ::: g a.e., then 
J f d t-L ::: J g d t-L holds. In particular, if f E U satisfies f ::: 0 a.e., then 
J fdt-L::: 0. 

Proof. Let { ¢,} and { 1/f,} be generating sequences for f and g, respectively. 
Then¢, 1\ 1/f, t g a.e. holds, and so {¢, 1\ 1/f,} is also a generating sequence for 
g. By Theorem 17.3, we have J ¢, dt-L::: J ¢, 1\ 1/f, dt-L for each n. Therefore, 

f f d 1-L = lim J ¢, d t-L ::: lim J ¢, 1\ 1/f, d t-L = J g d t-L, 
11-+00 11-+00 

and the proof is finished. • 
It should be noted that iff is an upper function such that f ::: 0 a.e., then there 

exists a sequence of step functions { 1/f,} satisfying 1/f, ::: 0 a. e. for each n and 
1/r, t f a.e. To see this, notice that if¢, t f, then ¢-: t f+ = f a.e. holds. 

If we take the "upper functions of U," then we get U again. The detaiis are 
included in the next theorem. 

Theorem 21.6. Let f: X ~ IR be aftmction. If there exists a sequence {J,,} 
of upper ftmctions such that f, t f a.e. and lim J f, dt-L < oo, then f is an 
upper function and J f dt-L = lim J f, d 1-L· 

Proof. For each i choose a sequence { ¢:,} of step functions such that ¢:, t, f; 
a.e. holds. Now, for each n let 1/f, = V;'=1¢:,, and note that each 1/f, is a step 
function such that 1/f, t f a. e. holds. Also, note that 1/f, :::: f, a. e. for each n, and 
consequently, lim J 1/f, d t-L :::: lim J f, d 1-L < oo holds by virtue of Theorem 21.5. 
This shows that f is an upper function. 

Now, since for each fixed i we have ¢:, :::; 1/r, for all 11 ::: i, it follows that 
J f; d t-L = lim,_oc J ¢:, d t-L :::: lim,_oc J 1/f, d t-L holds for all i. Therefore, 

lim J f, dt-L = lim J Vrn dt-L = J f dt-L, 
11-+00 11-+0C 

and the proof is complete. II 

The integral satisfies an important convergence property for decreasing se
quences. It is our familiar order continuity property of the integral. 

Theorem 21.7. If{!,} is a sequence of upper functions such that J,, .!. 0 a.e., 
then lim J J,, dt-L = 0 holds. 

Proof. Let E > 0. For each n choose a step function ¢, such that 0 :::: ¢, :::: f, 
a.e. and j(J,- cp,)dt-L = J f, dt-L- J ¢, 1-L < E2-" (remember that-¢, is an 
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upper function). Let 1/;"11 = /\;'= 1¢; for each n. Then {1/f,.) is a sequence of step 
functions satisfying 0 :::: 1/;",.+ 1 :::: 1/;"11 for each n, and (in view of 1/;"11 :::: fn a.e. and 
f,, .j. 0 a.e.) we see that 1/f, .j. 0 a.e. By Theorem 17.4 we have limf 1/f,. dJL = 0. 
Pick an integer k such that J 1/fn dJL < E for all n ~ k. Now, the almost everywhere 
inequalities 

II II II ll 

o:::: t.. -1/f,. = J,.- 1\ ¢;=Vet..-¢;):::: Vcn- ¢;):::: I)t;- ¢;) 
i=l i=l i=l i=l 

imply 

J t,,dJL- J 1/f,.dJL:::: t fen- ¢;)dJL < E ( ~2-i) =E. 

Thus, 

0 :S f f,, dJL < E + f 1/f11 dJL < 2E 

for alln ~ k, which shows that J f,. dJL .j. 0 holds. • 
Finally, we mention that U is not in general a vector space since it fails to be 

closed under multiplication by negative real numbers. An example of this type is 
presented in Exercise 2 of this section. 

EXERCISES 

1. Let L be the collection of all step functions rfJ such that there exist a finite number 
of sets A J, ..• , A,. in S all of finite measure and real numbers a,, ... , a11 such that 
rfJ = L:f= 1a; XA,. Show that L is a function space. Is L an algebra of functions? 
[HINT: Use Exercise 14 of Section 12.] 

2. Consider the function f: IR ---+ IR defined by f(x) = 0 if x ¢ (0, 1], and f(x) = .../Ti 
if x E ( ,.l1 , ~] for some n. Show that f is an upper function and that - f is not an 
upper function. 
[HINT: A step function is necessarily bounded.] 

3. Compute f fdA. for the upper function f of the preceding exercise. 
4. Verify that every continuous function f: [a, b] ---+ IRis an upper function-with respect 

to the Lebesgue measure on [a, b]. 
5. Let A be a measurable set, and let f be an upper function. If XA ~ f a.e., then show 

that Jl *(A) < oo. 
6. Let f be an upper function, and let A be a measurable set of finite measure such that 

a~ f(x) ~ b holds for each x EA. Then show that 
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a. f XA is an upper function, and 
b. aJ.L*(A}::; j fxA dJ.L::; hJ.L*(A}. 

7. Let (X, S, J.L) be a finite measure space. and let f be a positive measurable function. 
Show that f is an upper function if and only if there exists a real number M such that 
J 1/J d J.L ::; M holds for every step function 1/J with 1/J ::; f a.e. Also, show that if this is 
the case, then 

J f dJ.L =sup { J 1/J dJ.L: 1/J is a step function with 1/J::: f a.e.}. 

8. Show that every monotone function f : [a. b] --+ lR is an upper function-with respect 
to the Lebesgue measure on [a, b]. 

22. INTEGRABLE FUNCTIONS 

It was observed before that the collection U of all upper functions is not a vector 
space. However, if we consider the collection of all function:. that cau be written as 
an almost everywhere difference of two upper functions, then this set is a function 
space. The members of this collection are the Lebesgue integrable functions. The 
details will be explained in the following. 

Definition 22.1. A function f : X ~ IR is called Lebesgue integrable (or 
simply integrable) if there exist two upperfunctions u and v such that f = u- v 
a.e. holds. The Lebesgue integral (or simply the integral) off is defined by 

It should be noted that the value of the integral is independent of the representa
tion off as a difference of two upper functions. Indeed, iff = u- v = Ut - Vt 

a.e. with u, Ut. v, and v1 all upper functions, then u +v1 = u1 +v a.e. holds, and 
by Theorem 21.4(1) we have J u d J1. + J v1 d J1. = J u 1 d J1. + J v d IJ.. Therefore, 
fudJ1.- JvdJ1. = fut dJ1.- fvt d!J.. 

An integrable function is necessarily measurable, and every upper function is 
Lebesgue integrable. Also, it is readily seen that if a function f is Lebesgue 
integrable and g is another function such that f = g a. e., then g is also Lebesgue 
integrable and J R d 1J. = J f d 1J. holds. 

Historical Note: The above introduction of the Lebesgue integral is a modification of 
a method due toP. J. Daniell [5]. Daniell'~2 general approach to integration starts with a 
function space Lon some nonempty set X, together with an "integral" I on L. The function 
I : L --+ lR is said to be an integral if 

2P. J. Daniell (1889-1946), a British mathematician. He worked in functional analysis and the 
theory of integration. 
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I. /(ac/1 +IN)= al(c/1) + {31(1/1) for all fX, f3 E IR and c/1, 1/1 E L, 
2. /(r/J);::: 0 whenever c/1;::: 0, and 
3. whenever {c/111 } ~ L satisfies rjJ,(x) .j, 0 for each x E X, then /(c/111 ) .j, 0. 

A function 11: X __,. IRis called an upper function if there exists a sequence {r/J,} ~ L with 
rjJ,(x) t 11(x) for all x EX and lim /(c/111 ) < oo. As in the proof of Theorem 17.5, we can 
show that lim /(r/J,) is independent of the "generating" sequence {c/111 }. The real number 
I (u) = lim I (r/J,) is the integral of 11. Finally, f: X __,. IR is said to be integrable if there 
exist two upper functions 11 and v with f = 11 - v. The integral off is then defined by 
/(f)= /(11)- /(v). 

Here our approach to the Lebesgue integral can be considered as a "measure theoretical 

Daniell method." 

The set of integrable functions has all the expected nice properties. 

Theorem 22.2. The collection of all Lebesgue integrable functions is a func
tion space. 

Proof. Let f and g be two integrable functions with representations f = u - v 
a.e. and g = u 1 - v1 a.e. Then the almost everywhere identities 

f+g = (u+u,)-(v+vd. 

af = au- av if a ::: 0, 

af = [(-a)v]- [(-a)u] if a< 0, and 

f+ = (u - v)+ = u v v - v 

express the above functions as differences of two upper functions. This shows that 
the collection of all integrable functions is a function space. • 

Thus, iff is integrable, then I fl is also an integrable function. In particular, it 
follows from the last theorem that a function f is Lebesgue integrable if and only 
if f+ and f- are both integrable. 

The next result describes the linearity property of the integral. Its easy proof 
follows directly from Definition 22.1 and is left as an exercise for the reader. 

Theorem 22.3. Iff and g are two integrable functions, then 

1 (af + (3g)dJ1. =a 1 f dJ.L + (3 1 g dJi. 

holds for all a. (3 E IR. 

Every positive integrable function is necessarily an upper function. 
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Theorem 22.4. If an integrable function f satisfies f ~ 0 a.e .. then f is an 
upper function. 

Proof. Choose two upper functions u and v such that f = u - v a.e. holds. 
Since each u and v is the almost everywhere limit of a sequence of step functions, 
there exists a sequence { 1/1,} of step functions such that 1/1 n ~ f a. e. Since f ~ 0 
a.e., it follows that 1/1: ~ f a.e. also holds. 

By Theorem 17.7, there exists a sequence {s,} of simple functions satisfying 
0 .:::; s, t f a.e. Now, for each n let ¢n = Sn 1\ <V~=l 1/1/). Then {¢,} is a 
sequence of step functions such that 0 .:::; ¢, t f a.e. holds. To complete the 
proof, we show that {j ¢, d fJ.} is bounded. Indeed, from ¢n + v .:::; f + v .:::; u 
a. e. and Theorem 21.5, it follows that J ¢n d fJ. + J v d fJ. .:::; J u d f.J., and therefore, 
J ¢, d fJ. .:::; J u d fJ. - J v d fJ. < oo holds for all n. The proof of the theorem is 
now complete. • 

Iff is an integrable function, then by Theorem 22.4, f+ and .r- are both upper 
functions, and so, f = f+ - f- is a decomposition of f as a difference of two 
positive upper functions. In particular, 

(This formula is usually the one used by many authors to define the Lebesgue 
integral.) 

As an application of the preceding theorem, we also have the following useful 
result. 

Theorem 22.5. Iff is an integrable function, then for evel)' E > 0 the mea
surable set {x EX: lf(x)l ~ E} has finite measure. 

Proof. FixE > 0, let A = {x E X: lf(x)l ~ E}, and note that EXA .:::; lfl 
holds. Now, ~lfl is an integrable function, in fact, by Theorem 22.4 an upper 

function. Let { ¢,} be a sequence of step functions such that ¢, t ~If I a. e. Then 
{ ¢n 1\ XA} is a sequence of step functions such that ¢n 1\ XA t XA a.e. holds. Thus, 
by Theorem 17.6, 

f.J.*(A) = lim f¢n 1\ XA df.J. .:S lim f¢n df.J. = ~ jlfl d11 < 00, 
11-+00 n:-"''Xl E 

and the proof is finished. • 
Measurable functions "sandwiched" between integrable functions are integrable. 
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Theorem 22.6. Let f be a measurable function. If there exist two integrable 
functions h and g such that h :::: f :::: g a.e., then f is also an integrable 
function. 

Proof. Writing the given inequality in the form 0 :::: f - h :::: g - h a.e., we 
see that we can assume without loss of generality that 0 :::: f :::: g a.e. holds. 

By Theorem 22.4, g is an upper function. Pick a sequence {¢n} of step functions 
such that 0 :::: ¢, t g a. e. By Theorem 17.7 there exists a sequence { 1/f,} of simple 
functions such that 0 :::: 1/f, t f a.e. holds. But then {¢, 1\ 1/f,} is a sequence of 
step functions such that ¢, A 1/f, t f a.e., and J ¢k 1\ 1/fk df.J. :::: lim J ¢, dJ.J. = 
J g df.J. < oo for all k. Hence, f E U, and so, f is an integrable function. • 

More properties of the integral are included in the next theorem: 

Theorem 22.7. For integrable functions f and g we have the following: 

l. J 1/1 df.J. = 0 if and only iff= 0 a.e. 
2. If J:;::g a.e.,then J fdJ.J.:;::JgdJ.J.. 
3. If J dJ.J.I ::::JIll dJ.J.. 

Proof. (l) Clearly, iff = 0 a. e., then J If I d J.l. = 0 holds. On the other hand, 
assume thatf 1/1 dJ.J. = 0. Since, by Theorem 22.4, 1/1 is an upper function, there 
exists a sequence{¢,} of step functions such that 0 :::: ¢, t 1/1 a.e. holds. By 
Theorem 21.5, it follows that J ¢n dJ.J. = 0 for each n, and so, ¢, = 0 a.e. for 
each n. Thus, 1/1 = 0 a.e., and so f = 0 a.e. 

(2) Since f-g :::: 0 a.e., it follows from Theorem 22.4 that f-g is an upper func
tion. But then, Theorem 21.5 implies that J f dJ.J.- J g df.J. = j(J- g)dJ.J.:::: 0, 
so that J f dJ.J. :::: J g df.J. holds. 

(3) The conclusion follows from (2) and the inequality -Ill :::: f :::: I fl. • 

The reader has probably noticed that the functions we have considered so far 
are real-valued. It is a custom, however, to allow a function to assume infinite 
values, provided that the set of all points where the function equals -oo or oo 
is a null set. The reason for this is that neither the integrability character nor the 
value of the integral of a function changes by altering its values on a null set. 
Moreover, assigning any value to the sum of two functions at the points where the 
form oo - oo occurs does not affect the integrability and the value of the integral 
of the sum function (as long as the set of points of all such encounters has measure 
zero). 

If one does not want to deal with functions assuming infinite values (up, of 
course to null sets), then one may change the infinite values to finite ones (for 
instance, change all the infinite values to zero) without loosing anything regarding 
integrability. When an extended real-valued function f is said to define an inte
grable function, it will be meant that f assumes the infinite values (or it is even 
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undefined) on a null set, and that if finite values are assigned to these points, then 
f becomes an integrable function. To summarize the preceding: 

• Functions that are almost everywhere equal have the same integrability 
properties and can be considered as identical. 

We continue with a theorem of B. Levi3 describing a basic monotone property 
of the integral. 

Theorem 22.8 (Levi). Assume that a sequence {fn! of integrable functions 
satisfies J,, ~ J,,+l a.e. for each nand lim J J,, df..L < oo. Then there exists an 
integrable function f such that J,, t f a.e. (and hence, J fn d /J. t J f d f..L 
holds). 

Proof. Replacing {J,,) by {J,,- f 1 } if necessary, we can assume without Joss 
of generality that J~, ::::. 0 a. e. hoids for each n. Alsu, an easy argument shows that 
we can assume that 0 ~ J,,(x) t holds for all x EX. Let I= limf fn df..L < oo. 

For each x E X Jet g(x) =lim .fn(X) E IR*, and consider the set 

E = {x EX: g(x) = oo). 

Clearly, E = n~dU~tfx E X: J,,(x) > i)] holds, and so Eisa measurable 
set. Next, we shall show that f..L*(E) = 0. 

By Theorem 22.4, each J,, is an upper function. Thus, for each i there exists a 
sequence 1¢!,1 of step functions such that 0 ~ ¢!, tn f; a.e. holds. For each n let 
1/111 = V~'= I ¢!,, and note that { 1/111 ) is a sequence of Step functions SUCh that 1/111 t g 
a.e. and lim J V'" d 1J. = lim J .f, d f..L = I. In particular, for each k the sequence 
of step functions { 1/1, 1\ k XE) satisfies 1/111 A k XE t k XE a.e. From Theorem 17 .6, 
it follows that !J.*(E) < oo and k!J.*(E) ~ lim J 1/ln df..L = I < oo for each k. 
Hence, f..L *(E) = 0. 

Now, define f: X-+ IR by f(x) = g(x) if x ¢. E and f(x) = 0 ifx E E. Then 
J,, t f a.e. holds. and the result follows from Theorem 21.6. II 

The series analogue of the preceding theorem is presented next. 

Theorem 22.9. Let (f,,} be a sequence of non-negative integrable functions 

3Beppo Levi (1875-1961), an Italian mathematician. His main contributions were in algebraic 
topology, mathematical logic, and analysis. 
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such that L.~J f,, diJ. < oo. Then I:~= If,, defines an integrable function 
and 

Proof. For each n let g, = L.:'= 1 /;, and note that each g, is an integrable 
function such that g, t L.: 1 fi a. e. holds. Now, by Levi's theorem, 'L':: 1 f,, 
defines an integrable function, and 

holds. • 
The next result is known in the theory of integration as Fatou's4 lemma. 

Theorem 22.10 (Fatou 's Lemma). Let { j;,} be a sequence of integrable func
tions such that];, =::: 0 a.e. for each nand lim inf J f, diJ. < oo. Then lim inf f,, 
defines an integrable function, and 

/lim inf f,, diJ.:::: lim inf J f,, diJ.. 

Proof. Without loss of generality, we can suppose that f,,(x) =::: 0 holds for 
all x E X and alln. 

Given n, define g, (x) = inf{ f,· (x) : i =::: n} for each x E X. Then each g, is a 
measurable function. and 0 :::: g, :::: f,, holds for alln. Thus, by Theorem 22.6, 
each g, is an integrable function. Now, observe that g, t and lim J g, diJ. :::: 
lim inf J J,, d iJ. < oo holds. Thus, by Theorem 22.8, there exists an integrable 
function g such that g, t g a.e. holds. It follows that g = lim inf f, a.e., and 
therefore, lim inf f,, defines an integrable function. Moreover, 

J lim inf f, d11 = J g diJ. = }~llJo J g, diJ. :::: lim inf J f,, diJ., 

and the proof is finished. • 
We are now in the position to state and prove the Lebesgue dominated conver

gence theorem-the cornerstone of the theory of integration. 

4 Pierre Joseph Louis Fatou (1878-1929), a French mathematician. Besides his work in analysis. 
he also studied the motion of planets in astronomy. 
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Theorem 22.11 (The Lebesgue Dominated Convergence Theorem). Let 
{/11 } be a sequence of integrable functions satisfying Ifni .::: g a.e. for all 
n and some fixed illfegrable function g. If f,, --+ f a.e., then f defines an 
integrable function and 

lim If,, dJL =I lim f,, dJ.L =It dJ.L. 
11--..oo 11-+oo 

Proof. Clearly, 1/1 .::: g a.e. holds, and the integrability off follows from 
Theorem 22.6. Observe next that the sequence {g - fn} satisfies the hypotheses 
of Fatou 's lemma and moreover, lim inf(g - f,,) = g - f a. e. Thus, 

I g dJ.L- If dJ.L = l(g- f)dJ.L = I lim inf(g - f 11 )dJ.L 

.::: lim inf l<g - / 11 ) dJ.L = I g dJ.L ~lim sup If, dJ.L, 

and hence, 

Similarly, Fatou's lemma applied to the sequence {g + f,,} yields 

1 g d J.L + 11 d J.L = l<g + n d J.L = 1 lim inf(g + f,,) d J.L 

,::: lim inf l(g + f,,) dJ.L =I g d J.L +lim inf I fn dJ.L, 

and so, 

Therefore, lim J /11 d J.L exists in IR, and lim J fn d J.L = J f d J.L holds. • 

The next theorem characterizes the Lebesgue integrable functions in terms of 
some given property. It is usually employed to prove that all Lebesgue integrable 
functions possess a given property. 

Theorem 22.12. Let (X, S, J.L) be a measure space and let (P) be a property 
wlziclz may or may not be possessed by an integrable function. Assume that: 
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I. Iff and g are integrable functions with property (P), then f + g and ot.f 
for each ot. E JR. also have property (P). 

2. If f is an integrable function such that for each E > 0 there exists an 
integrable function g with property (P) satisfying J If- gl df.L < E, then 
f has property (P). 

3. For each A E S with J.L(A) < oo, the characteristic function XA has 
property (P). 

Then every integrable function has property (P). 

Proof. Assume first that A is a a-set with f.L ~(A) < oo. So, there exists a 
disjoint sequence {A,.} of S such that A = u: 1 A,.. Put B,. = U~= 1 Ak for each 
nand note that B,. t A. From XB, = L:~=l XA., (3) and (1), we see that XB, has 
property (P) foreachn. Since J IXA- xs .. ldf.L = f..L*(A)-J.L(B,.)--? 0, it follows 
from (2) that XA likewise has property (P). 

Next, assume that A is an arbitrary measurable set of finite measure and let 
E > 0. Then there exists a a-set B of finite measure such that A ~ B and 
f.L*(B) < f.L *(A)+ E. This implies J IXA - XB I df.L = f.L *(B) - f.L *(A) < E. From 
the above discussion and (2), we infer that XA satisfies property (P). 

Now, from (I) we see that every step function satisfies property (P). But 
then, it follows from (2) that every upper function satisfies property (P). Since 
every integrable function is the difference of two upper functions, invoking (1) 
once more, we infer that indeed every integrable function satisfies property 
(P). • 

It is easy to see that for every subset E of X, the collection SE = { E nA : A E S} 
of subsets of E (called the restriction of the semiring S to E) is a semiring of subsets 
of E. If, in addition, E is a measurable subset of X, then f.L * restricted to SE is also 
a measure. That is, (E, SE, f.L *) is a measure space for every measurable subset 
E of X. Also, a straightforward verification shows that the measurable subsets of 
(E. SE, f.L *) are precisely the subsets of E that are measurable subsets of X; see 
Exercise 7 of Section 15. 

If E is a measurable subset of X, then a function f : E --+ JR. is said to be 
integrable over E iff is integrable with respect to the measure space (E, SE, f.L *). 
Of course, the domain of f can be extended to all of X by assigning the values 
f (x) = 0 if x ¢. E. Then f so defined is an integrable function over X, and in this 
case fx f df.L = JE f df.L holds. A function f: X --+ JR. is said to be integrable 
over a measurable subset E of X if the function f XE is integrable over X, or 
equivalently, if f restricted to E is integrable with respect to the measure space 
(E, S£, f..L .. ). In this case, we shall write J fXE df.L = JE f df.L. 

The simple proof of the next result is left as an exercise for the reader. 
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Theorem 22.13. Every integrable function f is integrable O\'er every mea
surable subset of X. Moreover, 

r td~J-+ r td!J-= r Jd!J-
1£ }£. lx 

holds for every measurable subset E of X. 

The rest of this section deals with an observation concerning infinite Lebesgue 
integrals. If¢ = L;'=1a;XA, is the standard representation of a positive simple 
function¢, then the sum L7=1 a; 1J-*(A;) makes sense as an extended non-negative 
real number. IfL;'=1a;!J-*(A;) = oo, then it is a custom to write J ¢ d!J- = oo and 
say that the Lebesgue integral of¢ is infinite. 

Assume now that f : X --+ IR~ is a function where there exists a sequence 
{ ¢ 11 } of positive simple functions such that ¢ 11 t f a. e. holds. Then lim J ¢n d /). 
exists as an exrended reai numbc::r, and it can be seen easily that lim J ¢n d;;. is 
independent from the chosen sequence ( ¢n}. In the case that lim J ¢n d 1J- = oo, 
we write J f d 1J- = oo and say that the Lebesgue integral of f is infinite-but 
we do not call the function integrable! See also Exercise 16 of Section 17. In 
this sense every positive measurable function f has a Lebesgue integral (finite or 
infinite) simply because, by Theorem 17.7, there exists a sequence (¢11 } of positive 
simple function such that ¢ 11 t f a.e. holds. 

Moreover, if f : X --+ IR * defines a measurable function, then we can write 
f = j+ - f- and (by the above) both integrals J j+ d IJ- and J f- d IJ- exist as 
(non-negative) extended real numbers. If one of them is a real number, then the 
integral off is defined to be the extended real number 

In this manner, we can assign an "integral" to a much larger class of measurable 
extended real-valued functions. 

One advantage of the above extension of the integral is that a number of theorems 
can be phrased without Lebesgue integrability assumptions on the functions. For 
instance, Fatou's lemma can be stated as follows: 

• If {f11 } is a sequence of measurable functions satisfying fn 2:: 0 a.e. for 
each n, then 

J lim inf fn d 11 _::: lim inf J fn d!J-

holds-where, of course, one or both sides of the inequality may be infinite. 
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EXERCISES 

1. Show by a counterexample that the integrable functions do not form an algebra. 
2. Let X be a nonempty set, and let 8 be the Dirac measure on X with respect to the 

point a (see Example 13.4). Show that every function f: X -+ IRis integrable and 
that J f do = f(a). 

3. Let J-L be the counting measure on lN (see Example 13.3). Show that a function 
f: lN -+ IR is integrable if and only if L:~ 1 lf(n)l < oo. Also, show that in this 

case J f dJ-L = L~l /(n). 
4. Show that a measurable function f is integrable if and only if lfl•s integrable. Give 

an example of a nonintegrable function whose absolute value is integrable. 
5. Let f be an mtegrable function, and let {E11 ) be a sequence of d1sjoint measurable 

subsets of X. If E = U~ 1 E11 , then show that 

r t dJ-L = f: r t dJ-L. 
}E 11 =11£., 

6. Let f be an integrable function. Show that for each E > 0 there exists some 8 > 0 (de
pending on E) such that If£ f dJ-LI < E holds for all measurable sets with J-L*(E) < 8. 
[HINT: Note that 1/1 An t I ill 

7. Show that for every integrable function f the set {x EX: f(x) i= 0) can be written as 
a countable union of measurable sets of finite measure-referred to as a a-finite set. 

8. Let f : IR -+ IR be integrable with respect to the Lebesgue measure. Show that the 
function g : [0, oo) -+ IR defined by 

g(t} =sup { j lf(x + y)- /(x) I dA.(x): IYI ::0 t} 

for t ;::: 0 is continuous at t = 0. 
[HINT: Use Theorem 22.12.) 

9. Let g be an integrable function and let { j;,) be a sequence of integrable functions such 
that I / 11 1 ::; g a.e. holds for all 11. Show that if / 11 ~ f, then f is an integrable 
function and lim J If,, - fl dJ-L = 0 holds. 
[HINT: Combine Theorem 19.4 with the Lebesgue dominated convergence theorem.] 

10. Establish the following generalization of Theorem 22.9: If {/11 ) is a sequence of inte
grable functions such that L:~ 1 J If,, I d J-L < oo, then L:~ 1 / 11 defines an integrable 
function and 

[HINT: By Theorem 22.9, the series g = L:~ 1 l/11 1 defines an integrable func

tion and II:~= I / 11 1 ::; g a.e. holds for each k. Now, use the Lebesgue dominated 
convergence theorem.] 

11. Let f be a positive (a.e.) measurable function, and let 

e; = J-L*({x EX :zi-l < f(x)::: 2;)) 

for each integer i. Show that f is integrable if and only if L~-ooi e; < oo. 
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12. Let !fn} be a sequence of integrable functions such that 0 ~ fn+ 1 ~ fn a.e. holds 
for each n. Then show that fn ,!. 0 a. e. holds if and only if f / 11 d 1.1. ,!. 0. 

13. Let f be an integrable function such that f(x) > 0 holds for almost all x. If A is a 
measurable set such that fA f d1.1. = 0, then show that /.I.*(A} = 0. 

14. Let {X, S, /.1.) be a finite measure space and let f: X -+ IR be an integrable function 
satisfying f(x) > 0 for almost all x. IfO < E ~ /.I.*(X), then show that 

inf{£td~J.:EEA11 and 1./.*(E};:::s} >0. 

15. Let f be a positive integrable function. Define v: A -+ [0, oo) by v(A) =fA! d1.1. 
for each A E A. Show that: 

a. (X, A, v) is a measure space. 
b. If Av denotes the a-algebra of all v-measurable subsets of X, then A f; Av. Give 

an example for which A i= A,,. 
c. If /.l.*({x E X: f(x) = 0}) = 0, then A =A,,. 
d. If g is an integrable function with respect to the measure space (X, A. v), then fg 

is integrable with respect to the measure space (X, S, 1.1.) and 

16. (A Change of Variable Formula) Let I be an interval of IR, and let f : I -+ IR be an in
tegrable function with respect to the Lebesgue measure. For a pair of real numbers a 
and b with a i= 0, let J = {(x- b)/a: x E /}. Show that the function g: J -+ IR de
fined by g(x) = f(ax+b)forx E J is integrable and that f 1J d)..= lalf1 gd'A holds. 
[HINT: Use Theorem 22.12.] 

17. Let (X, S, /.1.) be a finite measure space. For every pair of measurable functions f and 
g let 

d(f ) - f If- gl d 
,g- i+lf-gl 1.1.· 

a. Show that (M, d) is a metric space. 
b. Show that a sequence !fn} of measurable functions (i.e., !fn} f; M) satisfies 

f,~ f if and only if limd<fn. f)= 0. 
c. Show that (M, d) is a complete metric space. That is, show that if a sequence 

!fn} of measurable functions satisfies d(/11 , fm) -+ 0 as n, m -+ oo, then there 
exists a measurable function f such that lim d(/11 , f) = 0. 

18. Let f : IR -+ IR be a Lebesgue integrable function. For each finite interval I let 
!r = J..il) fr f d'A and Er = {x E I: f(x) > fr }. Show that 

11 f - !rl d 'A = 2 f (f - !r) d 'A. 
I }E, 

19. Let f: [0, oo)-+ IR be a Lebesgue integrable function such that f~f(x)d'A(x) = 0 
for each t ;::: 0. Show that f(x) = 0 holds for almost all x. 
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20. Let (X, S, JL) be a measure space and ler f, fl, h .... be non-negative integrable 
functions satisfying / 11 --+ f a.e. and lim J J,, dJL = J f dJL. If E is a measurable 
set, then show that 

lim r flldj.L= r fdJL. 
ll-+oo}E }E 

21. If a Lebesgue integrable function f: [0, I] --+ IR satisfies J0
1 x 2" f(x) dA.(x) = 0 for 

each n = 0. I, 2 .... , then show that f = 0 a.e. 
[HINT: Since the algebra generated by {1, x 21 is uniformly dense in C[O, 1], we have 

Jd g(x)f(x) dx = 0 for each g E C[O, 1].] 
22. For each II consider the panition {0, 2-11 • 2 ° 2-11 • 3 ° 2-11 • 0 0 0. (211 - 1) 0 2-11 • I I of 

the interval [0, I] and define the function r11 : [0, I] --+ IR by r11 (I) = -1, and 

r 11 (x) = (-1)~-l for (k- 1)2-11 ~ x < k2- 11 and each k =I, 2, ... , 211 • 

a. Draw the graphs of 1"1 and r2. 
b. Show that iff: [0, I] --+ IRis a Lebesgue integrable function, then 

lim f',.ll(x)f(x)dA.(x) = 0. 
11-+oo lo 

[HINT: For (b) use Theorem 22.12.] 
23. Let { E11 I be a sequence of real numbers such that 0 < E11 < I for each n. Also, let us 

say that a sequence {A 11 I of Lebesgue measurable subsets of [0, I] is consistent with 
the sequence {E11 I if A.(A 11 ) = E11 for each n. Establish the following propenies of {E11 1: 

a. The sequence { E 11 I converges to zero if and on! y if there exists a consistent sequence 
{A 11 I of measurable subsets of[O, I] such that L~l XA,. (x) < oo for almost all x. 

b. The series L~ 1 E11 converges in IR if and only if for each consistent sequence 
{ A11 I of measurable subsets of [0, I] we have L~ 1 XA,. (x) < oo for almost all x. 

24. Let (X, S. JJ.) be a finite measure space and let f: X --+ IR be a measurable function. 

a. Show that if f" is integrable for each n and lim J f" d JL exists in IR, then 
1/(.r)l ~ I holds for almost all x. 

b. If f" is integrable for each n, then show that J f" dJL = c (a constant) for 
n = I, 2, ... if and only if f = XA for some measurable subset A of X. 

23. THE RIEMANN INTEGRAL AS A LEBESGUE INTEGRAL 

It will be shown in this section that the Lebesgue integral is a generalization of the 
Riemann5 integral. We start by reviewing the definition of the Riemann integral. 

5Georg Fnedrich Bernhard Riemann ( 1826-1866), a German mathematician, one of the greatest 
mathematicians of all time. Although his life was short, his contribuiions left the impact of a real 
genius. He made path-breaking contributions to the theory of complex functions. space geometry, and 
mathematical physics. 
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For simplicity, the details will be given for functions of one variable, and at the 
end it will be indicated how to carry out the same results for functions of several 
variables. Unless otherwise specified, throughout our discussion, f will be a fixed 
bounded real-valued function on a closed interval [a, b] of IR. 

A collection of points P = {xo, x1, ... , x,.} is called a partition of [a, b] if 

a = xo < x1 < · · · < x,. = b 

holds. Every partition P = [xo, x1, ... , x,.} divides [a, b] into then closed subin
tervals 

The length of the largest of these subintervals is called the mesh of P and is 
denoted by IP 1: that is, IPI = max{x;- X;-1 : i = I, ... , n}. A partition Pis said 
to be finer than another partition Q if Q f:; P holds. If P and Q are partitions, 
then P U Q is also a partition that is finer than both P and Q. 

For a partition P = [xo. x1, ... , x,.} of [a, b], let 

m; = inf(f(x): x E [x;_ 1, X;]} and M; = sup(f{x): x E [x;_1, x;]} 

for each i = I, ... , n. Then the lower sum S.(f, P) off corresponding to the 
partition P is defined by 

n 

S*(f, P) = L:m;(x;- X;-(), 

i=l 

and similarly, the upper sum S*(f, P) off by 

II 

S*(f, P) = L M;(X;- X;-(). 

i=l 

Clearly, S*(f, P).:::: S*(f, P) holds for every partition P of [a, b]. 

Lemma 23.1. If a partition P is finer than another partition Q (i.e., Q f:; P), 
then 

S.(J, Q).:::: S*(f, P) and S*(f, P).:::: S*(f, Q). 

Proof. We show that S*(f, Q) .:::: S*(f, P) holds. The other inequality can be 
proven in a similar manner. 
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To establish the inequality, it is enough to assume that P has only one more point 
than Q, say t. So, let Q = (xo. x 1, ••• , x,.) and P = Q U (t}. Then there exists 
some k (1-:;; k-:;; n) such that x~-l < t < x~. and thus, P = (xo. x 1, ••• , x~_ 1 , t, 
x~ • ... ,x,.}. Let c1 = inf(f(x):x E [x~_ 1 ,tl} and c:2 = inf(f(x):x E [t,xk]}. 
Observe that both m~-:;; c, and mk-:;; c2 hold. Therefore, 

II 

S.(f, Q) = .L:m;(X;- X;-!)= .L:m;(X;- X;-!)+ m~(X~- X~-l) 
i=l i# 

-:5: L m;(x; -Xi-!)+ c:, (t - X~-l) + c2(x~ - t) 
i?"-

= s~u. P) 

holds, and the proof is finished. 

Lemma 23.2. For every pair ofpartitions P and Q, we have 

S,(f, P) :::; S*(f, Q). 

Proof. From Lemma 23.1, it follows that 

s.u. P) -::: s~ct. P u Q) -::: s·u. P u Q) -::: s·u. Q). 

as claimed. 

• 

• 
The preceding lemma states that every upper sum is an upper bound for the 

collection of all lower sums off, and similarly, every lower sum is a lower bound 
for the collection of all upper sums. 

Thus, if the lower Riemann integral off is defined by 

I.(f) = sup{S~(f. P): P is a partition of [a, b]J. 

and the upper Riemann integral off by 

/*(f)= inf(S~(f, P): P is a partition of [a, b]J, 
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then 

S.(f. P) :S I.(f) :S I*(f) :S S*(f, Q) 

holds for every pair of partitions P and Q of [a, b]. 

Definition 23.3. A bounded function f: [a, b] --+ IRis called Riemann inte
grable if I.(f) = I*(f). In this case, the common value is called the Riemann 

integral off and is denoted by the classical symbol J: f(x) dx. 

Historical Note: Riemann's definition of the integral is a generalization of Eudoxus' 
method of exhaustion as was used by Archimedes6 in his computation of the area of a circle. 
Interestingly, the value of the limit of the areas of the inscribed (or circumscribed) polygons 
that were employed by Archimedes to compute the area of the circle, was also called by 
him the integral (To mh). It should be historically correct to call the Riemann integral the 
Eudoxus-Archimedes integral or the Eudoxus-Archimedes-Riemann integral (or even the 
Archimedes-Riemann integral). 

A characterization for the Riemann integrability of a function, known as Rie
mann's criterion, is presented next. 

Theorem 23.4 (Riemann's Criterion). A bounded function f: [a, b]--+ IR 
is Riemann integrable if and only if for every E > 0 there exists a partition P of 
[a, b] such that S*(f, P)- S.(f. P) < E holds. 

Proof. Assume that f is Riemann integrable and let E > 0. Then let 

I= J: f(x)dx. Then there exist two partitions P 1 and P2 of [a,b] such that 
I- S.(f, P1) < E and S*(f, P2)- I <E. Then (by Lemma 23.1), the partition 
P = P1 U P2 satisfies 

S*(f, P)- S.(f. P) :S S~(f. P2)- S.(f. P1) 

= [S*(f, P2) - I] + [I - s.u. PI)] 

6Archimedes of Syracuse (287-212 BC), a Greek mathematician and inventor. He was the most 
celebrated mathematician of antiquity and perhaps the best mathematician of all times. He used 
Eudoxus' method of exhaustion to compute areas and volumes very successfully. In his classic work, 
The Measurement oft he Circle, he established that a circle has the same area as a right triangle having 
one leg equal to the radius of the circle and the other equal to the circumference of the circle, and that 
the volume of a sphere is four times the volume of a right cone with radius and height equal to the 
radius of the sphere. 
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Conversely, if the condition is satisfied, then since 

0 _::::!*(f) -I.(f) _:::: S*(f, P)- S.(f. P) 

holds for every partition P of [a, b ], we have 0 _:::: I *(f)-/ .(f) < E for all E > 0. 
Hence, /*(/)- I.(f) = 0, or I.(f) = /*(f), which shows that f is Riemann 
integrable. • 

Now, let P = {x0, x 1, ••• , x,} be a partition of [a, b ]. A collection of points 
T = {t1, ••• , t,} is said to be a selection of points for P if x;_ 1 _:::: t; _:::: x; holds 
fori= I, ... , n. We write 

II 

Rt(P, T) = Lf(t;)(x; -x;_,), 
i=l 

and call it (as usual) a Riemann sum associated with the partition P. 
The following theorem of J.-C. Darboux 7 presents some powerful approximation 

formulas for the Riemann integral. The theorem can be viewed as an abstract 
formulation of Eudoxus' exhaustion method. 

Theorem 23.5 (Darboux). Let f: [a, b] ~ JR. be Riemann integrable, and 
let {P,.J be a sequence of partitions of[a, b] such that lim IP,.I = 0. Then 

lim S.(f. P11) = lim S*(f, P,.) = {h f(x)dx. 
,__,..oo n-+oo } 0 

In particular, if a sequence of partitions { P11 } satisfies lim I P11 i = 0 and T11 

is a selection of points for P11 , then 

lim R tCPII, T11) = {h f(x) dx. 
n--'~>00 Ja 

Proof. Choose a constant c > 0 such that if(x)i < c holds for all x E [a, b]. 
Let E > 0. By Theorem 23.4, there exists a partition P = {x0, x 1, ••• , Xm} of 
[a, b] such that s~u. P)- S.(f, P) <E. Choose n0 such that 

E 
IPnl<-2 and IP~~I<min{x,-xo,X2-Xl, ... ,xm-Xm-l} 

em 

7Jean-Gastin Darboux (1842-1917), a French mathematician. He was a geometer who used his 
geometric intuition to solve various problems in analysis and differential equations. 
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for all n 2: no. Fix n 2: no, and let P, = {r0 • r1, ••• , t~ ). Put 

MJ = sup(f(x):x E [Xj-J,Xj]) 

M; = sup{f(x): x E [t;-I, t;]} 

for j = I, 2, .... m, 

for i = 1, ... , k. 

The definitions of mf and m; are analogous (replace the sups by infs). Then 

0 :::; 1b f(x) dx- S.(f, P,) :::; S*(f, P,)- S.(f, P,.) 

~ 

= L(M;- m;)(t;- ti-l)= V + W, 
i=l 

where V is the sum of the tenns (M; - m; )(t;- t; _1) for which [t; _1, t;] lies entirely 
in some subinterval of the partition P, and W is the sum of the remaining tenns. 
The sums V and W are estimated separately. 

We estimate V first. Note that V = :E 1 +···+:Em, where each :E i is the sum 
of the tenns (M; - m; )(t; - t;_J) for which [l;-I, t;] ~ [Xj-I· Xj] holds. But if 
[t;-J. t;] ~ [Xj-J. Xj], then M; - m; :::; M; - mi holds. Also, the sum of the 
lengths of those subintervals of the partition P, that lie inside [xj _ 1, x j] never 
exceeds Xj- Xj-I· Thus, :Ej :::; (Mj- mf)(xj- Xj-I) holds, and hence 

Ill 

V:::; L (MJ- m))(xj- Xj_J) = S*(f, P)- S.(f. P) <E. 
j=l 

Now, we estimate W. Let (M;- m;)(t;- t;_ 1) be a tenn of the sum W. Since 
!P,I < min{xj- Xj-I: j = l, ... , m}, there exists exactly one j with l :::; j:::; n 

such that Xj-I < t;_ 1 < Xj < t; < Xj+I· Thus, the sum W has at most m tenns, 
and since 

E E 
(M;- m;)(t;- t;_ 1):::; 2c!P,I < 2c · -- =-

2cm m 

it follows that W < m(E/m) =E. Thus, 

for all n 2: no. That is, lim S*(/, P,) = J: f(x) dx. 

Similarly, 0 :::; S*{f, P,)- J: f(x)dx :::; V + W < 2E holds for all n 2: no, 

and so, lim S* (f, P,) = J: f (x) dx. The last part follows immediately from the 
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inequalities 

S*(f, P,) :S: Rt(P,, T,):::: S*(f, P,). 

The proof of the theorem is now complete. • 
We are now ready to establish that the Lebesgue integral is a generalization of 

the Riemann integral. Here, "f is Lebesgue integrable" means that f is integrable 
with respect to the Lebesgue measure. 

Theorem 23.6. Every Riemann integrable function f: [a. b] ~ JR. is Lebesgue 
imegrable, and in this case the two integrals coincide. That is, 

J fdA.= ih f(:r:)dx. 

Proof. For each n let P, = [x0 , x~o ... , x2 .. } be the partition that divides [a, b] 
into 2" subintervals all of the same length (b-a)2-"; that is, x; =a +i(b -a)2-". 
Let 

2" 

¢,. = Lm;X[r1_ 1,.r1) and 
i=l 

2" 

1{!,. = L M;Xl<r-I.Xi)• 
i=l 

where m; = inf[f(x):x E [X;-I,x;]} and M; = sup[f(x):x E [X;-~oX;]}. 

Clearly, [ ¢,.} and [ 1{!,.} are two sequences of step functions satisfying the propetries 
rjJ,(x) t:S: f(x):::: l{!,(x) -1. foreachx E [a, b). 

Now, if ¢,.(.r:) t g(x) and l{!,(x) -1. h(x), then by Theorem 22.6, both functions 
g and hare Lebesgue integrable and g(x):::: f(x):::: h(x) holds for all x E [a, b). 
Also, by definition, f ¢, dA. = S~(f. P,) and f 1{!, dA. = S*(f, P,). Therefore, 
since l{!,b)- rjJ,(x) -1. h(x)- g(x) ;::: 0, it follows that 

o:::: Jch-g)dA.= lim Jct,-r/J,)dA.= lim jt,dA.- lim jrJJ,dA. 
n-.oo 11-+00 11--JooOO 

= lim s~u. P,)- lim S*(f. P,) = o. 
11-+00 11-+00 

where the last equality holds true by virtue ofTheorem 23.5. This implies lz-g = 0 
a.e., and hence, h = g = f a.e. holds. In particular, ¢,. t f a.e. and 1{!, -1. f 
a.e. hold, which show that f is Lebesgue integrable-in fact, an upper function. 
Finally, 

! ! dA. = lim f¢, dA. = lim S*(f, P,) = 1" f(x)dx. 
11-+00 11-+00 u 

and the proof of the theorem is finished. • 
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The next theorem, due to H. Lebesgue and G. Vitali, characterizes the Riemann 
integrable functions in terms of their discontinuities. (The almost everywhere 
relations are considered with respect to the Lebesgue measure.) 

Theorem 23.7 (Lebesgue-Vitali). A bounded function f: [a, b] ~ IR is 
Riemann integrable if and only if it is continuous almost everywhere. 

Proof. For each n, Jet P,, ¢,,and 1/1, be as they were introduced in the proof 
of Theorem 23.6. 

Assume first that f is Riemann integrable. Then a glance at the proof of 
Theorem 23.6 guarantees the existence of a (Lebesgue) null subset A of [a, b] such 
that ¢,(x) t f(x) and 1/l,(x) .!- f(x) for all x ¢. A. Clearly, D = AU ( U:1 P,) 
has Lebesgue measure zero, and we claim that f is continuous on [a, b] \ D. 

Toseethis,lets E [a,b]\DandE > 0. Picksomenwithf(s)-¢,(s) < Eand 
1/1, (s) - f (s) < E. Then there exists some subinterval [x; _1, x;] of the partition 
Pn such that s E (x;- 1.x;). Clearly, ¢,(s) = m; and 1/l,(s) = M;. Therefore, if 
X E (X;-J, X;), then 

-E < m; - f(s) ~ f(x) - f(s) ~ M; - f(s) < E. 

Since (x;_ 1, x;) is a neighborhood of s, the last inequality shows that f is contin
uous at s. This establishes that f is continuous almost everywhere. 

For the converse, assume that f is continuous almost everywhere. Let s =!= b 
be a point of continuity of f. If E > 0 is given, then choose some 8 > 0 such 
that 

f(s) - E < f(x) < f(s) + E 

for all x E [a, b] with lx- sl < 8. Pick some k so that IPAI < 8. Then for some 
subinterval [x; -I, x;] of P~, we must haves E [x;_ 1o x; ). In particular, lx - s I < 8 
must hold for all x E [x;-~o x; ], and so, from(*) we get 

f(s)- E ~ m; = ¢k(s) < f(s) +E. 

Since ¢,(s) t, it easily follows that ¢,(s) t f(s). Similarly,l/l,(s) .!- f(s) holds. 
Since f is continuous almost everywhere, we conclude that ¢, t f a.e. and 

1/111 .!- f a.e. both hold. This shows that f is Lebesgue integrable. Moreover, by 
the Lebesgue dominated convergence tfieorem we have 

S.(f. P,) = I¢, dl. t If dJ... and S*(f, P,) =I 1/1, d). ~ If dJ.... 
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Thus, lim[S*(f, P,.)- S*(f, P,.)] = 0, and·so, by Theorem 23.3, the function f is 
Riemann integrable. The proof of the theorem is now complete. • 

An immediate consequence of Theorem 23.7 is the following: 

Theorem 23.8. The collection of all Riemann integrab/eftmctions on a closed 
interval is aftmction space and an algebra offtmctions. 

It is easy to present examples of bounded Lebesgue integrable functions that are 
not Riemann integrable. Here is an example: 

Example 23.9. Let I: [0, I]--+ JR. be defined by l(x) = 0 if :cis a rational number and 
l(x) = I if x is irrational (in other words, I is the characteristic function of the irrationals 
of [0, 1]). Then I is discontinuous at every point of [0, 1], and thus, by Theorem 23.7, f 
is not Riemann integrable. On the other hand, I = 1 a.e. holds (since the set of rational 
numbers has Lebesgue measure zero), and so, I is Lebesgue integrable. Also, note that 
J I d)..= I holds. • 

It follows from Theorem 23.7 that if a function f: [a, b] --+- IR is Riemann 
integrable, then f restricted to any closed subinterval of [a, b] is also Riemann 
integrable there. Moreover, by the same theorem, if two functions f and g are 
Riemann integrable on [a, c) and [c, b], then the function h: [a, b]--+- IR, defined 
by h(x) = f(x) ifx E [a, c), and h(x) = g(x) if x E (c, b], is Riemann integrable. 

Clearly, by Theorem 23.7, every continuous function on a closed interval is 
Riemann integrable. To compute the Riemann (and hence, the Lebesgue) integral 
of a continuous function, one usually uses the fundamental theorem of calculus, 
one form of which is stated next. Since any "reasonable" calculus book contains 
a proof of this important result, its proof is omitted. (See also Exercise 6 at the 
end of the section.) The fundamental theorem of calculus is due to I. Newton8 and 
independently to G. Leibniz.9 

Theorem 23.10 (The Fundamental Theorem of Calculus). For a continu
ous function f : [a, b] --+- IR we have the following: 

8Jsaac Newton (1642-1727), a great British mathematician, physicist, astronomer, and philoso
pher. He discovered the law of gravity and was one of the founders of calculus. His pioneering 
original contributions to mathematics and science revolutionized the modem scientific app
roach. 

9Gottfried Wilhelm Leibniz (1646-1716), a prominent German mathematician and philosopher. 
He was a person with "universal" scientific interests. Besides his philosophical and metaphysical 
contributions, he contributed substantially to mathematics, mathematical logic, and physics. Together 
with Newton, he is considered the founder of calculus. 
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I. If A: [a, b] -+ IRis an area function off (i.e., A(x) = J;' f(t) dt holds 
for all x E [a, b] and some fixed c E [a, b ]), then A is an antiderivative 
of f. That is, A'(x) = f(x) holds for each x E [a, b]. 

2. IfF: [a, b]-+ IRis an antiderivative off, i.e., F'(x) = f(x) holds for 
each x E [a, b], then 

1b f(x) dx = F(b)- F(a). 

In a conventional way, the integral J: f(x) dx is defined to be - J: f(x) dx; 
that is, J: f(x)dx =-J~f(x)dx. Also, fu0 f(x)dx is defined to be zero. By 
doing so, the useful identity 

r j(x)dx = r.f(x)dx + r f(x)dx 
Jc J, Je 

holds regardless of the ordering between the points c, d, and e of [a, b]. 
We now indicate how to extend the above results to functions of several variables. 

In the general case, the interval [a, b] is replaced by a cell J = [a1, b1] x · · · x 
[a,, b, ], and its Lebesgue measure is A.(J) = n~=l (b; -a;). A partition P of J 
is a set of points of the form P = P1 x · · · x P11 , where P; is a partition of [a;, b;] 
for each i = I, ... , n. Clearly, any partition P divides J into a finite number of 
subcells. 

Now, iff : J -+ IR is a bounded function and the partition P divides J into the 
subcells 11, ••• , J~, then we define again the numbers 

m; = inf(J(x1, .•. , x,): (x 1, ..• , x,) E 1; }, 

M; = sup(f(x1, ••• ,x11 ):(x1, ••• ,x11 )El;}. 

The lower and upper sums corresponding to the partition P are defined as before 
by the formulas 

~ k 

S*(J, P) = Lm;A.(l;) and S*(J, P) = LM;A.(l;), 
i=l i=l 

respectively. 
The lower Riemann integral off is defined (as before) by 

/*(f)= sup{S*(J, P): P is a partition of J J, 
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and the upper Riemann integral off by_ 

/*(f)= inf{S~(f. P): P is a partition of J}. 

As in the one-dimensional case, 

holds. The function f is called Riemann integrable if !Af) = !'(f). This 
common number is called the Riemann integral off and is denoted by 

All the results given in this section are valid in this general setting. Their proofs 
parallel the ones presented here, and for this reason we leave them as an exercise 
for the reader. 

EXERCISES 

L Let f: [a, b) -+ JR. be Riemann integrable. Show that f is Riemann integrable on 
every closed subinterval of [a, b]. Also, show that 

l ei f(x) dx = [.'' f(x) dx +lei f(x) dx 
( c (.' 

holds for every three points c, d, and e of [a, b). 
2. Let f : [a. b) -+ JR. be Riemann integrable. Then show that 

1b b-a 11 
( i(b-a)) 

f(x)dx = lim --LJ a+-- . 
11 11->00 II i=l II 

3. Let (f,,J be a sequence of Riemann integrable functions on [u, b) such that (f;,J 
converges uniformly to a function f. Show that f is Riemann integrable and that 

1b 1'' lim f,,(x) dx = f(x) dx. 
n~oo a " 

• .11-1 
4. For each n.let ] 11 : [0, I] -+ JR. be defined by f,,(x) = "i'+x for all x E [0, 1]. Then 

show that lim Jd ];, (x) dx = ! . 
[HINT: Use integration by parts.) 

5. Let f: [a. b]-+ JR. be an increasing function. Show that f is Riemann integrable. 
[HINT: Verify that f satisfies Riemann's criterion.] 

6. (Tize Fundamental Theorem of Calculus) Iff: [a, b)-+ JR. is a Riemann integrable 
function, define its area function A: [a, b)-+ JR. by A(x} = fc,'"f(t)dt for each 
x E [a, b). Show that 
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a. A is a uniformly continuous function. 
b. Iff is continuous at some point c of [a, b], then A is differentiable at c and 

A'(c) = f(c} holds. 
c. Give an example of a Riemann integrable function f whose area function A is 

differentiable and satisfies A''# f. 

[HINT: For part (c) use the function defined in Exercise 7 of Section 9.] 
7. (Arzela) Let {/11 ) be a sequence of Riemann integrable functions on [a, b] such that 

Jim f,,(x) = f(x) holds for each x E [a, b] and f is Riemann integrable. Also, 
assume that there exists a constant M such that lf,,(x)l ~ M holds for all x E [a, b] 
and all n. Show that 

lim 1h f"(x)dx = 1h f(x)dx. 
,_..oo a a 

8. Determine the lower and upper Riemann integrals for the function of Example 23.9. 
9. Let C be the Cantor set (see Example 6.15). Show that xc is Riemann integrable over 

[0, 1], and that f01 xc dx = 0. 
10. Let 0 < E < 1, and consider the E-Cantor set CE of [0, i]. Show that xc, is not 

Riemann integrable over [0. 1]. Also, determine l.(xc,) and /*(xc, ). 
[HINT: Show that the set of all discontinuities of xc, is CE .] 

11. Give a proof of the Riemann integrability of a continuous function based upon its 
uniform continuity (Theorem 7.7). 

12. Establish the familiar change of variable formula for the Riemann integral of contin
uous functions: If [a, b] --4 [c, d] __!_,. IR are cominuousfimctions with g continu
ously differentiable (i.e., g has a continuous derivative), then 

1h 1g(h) 
f(g(x))g'(x)dx = f(u)du. 

a g(a) 

13. Let f: [0, oo) -+ IR be a continuous function such that lim_,....,. 00 f(x) = 8. Show 
that lim11 ..... ~ J; f(nx) dx = a8 for each a > 0. 

14. Let f: [0, oo) -+ IR be a continuous function such that f(x + 1) = f(x) for all 
x ~ 0. If g: [0, 1] -+ IRis an arbitrary continuous function, then show that 

,l~;rrJo { g(x}f(nx) dx = ({ g(x) dx) · ({ f(x) dx) . 

15. Let f: [0, 1]-+ [0, oo) be Riemann integrable on every closed subinterval of (0, 1]. 
Show that f is Lebesgue integrable over [0, 1] if and only if limE ~o J:1 f(x) dx exists 
in JR. Also, show that if this is the case, then J f d'A = limE~O JE1 f(x)dx. 

16. As an application of the preceding exercise, show that the function f: [0, 1] -+ IR 
defined by f(x) = xP if x E (0, 1] and f(O) = 0 is Lebesgue integrable if and only 
if p > -1. Also, show that if f is Le"besgue integrable, then 

f fd'A= - 1-. 
l+p 

17. Let f: [0, I]-+ IR be a function and define g: [0, I]-+ IR by g(x) = ef<x>. 
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a. Show that iff is measurable (or Borel measurable), then so is g. 
b. Iff is Lebesgue integrable, is then g necessarily Lebesgue integrable? 
c. Give an example of an essentially unbounded function f which is continuous on 

(0, 1] such that Jl' is Lebesgue integrable for each n = 1, 2, .... (A function f 
is "essentially unbounded," if for each M > 0 the set (x E [0, 1]: f(x)l > M) 
has positive measure.) 

I 
[HINT: For (b) consider the function f(x) =x-i.] 

18. Let f: [0, 1] --+ IR be Lebesgue integrable. Assume that f is differentiable at x = 0 
l 

and f(O) = 0. Show that the function g: [0, 1] --+ IR defined by g(x) =x-i f(x) for 
x E (0, 1] and g(O) = 0 is Lebesgue integrable. 

19. Let f: [a, b] x [c. d] --+ IR be a continuous function. Show that the Riemann integral 
of f can be computed with two iterated integrations. That is, show that 

1'' 1d f(x, y)dxdy = 1h [1d f(x, y)dy J dx = 1d [1h f(x, y)dx J dy. 

Generalize this to a continuous function of n variables. 
20. Assume that f: [a. b] --+ lR and g: [a, b] --+ IR are two continuous functions such 

that f(x) ~ g(x) for x E [a, b]. Let A= {(x, y) E IR2 :x E [a, b] and f(x) ~ y ~ 
g(x)). 

a. Show that A is a closed set-and hence, a measurable subset of IR.2. 

b. If h : A --+ IR is a continuous function, then show that h is Lebesgue integrable 
over A and that 

r hd'A=1h[ r~(x)h(x,y)dy]dx. 
JA a JJ(x) 

21. Let f: [a, b] --+ IR be a differentiable function-with one-sided derivatives at the 
end-points. If the derivative f' is uniformly bounded on [a, b], then show that f' is 
Lebesgue integrable and that 

r !' d'A = f(b)- f(a). 
lra.bJ 

22. Let f, g: [a. b]--+ IR be two Lebesgue integrable functions satisfying 

1x f(t)d'A(t) ~ 1x g(t)d'A(t) 

for each x E [a, b]. If cJ>: [a, b] --+ IRis a non-negative decreasing function, then 
show that the functions r/>f and cj>g are both Lebesgue integrable over [a, b] and that 
they satisfy 

1x r/>(t)f(t) d'A(t) ~ 1x r/>(t)g(t) d'A(t) 

for all x E [a, b]. 
[HlNT: Prove it first for a decreasing function of the form r/> = "Lf=l c; X[a;-~oa;)• 
where ao < a1 < · · · < a~ is a partition of [a, b], and then use the fact that there 
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exists a sequence { r/>11 } of such step functions satisfying f/>11 (t) t r/>(t) for almost all t 
in [a, b]; see Exercise 8 of Section 21.] 

24. APPLICATIONS OF THE LEBESGUE INTEGRAL 

If a function f: [a, oo) ~ IR (where, of course, a e IR) is Riemann integrable 
on every closed subinterval of [a, oo), then its improper Riemann integral is 
defined by 

100 
f(x)dx = lim 1r f(x)dx, 

0 r-..oo a 

provided that the limit on the right-hand side exists in IR. The existence of the prior 
limit is also expressed by saying that the (improper Riemann) integral faoo f(x) dx 
exists. Similarly, iff: ( -oo, a] ~ JR. is Riemann integrable on every closed 
subinterval of ( -oo, a], thc::n J~00 f(x)dx is defined by 

fa f(x)dx = ,._!!~00 Ia f(x)dx 
-oo r 

whenever the limit exists in IR.. It should be clear that if fu00 f(x)dx exists, then 

Jh00 f(x) dx also exists for each b > a and 

100 
f(x)dx = 1h f(x)dx + 100 

f(x)dx. 

Theorem 24.1. Assume that f: [a, oo) ~JR. is Riemann integrable on every 
closed subinterval of[ a, oo). Then fax f(x)dx exists if and only if for every 
E > 0 there exists some M > 0 (depending on e) such that If: f(x) dx I < E for 
all s, t =:: M. 

Proof. Assume that I = J;'; .f(x) dx exists. Pick a real number M > 0 such 

that I/ - ~~· f (x) d xI < E holds for all r =:: M. If s, t =:: M, then 

IJ>(x)dxl = IJ>(x)dx- L'f(x)dxl 

:::; 1/ -11 f(~r)dxl + 1/- L' f(x)dxl < 2e. 

Conversely, assume that the condition is satisfied. If {a11 } is a sequence of [a, oo) 
SUCh that Jim 0 11 = 00, then it is easy to See that the sequence u:" f(x) dx} is 
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Cauchy. Thus, A = lim J:" f(x) dx exists !n JR. Now, Jet [b11 } be another sequence 
of [a, oo) with lim b11 = oo; let B = lim J:" f(x) dx. From the inequality 

it is easy to see that I A - B I < E holds for all E > 0. Thus, A = B, and so the 
limit is independent of the chosen sequence. This shows that fu00 f(x) dx exists, 
and the proof is finished. • 

From the preceding theorem, and the inequality If: f(x) dxl .::: J: lf(x)l dx for 
s < t, we have the following: 

Lemma 24.2. If ajimction f: [a, oo) --+- IRis Riemann integrable on every 
closed subinterval of[ a, oo) and fuoc lf(x)l dx exists then J.'; f(x) dx also exists 

and lfuoo f(x)dxl.::: 1~00 lf(x)l dx. 

The converse of this lemma is false. That is, there are functions f whose 
improper Riemann integrals fu00 f(x) dx exist but for which 1~00 lf(x)l dx fails 
to exist. A well-known example is provided by the function f(x) = •i~x (with 

f(O) = 1) over [0, oo). We shall see later that J0
00 •i:x dx = '} but 1~00 I ,;_~xl dx 

does not exist. To see the latter, note that 

1br I sin xi I 1krr . 2 
--dx:::- lsmxldx =-

(k-I)rr x krr (k-I)rr krr 

holds for each k. Therefore, 

111 rr lsinxl 11 1krr lsinxl 2 11 I 
-dx=L: -dx:::-L:-. 

0 X ~=l (~-l)rr X T( k=l k 

which shows that J0
00 lsi.~ xi dx does not exist in JR. 

If the improper Riemann integral of a function exists, then it is natural to ask 
whether the function is, in fact, Lebesgue integrable. In general, this is not the 
case. However, if the improper Riemann integral of the absolute value of the 
function exists, then the function is Lebesgue integrable. The details follow. 

Theorem 24.3. Let f: [a, oo) --+- JR. be Riemann integrable on every closed 
subinterval of [a, oo). Then f is Lebesgue integrable if and only if the improper 
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Riemann integral faCIOif(x)l dx exists. Moreover, in this case 

J f d"A = 1CIO f(x)dx. 

Proof. Assume that f is Lebesgue integrable over [a, oo). Then t+ is also 
Lebesgue integrable over [a, oo). Let {r11 } be a sequence of [a, oo) such that 
lim r11 = 00. For each n, Jet f,(x) = J+(x) if x E [a, r11 ] and / 11 (X) = 0 if 
x > r11 • Then lim f,,(x) = J+(x) and 0:::: f,(x) :::: J+(x) hold for all x E [a, oo). 
Moreover, by Theorem 23.6, {f,} is a sequence of Lebesgue integrable functions 
such that f f, d"A = f~·· j+(x) dx. Thus, by the Lebesgue dominated convergence 
theorem 

I f+ d).= Jim ft,d"A = lim r·f+(x)dx. 
11-+00 n-+oo Ja 

This shows that faCIO j+(x)dx exists and faCIO j+(x)dx = f J+ d"A. Similarly, 
faCIO f-(x)dx exists and faCIO f-(x)dx = f f- d"A. But then, it follows from f = 
J+- f- and 1/1 = J+ + f- that both improper Riemann integrals faCIO f(x)dx 
and faCIOif(x)l dx exist. Moreover, 

1CIO f(x) dx = J f d"A and 1CIO lf(x)l dx = J 1!1 d"A. 

For the converse, assume that the improper Riemann integral faCIOif(x)l dx 

exists. Clearly, Jimf:+"lf(x)ldx = J;r;"IJ(x)ldx. Define f,,(x) = lf(x)l if 
x E [a, a +n] and fn(x) = 0 if x > a +n for each 11. Note thatO:::: f,(x) t lf(x)l 
holds for all x =::a. Since f,. is Riemann integrable on [a, a+ n], fn is an upper 
function on [a, oo) satisfying f f,. d"A = faa+n f,.(x) dx = faa+nlf(x)l dx. Thus, 
by Theorem 21.6, If I is an upper function (and hence, Lebesgue integrable) such 
that fiJI d"A = faoclf(x)l dx. The Lebesgue integrability off now follows from 
Theorem 22.6 by observing that f is a measurable function, since it is a measurable 
function on every closed subinterval of [a, oo). The proof of the theorem is now 
oom~d~ • 

The next result deals with interchanging the processes of limit and integration. 

Theorem 24.4. Let (X, S, J.L) be a measure space, Let J be a subinterval of 
IR, and let f: X x J -+ IR be a function such that f(·, t) is a measurable 
function for each t E J. Assume also that there exists an integrable function g 
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such that for each t E J we have If (x, t) I ~ g(x) for almost all x. If for some 
accumulation point to (including possibly ±oo) of J there exists a function h 
such that lim1__. 10 f(x, t) = h(x) exists in lRfor almost all x, then h defines an 
integrable function, and 

lim jtcx, t) dJL(x) = J lim f(x, t) dJL(x) = Jh dJL. 
I-t-to r-to 

Proof. Assume that the function f : X x J ~ IR satisfies the hypotheses of 
the theorem. Let (t11 } be a sequence of J such that lim t11 = to. Put h11 (x) = f(x, t11 ) 

for x E X, and note that lh 11 1 ~ g a.e. holds for each n and h11 ~ h a.e. By 
Theorem 22.6, each h11 is integrable. Moreover, by the Lebesgue dominated 
convergence theorem, h defines an integrable function and 

lim jtcx, t")dJL(x) = lim Jh" dJL = Jh dJL 
11-0C ,,_,.00 

holds, from which our conclusion follows. • 
Iff: X x (a, b)~ IRis a function and toE (a, b), then its difference quotient 

function at to is defined by 

D ( . )- f(x,t)-f(x,to) 
lo .~. t - ------

t- to 

for all x E X and all t E (a, b) with t =f:. to. To make the function D10 defined 
everywhere. we let D10 (x, to)= 0 for all x E X. 

As usual, lim1__. 10 D10 (x, t ), whenever the limit exists, is called the partial 
derivative of f with respect to t at the point (x, to) and is denoted by ':[, (x, to). 
That is, 

at . . f(x,t)-f(x,to) 
-(x, to)= hm D10 (x, t) = hm . 
at 1-->lo ,__,.,() t - to 

The next result deals with differentiation of a function defined by an integral. 

Theorem 24.5. Let (X, S, JL) be a measure space and let f: X x (a, b)~ If~ 
be aftmction such that f(·, t) is Lebesgue integrablejoreve1y t E (a, b). Assume 
that for some to E (a, b) the partial derivative ~ (x, to) exists for almost all x. 
Suppose also that there exists an integrable ftmction g and a neighborhood V 
of to such that for each t E V we have ID10 (x, t)l ~ g(x)for almost all x EX. 

Then 

1. ~~(·,to) defines an integrable function, and 
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2. thefunction F:(a,b)-+ JR..definedby F(t)=jJ(x,t)dJ.L(x) isdiffer
emiable at to and 

, fat F (to) = -(x, to) d J.L(x). at 
Proof. Put ~ (x, to) = 0 at each point x where the partial derivative does 

not exist. Then lim1- 111 D 10 (x, t) = ~ (x, to) holds for almost all x. Thus, by 
Theorem 24.4, ~~(·,to) defines an integrable function and 

F(t)- F(to) I f(x, t)- f(x, to) ---- = df..L(X) 
t -to t -to 

= J Dr11 (X, t) df..L(X) ~ J a;; (x, to) df..L(X) 

as t -+ to. This shows that F is differentiable at to and that F' (to) = J ~ (x, to) d 11 
(x) holds. • 

There is a criterion for testing the boundedness of the difference quotient 
function D 111 (x, t) by an integrable function that is very useful for applications. 
It requires the existence of a neighborhood V of to satisfying the following two 
properties: 

1. the partial derivative ~~ (x, t) exists for all x and all t E V, and 
2. there exists a non-negative integrable function g such that for each t E V, 

we have I~ (x, t)i S g(x) for almost all x. 

Indeed, if the previous two conditions hold, then by the mean value theorem, it 
easily follows that for each t E V we have ID 111 (x, t)l S g(x) for almost all x. 

Next, as applications of the last two theorems we shall compute a number of 
classical improper Riemann integrals. 

Theorem 24.6 (Euler).10 We have J0
00 e-x' dx = ~. 

Proof. The existence of the improper Riemann integral follows from the in
equalities 0 S e-x' S e-·' for x 2: I and J1

00 e-x dx = e-•. Also, since e--<2 2: 0 
for all x, the improper Riemann integral is a Lebesgue integral over [0, oo). 

10Leonhard Euler( 1707-1783), a great Swiss mathematician. He was one of the most prolific writers 
throughout the history of science. He is considered (together with Gau~s and Riemann) as one of the 
three greatest mathematicians of modem times. 
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For the computation of the integral, c~nsider the real-valued functions on IR 
defined by 

( 
I )2 

j(t) = 1 e-x2 dx 

The derivatives of the previous functions will be determined separately. For f we 
use the fundamental theorem of calculus and the chain rule. Thus, 

'11 ' f'(t) = 2e_1_ 
0 

e- 1- dx. 

For g observe that 

holds for every x E [0, I] and every t E IR in any bounded neighborhood of 
some fixed point to. The constant M depends, of course, upon the choice of the 
neighborhood of to. By Theorem 24.5, and the fact that the Lebesgue integrals are 
Riemann integrals, we get 

, e 2 .2 2 I a ( -11(1+.r1)) I 
g (t) = 1 - _, dx = -2e-1 1 te-' 1 dx 

0 at I+.t- o 

for all t E IR. Substituting u = xt (fort =f. 0), we obtain 

· r · · r · g'(t) = -2e_1_ Jo e-11 - du = -2e_1_ Jo e- 1- dx 

for each t E IR. 
Thus, J'(t)+ g'(t) = 0 holds for each t E IR, and so,f(t)+ g(t) = c (a constant) 

holds for all t. In particular, 

c = /(0) + g(O) = (' ~ = ~4 , lo I+ x-

and so f(t) + g(t) = j for each t. Now, observe that for each x and t we have 

I e-11(1+r1) I < _I_ 

I +x2 - I+ x2 ' 
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and clearly 

e-,~(1+.,·~> 

lim 2 = 0. t->oo I +x 

Thus, by Theorem 24.4, lim,_ 00 g(t) = 0. Consequently, 

::. = Jim f(t) + lim g(t) = ( roo e-x~ dx )
2 

4 t->oo t->oo lo 

from which it follows that Jt e-r~ dx = ,;; . • 
Theorem 24.7. For each t E IR we have 

roo ,.~ 2.x d .j1i ,~ e-· cos( ·t) x = -_-e- . 
Jo L. 

Proof. Let F(t) = J0
00 e-x~ cos(2xt)dx for all t E IR. Since le-x~ cos(2xt)i 

::: e-x~ holds for all x and t, it follows that the improper Riemann integral F(t) 
exists and, moreover, is a Lebesgue integral over [0, oo). Now, 

holds for all x :::=: 0 and t. Hence, since the function g is positive on [0, oo) and 
the improper Riemann integral Jtg(x)dx exists (its value is 1), g is Lebesgue 
integrable over [0, oo). Therefore, by Theorem 24.5 (and the remarks after it), it 
follows that 

F'(t) = roo ~[e-x~ cos(2xt)]dx = -2 roo xe-x2 sin(2xt)dx. 
lo at lo 

Integrating by parts, we obtain 

-21oc xe-x~ sin(2xt)dx =e-x~ sin(2xt)l:- 2t 100 e-.r~ cos(2xt)dx 

100 
.2 

= -~t 
0 

e-x cos(2xt)dx. 

Thus, F'(t) = -2t F(t) holds for all t. Solving the differential equation, we get 
F(t) = F(O)e_,~. By Theorem 24.6, F(O) = ,;; , and so, F(t) = f e-1 ~, as 
cl~m~. • 
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For the next result, the value of si~.r at Z!O!ro will be assumed to be l. 

Theorem 24.8. lft 2:: 0, then 

--e-·11 d:r: = - - arctan t 1oc sinx JT 

0 X 2 

holds. 

Proof. Fix some to ::: 0. The cases to > 0 and to = 0 will be treated separately. 

Case I. Assume to > 0. 
For each fixed t > 0, note that le-r1 "~ r I _::: e-xl holds for all x 2:: 0. Thus, 

the improper Riemann integral exists as a Lebesgue integral over [0, oo). Let 
F(t) = J0

00 e- 11 si~ 1 dx fort > 0. Then F satisfies the following properties: 

and 

lim F(t) = 0, 
t-eo 

I 1 
F (t) = --- for each t > 0. 

l + t 2 

To see(*), note that if g(x) = 1 for x E [0, 1] and g(x) =e-x for x > l, then 
g is Lebesgue integrable over [0, oo) for each t > 0 and le-x1 ~i~.r I _::: g(x) holds 

for all x 2:: 0 and all t 2:: 1. On the other hand, lim,_. 00 e-xl 51~ r = 0 holds for all 
x > 0, and so, by Theorem 24.4, lim1-oc F(t) = 0. 

To establish(**), note first that f,[e-r"i~.r] = -e-x1 sinx holds for all x::: 0, 
and that for each fixed a > 0, the inequality le-x1 si~_-r I _::: e-ax holds for each 

t 2:: a and all x 2:: 0. By Theorem 24.5, F'(t) = - J0
00 e-.rl sin x dx for all t > a 

(and all a > 0), where the last equality holds since the improper Riemann integral 
is a Lebesgue integral. Thus, F'(t) = - J0

00e-r1 sinx dx holds for all t > 0. 
Since from elementary calculus we have 

1r _ • e-~"~(t sinr + cosr) 1 
e "11 smxdx =- , + --,, 

0 1 + t- 1 + t-

by letting r ~ oo, we get F'(t) = - 11,2 for t > 0. 
Integrating(**) from t to to yields 

! 1o dx 
F(to)- F(t) = - --, =arctan t -arctan to, 

1 I +x-

and by letting t ~ oo it follows that F(to) = ~ - arctan t0 . 



198 Chapter 4: THE LEBESGUE INTEGRAL 

Case II. Assume to = 0. 

In this case, si~x is not Lebesgue integrable over [0, oo). However, the improper 

Riemann integral J0
00 si~.'r dx exists. Indeed, if 0 < s < t, then an integration by 

parts yields 

[
1 sinx cosx I' ['cosx coss cost ['cosx -- dx = --- - -?- dx = -- - -- - -?- dx, 

s x x s s x- s t s x-

and thus, 

--dx <-+-+ -=-. l['sinx I 1 l ['dx 2 
s x - s t s x2 s 

By Theorem 24.1 roo sinx d x exists. In particular note that lim r11+ 1 sin x tJQ X t II~OOJ 11 X 

dx =0. 
Now, for each II define /II cq = j~' e-,\1 :.i~ I dx fort ::: 0, and note thatthe reiaiion 

ifn(ll)i:::; J~'e-r11 dx = !-~-.. - :::; ~implies lim fn(n) = 0. By Theorem 24.5, we 
have 

f'( ) _ _ -XI • • d __ e ( Sin II COS II -111 -11/c . + > 1 
J 11 t - e sm x ,\ - ? , 

o 1 + r-

and so, lim,,__. 00 J,;(t) = - 1l,1 holds for all t > 0. Also, 

I ''(t)l < 1 +(I + t)e_, 
J II - 1 + r2 

holds for each t > 0, and the dominating function forthe sequence u;;J is Lebesgue 
integrable over [0, oo). 

Let g11 = J,; X[0. 11 J, and note that {g11 } is a sequence of Lebesgue integrable 
functions over [0, oo). Also, since 1.~ 11 1 :::; 11,;1 and lim11 _ 00 g11 (t) = -~ for 
t > 0, the Lebesgue dominated convergence theorem yields 

1n 1x 1oo dt 7r lim J,;(r)dt = lim gll(t)dt =- --2 = --. 
11-oo 0 11-oo 0 0 1 + t 2 

Since J~' J,;(r)dt = / 11 (n) - / 11 (0) and lim / 11 (11) = 0, we get lim / 11 (0) = I· 
Finally, letting 11 ---+ oo in the identi~ 

111 +1 sinx 111 sinx !.11+1 sinx !.11+1 sinx 
-- dx = -- dx + -- dx = / 11 (0) + -- dx, 

0 X oX II X n X 

we easily get roo sin-' d x = !!. • 
Jo x 2 • 
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EXERCISES 

1. Show that 

In"" .211 -.r~ d (211)! .;rr 
.t e .r=-?--·-

0 2-"n! 2 

holds for n = 0. I, 2, .... 

2. Show that J0"" e-,x~ dx = ! j!f for each t > 0. 
3. Show that f(x) = ~~~r is Lebesgue integrable over [I, oo) and that J f dt.. = l. 
4. Show that 

In"( r)" lim I +:.... e-2.r dx = l. 
11-00 0 I! 

5. Let f: [0, oo) --4- (0, oo) be a continuous, decreasing, and Lebesgue integrable func
tion. Show that 

lim - 1-f""t(s)ds=O ifandonlyif lim f(x+t)=O foreacht>O . 
.r-oo f(x) r .r-oo f(x) 

6. Show that the improper Riemann integrals, J0
00 cos(x2) dx and J;c' sin(x2) dx (which 

are known as the Fresnel 11 integrals) both exist. Also, show that cos(x2 ) and sin(x2 ) 

are not Lebesgue integrable over [0, oo). 
roo . '1 

7. Show that JO ~·~;x dx = ~-
8. Let (X, S, JJ.) be a measure space, T a metric space, and f: X x T --4- IRa function. 

Assume that/(·, t) isameasurablefunctionforeacht E T and f(.r, ·)is a continuous 
function for each x E X. Assume also that there exists an integrable function g such 
that for each t E T we have lf(x, t)l :=: g(x) for almost all x E X. Show that the 
function F : T --4- IR, defined by 

is a continuous function. 
9. Show that 

holds for each t > 0. 

F(t) = fx f(x, t) dJJ.(X), 

l oo e-x _ e-x1 
----dx=lnt 

0 X 

10. For each t > O,let F(t) = f000 r~-~2 dx. 

a. Show that the integral exists as an improper Riemann integral and as a Lebesgue 
integral. 

b. Show that F has a second-order derivative and that F"(t) + F(t) = f holds for 
each t > 0. 

11 Augustin Jean Fresnel ( 1788-1827) was a French physicist who worked extensively in the field of 
optics. Using the integrals that bear his name, he was the first to demonstrate the wave conception of 
light. 
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11. Show that the improper Riemann integral, J0T ln(t cos x) dx, exists for each t > 0 
and that it is also a Lebesgue integral. Also, show that 

loT ln(tcosx)dx =I In G) 
holds for all t > 0. 

12. Show that for each t ::=: 0, the improper Riemann integral J;" t;;~~~~!) dx exists as a 
Lebesgue integral and that 

r)(J _s_in_._r....,r ::- dx = ~(1 - e-1). 
Jo x(l + x 2) 2 

13. The Gamma function for t > 0 is defined by an integral as follows: 

f(t} = fo 00 x 1-le-x dx. 

a. Show that the integral 

exists as an improper Riemann integral (and hence, as a Lebesgue integral). 
b. Show that f( ~) = ..fii. 
c. Show that r(i + 1) = rr(r) holds for all t > 0, and use this conclusion to 

establish f(n + 1) = n! for n = 1, 2, .... 
d. Show that r is differentiable at every t > 0 and that 

r'(t)= fo 00 x 1-le-xlnxdx 

holds. 
e. Show that r has derivatives of all order and that 

r<">(r) = fooo x1-•e-.r(lnx)" dx 

holds for n = I, 2, ... and all t > 0. 

14. Let f: [0, I] -+ lR be a Lebesgue integrable function and define the real-valued 

function F: [0, I] -+ lR by F(t} = Jd f(x} sin(xt) d)..(x). 

a. Show that the integral defining· F exists and that F is a uniformly continuous 
function. 

b. Show that F has derivatives of all orders and that 

F<2">(r} = (-1}11 fol x2" f(x)sin(xt)d),(x) 
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and 

F(2n-I)(t) = (-!)" fol x2"-l f(x)cos(xt)d'J...(x) 

for n = I, 2, ... and each t E [0, 1]. 
c. Show that F = 0 (i.e., F(t) = 0 for all t E [0, I]) if and only if f = 0 a.e. 

25. APPROXIMATING INTEGRABLE FUNCTIONS 

The following type of approximation problem is commonly encountered m 
analysis. 

• Given an integrable function f, a family of :F of integrable functions, and 
E > 0, determine whether there exists a function g in the collection :F such 
that flf -gldp. <E. 

By the definition of an integrable function, the following result is immediate. 

Theorem 25.1. Let f be an integrable function and E > 0. Then there exists 
a step function ¢ such that J If - ¢I d p. < E. 

Let us denote by L the collection of all step functions¢ for which there exist sets 
A 1, .•. , A, E S all of finite measure, and real numbers a 1, ••. , a, (all depending 
on¢) such that ¢ = I:;'= I a; XA; holds. Then L is a function space; see Exercise 1 
of Section 21. 

Theorem 25.2. Let f be an integrable function, and let E > 0. Then there 
exists a function¢ E L such that J If- ¢1 dp. < E. 

Proof. Let :F denote the collection of all integrable functions f such that for 
each E > 0, there exists some function ¢ E L such that J If -¢I d p. < E. It should 
be clear that :F is a vector space such that XA E :F holds true for each A E S. Now, 
a glance at Theorem 22.12 guarantees that :F consists of all integrable functions . 

• 
The next result deals with the approximation of integrable functions by continu

ous functions. Recall that if X is a topological space and f : X -+ IR is a function, 
then the closure of the set {x E X: f(x) =f:. 0} is called the support off (denoted 
by Supp /). If the support off happens to be a compact set, then f is said to have 
compact support. 

Theorem 25.3. Let X be a Hausdorff locally compact topological space, and 
let p. be a regular Borel measure on X. Assume that f is an integrable function 
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with respect to the measure space (X, B, p.). Then given E > 0, there exists a 
continuousfwzction g: X--+ IR with compact support such that flf -gl dp. <E. 

Proof. By Theorem 25.2, we can assume without loss of generality that f is 
the characteristic function of some Borel set of finite measure. So, assume f = XA 
for some Borel set A with tt(A) < oo. 

Since p. is a regular Borel measure, there exist a compact set K such that K s; A 
and p.(A) - p.(K) < E (see Lemma I8.5) and an open set V such that A s; l' 
and p.(V) - p.(A) < E. By Theorem I0.8, there exists a continuous function 
g: X --+ [0, I] (and hence, g is Borel measurable) with compact support such 
that g(x) = I for each x E K and Supp g s; V. Clearly, g is integrable and 
IXA- gl ::::: Xv - XK holds. Therefore, 

and the proof of the theorem is finished. • 
The following theorem describes an important property of the Lebesgue in

tegrable functions on IR. It is usually referred to as the Riemann-Lebesgue 
Lemma. 

Theorem 25.4 (Riemann-Lebesgue). Iff : IR --+ IRis Lebesgue integrable, 
then 

lim jf(x) cos(nx) dA.(x) = lim jf(x) sin(nx) dA.(x) = 0. 
11-to 00 II-+ 00 

Proof. Note first that the inequality lf(x)cos(nx)l ::::: lf(x)l for all x, com
bined with Theorem 22.6, shows that the function f(x) cos(nx) is a Lebesgue 
integrable function for each n. Also, by Theorem 25.2, in order to establish 
the theorem, it suffices to consider functions of the form f = Xra.h)· Thus, let 
f = X[u.h)· In this case, the Lebesgue integrals are Riemann integrals, and 

If f(x)cos(nx)dA.(x)l = llhcos(nx)dxl = ~ lsin(nb)- sin(na)l::::: ~--+ 0 

as n --+ oo. Similarly, lim J f(x) sin(nx) dA.(x) = 0. • 
A sequence of integrable functions { f,} is said to converge in the mean to some 

function f if lim J If, - f I d p. = 0 holds. 
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Theorem 25.5. Let {f,.} be a sequence.of integrable functions. Iff is an inte
grable function such that lim fl f,.- !I dJ.L = 0, then there exists a subsequence 
{!k,,}of{f,,Jsuclzthat !k,,---+ f a.e. holds. 

Proof. Let E > 0. For each n let£,. = {x E X: lf,,(x)- f(x)l :;:: E}, and 
note that each £, is a measurable set of finite measure (see Theorem 22.5). Now, 
since EX£. ::: If,. - !I holds for each n, it follows that E J.L*(E,.) ::: flf,. - !I dJ.L 
also holds for each n. Thus, limJ.L*(E,) = 0, and so, f,,~ f. The conclusion 
now follows immediately from Theorem 19.4. • 

A sequence of integrable functions that converges in the mean to some function 
need not converge pointwise to that function. An example of this situation is 
provided by the sequence {f,,} of Example 19.6. 

EXERCISES 

1. Let f : IR -+ IR be a Lebesgue integrable function. Show that 

lim jt(x) cos(xt) dA.(x) = lim jf(x) sin(xt)dA.(x) = 0. 
t-oo ,_,..oo 

2. A function f: 0 -+ IR (where 0 is a nonempty open subset of IR") is said to be a 
C00-function iff has continuous partial derivatives of all orders. 

a. Consider the function p: IR -+ IR defined by p(x) = exp[xL 1 l if lxl < I and 
p(x) = 0 if lxl ;::: I. Show that p is a C 00 -function such that Supp p = [-I, 1]. 
(Induction and L'Hopital's12 rule are needed here.) 

b. ForE> Oanda E !Rshowthatthefunction f(x) = pe~") isalsoaC00-function 
with Suppf =[a- E,a + E]. 

3. Let [a, b] be an interval, E > 0 such that a+ E < b-E, and p as in the previous 
exercise. Define lz: IR-+ IR by /z(x) = J: p( t:x) dt for all x E JR. Then show that 

a. Supp/z~[a-E,b+E], 

b. h(x) = c (a constant function) for all x E [a + E, b-E], 
c. lz is a C00 -function and !z(ll)(x) = fab :.,~ .. p( ':t) dt holds for all X E IR, and 

d. the C00-function f = tlz satisfies 0 ::: f(x) ::: 1 for all X E IR, f(x) = 1 for all 
x E [a+ E, b-E], and J IX[a,b)- /I dJ... < 4E. 

4. Let f : IR -+ IR be an integrable function with respect to the Lebesgue measure, and 
let E > 0. Show that there exists a C00 -function g such that !If- gl dJ... < E. 
[HINT: Use Theorem 25.2 and the preceding exercise.] 

12Guillaume-Fram;ois-Antoine de L'Hopital (1661-1704), a French mathematician. He is mainly 
remembered for the familiar rule of computing the limit of a fraction whose numerator and denominator 
tend simultaneously to zero (or to ±oo). 
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5. The purpose of this exercise is to establish the following general result: Iff : IR" --+ IR 
is an imegrab/efunction (with respect to the Lebesgue measure) and E > 0, then there 
exists a C00 -function g such that !If- gl d).. < E. 

a. Let a; < b; fori = 1, ... , n, and put I = Oi'==l (a;, b; ). Choose E > 0 such that 
a; + E < b; - E for each i. Use Exercise 3 to select for each i a C00-function 
f;: IR--+ IR such that 0 ~ /;(x) ~ 1 for all x, f;(x) = I if x E [a+ E, b; -E), 

and Supp /; £ [a;- E, b; +E). Now define h: IR" --+ IR by h(.q, ... , x,) = 
0{'==1 f;(x; ). Then show that h is a C 00 -function on IR" and that 

j1x1- h!d'A ~ 2 [JJ(b;- a; +2E)- JJ<b;- a;)]. 
b. Let f : IR" --+ IR be Lebesgue integrable, and let E > 0. Then use part (a) to show 

that there exists a C00-function g with compact support such that 

f!f- g!d'A <E. 

6. Let J.L be a regular Borel measure on IR11 , f: IR.11 --+ IR a J.L-integrable function, and 
E > 0. ShowthatthereexistsaC00-functiong:IR11 --+ IR.suchthat J!f-g!dJ.L <E. 

7. Let f: [a, b]--+ IR be a Lebesgue integrable function, and let E > 0. Show that there 
exists a polynomial p such that flf- p! d'A < E, where the integral is considered, of 
course, over [a, b]. 
[HINT: Use the Stone-Weierstrass approximation theorem.] 

26. PRODUCT MEASURES AND ITERATED INTEGRALS 

Throughout this section, (X, S, J.L) and (Y, :E, v) will be two fixed measure spaces. 
The product semiring S ® :E of subsets of X x Y is defined by 

S ® :E ={A x B: A E Sand BE :E). 

The members of S ® :E are called rectangles. 
The above collection S ® :E is indeed a semiring of subsets of X x Y. This 

follows immediately from the identities 

1. (Ax B)n(A1 x B1) =(A nA 1) x (B nB1), and 
2. (Ax B)\(A 1 x B1) =[(A \A 1) x B] u [(An A 1) x (B \B1)]. 

and the fact that A\ A 1 and B \ B1 can be written as finite disjoint unions of 
members of Sand :E, respectively. The product semiring was discussed in some 
detail in Section 20. · 

Now, define the set function J.L x v: S ® :E --+ [0, oo] by J.L x v(A x B) = 
J.L(A) · v(B) for each A x B E S ® :E (keep in mind that 0 · oo = 0). This set 
function is a measure on the product semiring S ® I:, called the product measure 
of J.L and v. The details follow. 
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Theorem 26.1. The set fimction t-L x v.: S ® :E ~ [0, oo] defmed by 

t-L x v(A x B) = t-L(A) · v(B) 

for each A x B E S ® :E is a measure. (This measure can be thought of as 
the generalization of the familiar formula "Length x Width" for computing the 
area of a rectangle in elementary geomeny!) 

Proof. Clearly, 1-L x v(<;?l) = 0. For the a-additivity of 1-L x v, let Ax B E S® :E 
and let {A, x B, I be a sequence of mutually disjoint sets of S ® :E such that 
A X B = u:1 A, X B,. It must be established that 

oc 

t-L(A) · v(B) = L t-L(A,) · v(B,). 
11=1 

Obviously,(*) holds true if either A orB has measure zero. Thus, we can assume 
that t-L(A) > 0 and v(B) > 0. 

Since XAxB = L:~ 1 XA.,xB •• we see that 

oc 

XA(X). Xs(Y) = LXA.,(x). xs.(y) 
11=1 

holds true for all x andy. For each fixed y E B let K = {i E IN: y E B; I and 
note that XA(x) = LieK XA, (x) for each x EX. Since the collection {A;: i E Kl 
is pairwise disjoint (why?), the latter implies t-L(A) = LieK t-L(A; ). Therefore, 

00 

t-L(A) · xs(y) = Lt-L(A;)Xs,(y) = Lt-L(A,) · xs.,(y) <**) 
ieK 11=1 

holds for ally E Y. Since a term with t-L(A,) = 0 does not alter the sum in(*) or 
(**),we can assume that t-L(A,) > 0 for alln. 

Now, if both A and B have finite measures, then by using Theorem 22.9 and 
integrating(**) term by term, we see that(*) is valid. On the other hand, if either 
A orB has infinite measure, then L::1t-L(A,) · v(B,) = oo must hold. Indeed, 
if the last sum is finite, then, by Theorem 22.9, t-L(A)x8 (y) defines an integrable 
function, which is impossible. Thus, in this case(*) holds with both sides infinite, 
and the proof is finished. • 

The next few results will unravel the basic properties of the product measure 
1-L x v. As usual (t-L x v)* denotes the outer measure generated by the measure 
space (X x Y, S ® :E, t-L x v) on X x Y. 
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Theorem 26.2. If A ~ X and B ~ Y are measurable sets offmite measure, 
then 

(Jl x v)*(A x B)= Jl* x v*(A x B)= J.L*(A) · v*(B). 

Proof. Clearly, S ® :E ~All® Au holds. Now, let {A 11 x B11 ) be a sequence 
of s ® :E such that A X B ~ u:IA/1 X Btl. Since, by Theorem 26.1, J.L* X v* 
is a measure on the semiring All ®Au and A x B E All ®A.,, it follows from 
Theorem 13.8 that 

00 00 

J.L* X v*(A X B):;:: L J.L* X v*(A 11 X B11 ) = L J.L X v(A 11 X B11 ), 

11=1 11=1 

and so, 

J.l.* x v*(A x B) ::': (J.!. x v)*(A x B). 

On the other hand, if E > 0 is given, choose two sequences {An) ~ S and 
{B11 ) ~ :E,withA ~ U:1A 11 ,B ~ U:1B11 ,suchthat }::,1Jl(A 11 ) < J.L*(A)+E 
and L::t v(BII) < v*(B) +E. Then, A X B ~ u:l u~=IAII X Bm holds, and 
so 

:>000 0000 

(J.L x v)*(A x B) :;:: L LIL x v(A 11 x B,) = L Lll(A 11 ) • v(B 111 ) 

11=! m=l 11=! m=l 

= [~J.L(A 11 )] · [t.v(B111 )] < [J.L .. (A) + E] · [v*(B) + E] 

for all E > 0. That is, 

(J.L x v)*(A x B):;:: J.L*(A) · v*(B) = J.L* x v*(A x B). 

Therefore, (J.L x v)*(A x B)= J.L* x v*(A x B) holds, as required. • 
It is expected that the members of All ®Au are J.L x v-measurable subsets of 

X x Y; that is, All ®Au ~ Allxu holds. The next theorem shows that this is 
actually the case. 

Theorem 26.3. If A is a J.L-measurable subset of X and B a v-measurable 

subset ofY, then A x B is a J.L x v-measurable subset of X x Y. 

Proof. Assume A E All, B E A,,, and fix C x D E S® :E with Jl x v(C x D)= 

11-(C) · v(D) < oo. In order to establish the J.L x v-measurability of A x B, by 
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Theorem 15.2, it suffices to show that 

(J.L x v)*((C x D) n (A x B))+ (J.L x v)*((C x D) n (A x Bt) :::: f..L x v(C x D). 

If f..L x v(C x D) = 0, then the previous inequality is obvious (both sides are zero). 
So, we can assume J.L(C) < oo and v(D) < oo. Clearly, 

(C x D) n (A x B) = (C n A) x (D n B), and 

(C X D) n (A X B)c = [(C n A e) X (D n B)] u [(C n A) X (D n Be)] 

u [(C n A e) X (D n Be)] 

hold with every member of the previous union having finite measure. 
Now, the subadditivity of (J.L x v)~, combined with Theorem 26.2, yields 

(J.L x v)*((C x D) n (A x B))+ (f..L x v)~((C x D) n (A x B)e) 

:::: f..L*(C n A)· v*(D n B)+ f..L*(C n A e)· v*(D n B) 

+ f..L*(C n A)· v*(D n Be)+ f..L*(C n A e). v*(D n Be) 

= [J.L~(C n A)+ f..L*(C n A e)]· [v*(D n B)+ v*(D n Be)] 

= J.L(C) · v(D) = f..L x v(C x D), 

as required. • 
In general, it is not true that the measure f..L ~ x v* is the only extension of 

f..L x v from S ®I: to a measure on AJJ. ® Av. However, if both {X, S, J.L) and 
(Y, I:, v) are a-finite measure spaces, then (X x Y, S ® :E, f..L x v) is likewise 
a a-finite measure space, and therefore, by Theorem 15.10, f..L~ x v* is the only 
extension of f..L x v to a measure on the semiring AJJ. ® Av. Moreover, in view of 
AJJ. ® Av ~ AJJ.xv and the fact that (f..L x v)* is a measure on AJJ.xv. it follows in 
this case that (f..L x v)* = f..L* x v* holds on AJJ. ® Av. 

We now tum our attention to measurability properties of arbitrary subsets of 
X x Y. Let us recall a few definitions from Section 20. If A is a subset of X x Y 
and x E X, then the x-section A.r of A is the subset of Y defined by 

A.r = {y E Y :(x,y) E A}. 

Similarly, if y E Y, then they-section AY of A is the subset of X defined by 

AY = {x E X: (x, y) E A}. 

The geometrical meanings of the x- and y-sections are shown in Figure 4.1. 
Regarding sections of sets, we have the following identities. 
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I' 

X 

FIGURE 4.1. 

a. <Uie/ A;).,.= Uie/(A;)x and <Uie/ A;)Y = Uie/(A;)Y; 
b. <ne/ A;)x = nel(A;)x and <ne/ A;)>'= nel(A;)Y; 
c. (A\ B)x =A~\ Bx aml (A\ B)Y = AY \ B>'. 

The proofs of the previous identities are straightforward, and they are left as an 
exercise for the reader. 

The next theorem demonstrates the relationship between the JL x v-measurable 
subsets of X x Y and the measurable subsets of X and Y, and it is a key result for 
this section. 

Recall that an extended real-valued function f that is undefined on a set of 
measure zero is said to define an integrable function if there exists an integrable 
function g such that f = g almost everywhere. That is, if arbitrary values are 
assigned to f on the points where it is undefined or attains an infinite value, then 
f becomes an integrable function. (The value of the integral does not depend, of 
course, upon the choices of these values.) 

Theorem 26.4. Let E be a JL x v-measurable subset of X x Y satisfying 
(JL x v)*(E) < oo. Then for JL-almost all x the set Ex is a v-measurable subset 
of Y, and the function x 1-+ v*(Ex) defines an integrable function on X such 
that 

(JL x v)*(E) = fx v*(Ex)dJL(X). 

Similarly,for v-almost ally, the set £Y is a JL-measurable subset of X, and 
the function y ~--+ JL*(EY) defines an integrable function on Y such that 

(JL X v)*(£) = 1 JL*(£Y)dv(y). 
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Proof. By the symmetry of the situatiQn, it suffices to establish the first for
mula. The proof goes by steps. 

Step I. Assume E =A x B E S ®:E. 
Clearly, Ex = B if x E A and Ex = C/J if x ¢. A. Thus, Ex is a v-measurable 

subset of Y for each x E X, and 

holds for all x EX. Since (t-L x v)'(E) = (t-L x v)(A x B)= t-L(A) · v(B) < oo, 
two possibilities arise: 

a. Both A and B have finite measure. 
In this case,(*) shows thatx H- v*(Ex) is an integrable function (actually, 

it is a step function) satisfying 

b. Either A orB has infinite measure. 
In this case, the other set must have measure zero, and so, ( *) guarantees 

v(E_,) = 0 for t-L-almost all x. Thus, x H- v*(Ex) defines the zero function, 
and hence 

fx v*(Ex)dt-L(x) = 0 = (/.L x v)*(E). 

Step II. Assume that E is a a-set of S ® :E. 
Choose a disjoint sequence {E11 } of S ® :E such that E = U:1 E 11 • In view of 

E_,. = U:1 (E 11 )x and the preceding step, it follows that Ex is a measurable subset 
of Y for each x E X. 

Now, define f(x) = v*(Ex) and f,,(x) = I::;'= I v((E; )x) for each x E X and all 
n. By Step I, each f,, defines an integrable function and 

f II r II 

f,, dt-L = L J11. v((E;)x)dt-L(X) = Lt-L x v(E;) t (/.L x v)*(E) < oo. 
i=l X i=l 

Since ((E11 }r} is a disjoint sequence of :E, we have v*(Ex) = L::1 v((E 11 )x). and 
so, f,,(x) t f(x) holds for each x EX. Thus, by Levi's theorem (Theorem 22.8), 
f defines an integrable function and 

r v~(Ex)d/1-(X) = Jt dt-L = lim ff,, dt-L =~/.LX v(E;) = (t-L X v)*(E). 
}JI.X 11-->oo ~ 

i=l 
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Step Ill. Assume that E is a countable intersection of a-sets offmite measure. 
Choose a sequence {E,} of a-sets such that E = n:,. En. (J.J. X v)*(El) < 00, 

and En+ I s; E, for alln. 
For each n,let g,(x) = 0 if v*((En )x) = oo and gn(X) = v*((En)x if v*((E,)_,. < 

oo. By Step II, each g, is an integrable function over X such that J g, d J1. = 
(J.J. x v)*(E,) holds. In view of Ex = n:,. (E,)x. it follows that Ex is a v

measurable set for each x EX. Also, since v*((E1)_r) < oo holds for J.J.-almost 
all x, it follows from Theorem 15.4 that g,(x) = v*((E,)x) ,!.. v*(Ex) holds for 
J.J.-almost all x. Thus, x ~ v*(Ex) defines an integrable function and 

{ v*(Ex)dJ.J.(X) = lim fg, dJ.J. = lim (J.J. x v)*(En) = (J.J. x v)*(E), Jx n-.oo 11-+oo 

where the last equality holds again by virtue of Theorem 15.4. 
Step IV: Assume that Eisa null set, i.e., (J.J. x v)*(E) = 0. 

Arguing as in the proof ofThc.::un::m 15.11, we see that there exists a measurable 
set G, which is a countable intersection of a-sets of finite measure, such that 
E s; G and (J.J. x v)*(G) = 0. 

By Step III, fx v*(Gx)dJ.J.(x) = (J.J. x v)*(G) = 0, and so, by Theorem 22.7(1), 
v*(Gx) = 0 holds for J.J.-almost all x. In view of Ex s; Gx for all x, we must have 
v*(Ex) = 0 for J.J.-almost all x. Therefore, Ex is v-measurable for J.J.-almost all x 

and x ~ v*(Ex) defines the zero function. Thus, 

fx v*(Ex)dJ.J.(X) = 0 = (J.J. x v)*(E). 

Step V. The general case. 
Choose a J.l. x v-measurable set F that is a countable intersection of a-sets all of 

finite measure such that E s; F and (J.J. x v)*(F) = (J.J. x v)*(E). Let G = F \E. 

Then G is a null set, and thus, by Step IV, v*(Gx) = 0 holds for J.J.-almost all x. 

Therefore, Ex is v-measurable and v*(Ex) = v*(Fx) holds for J.J.-almost all x. By 
Step III, x ~ v*(F.r) defines an integrable function, and so, x ~ v*(Ex) defines 
an integrable function and 

holds. The proof of the theorem is now complete. • 
Now, let f :X x Y --+ IR be a function. Then for each fixed x E X, the 

symbol fr will denote the function fx: Y --+ IR. defined by fr(Y) = f(x, y) 

for all y E Y. Similarly, for each y E Y the notation JY denotes the function 
fY: X --+ IR. defined by JY(x) = f(x. y) for all x E X. 
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Definition 26.5. Let f: X x Y --+- JR. be a function. Then the iterated integral 
JJ f df..Ldv is said to exist if 
1. fY is an integrable function over X for v-almost ally, and 
2. the function 

g(y) = j P df..L = lf(x, y)df..L(x) 

defines an integrable function over Y. 

The value of the iterated integral J J f df..Ldv is computed by starting with the 
innermost integration and by continuing with the second as follows: 

Iff df..Ldv = i [lf(x, y)df..L(X) J dv(y), 

holding y fixed while the integration over X is pe1jormed. 

The meaning of the iterated integral J J f d vd f..L is analogous. That is, 

If E is a f..L x v-measurable subset of X x Y with (J.L x v)*(E) < oo, then it 
is readily seen from Theorem 26.4 that both iterated integrals J J X£ df..Ldv and 
JJ X£ dvdf..L exist, and that 

f!X£df..LdV =If X£dVdf..L = J XEd(f..L x v) = (J.L x v)*(E). 

Since every f..L x v-step function is a linear combination of characteristic functions 
of f..L x v-measurable sets of finite measure, it follows from the prior observation 
that if¢ is a J1. x v-step function, then both iterated integrals JJ ¢ dJ.LdV and 
J J ¢ d vd f..L exist and, moreover, 

If ¢dJ.LdV =If rjJdvdf..L = J rjJd(f..L x v). 

The previous identities regarding iterated integrals are special cases of a more 
general result known as Fubini's 13 theorem. 

13Guido Fubini ( 1879-1943). an Italian mathematician. He made important contributions in analysis. 
geometry, and mathematical physics. 
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Theorem 26.6 (Fubini). Let f: X x Y ---+ IR be a J.L x v-integrablefunction. 
Then both iterated integrals exist and 

J f d(J.L x v) = J J f dJ.Ldv = J J f dvdJ.L. 

Proof. Without loss of generality we can assume that f(x, y) 2: 0 holds for all 
x andy. Choose a sequence { ¢n} of step functions such that 0 ::: ¢,. (x, y) t f (x, y) 

holds for all x andy. Thus, 

fx [lr ¢,(x, y)dv(y) J dJ.L(X) = J ¢n d(J.L x v) t J f d(J.L x v) < oo. (*) 

By Theorem 26.4, for each n the function 

defines an integrable function over X; and clearly, g,(x) t holds for J.L-almost all x. 
But then, by Levi's Theorem 22.8, there exists a J.L-integrable function g : X ---+ IR 
such that g,(x) t g(x) J.L-a.e. holds. That is, there exists a J.L-null subset A of X 
such that j(¢n).r dv t g(x) < oo holds for all x ¢. A. Since (¢n)x t fx holds for 
each x, it follows that fr is v-integrable for all x ¢. A and 

holds for all x ¢. A. 
Now,(*) combined with Theorem 21.6 implies that the function x r-+ fr fx dv 

defines an integrable function such that 

J f d(J.L X v) = fx (fr fr dv) dJ.L = !! f dvdJ.L. 

Similarly, J f d(J.L X v) = JJ fdJ.LdV, and the proof is complete. • 
The existence of the iterated integrals is by no means enough to ensure that the 

function is integrable over the product space. For instance, let X = Y = [0, I], 
J.L = v = )... (the Lebesgue measure), and f(x, y) = (x2 - y2)j(x2 + y2)2 if 
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(x, y) =f: (0, 0) and f(O, 0) = 0. Then, it is ~asy to see that 

Fubini 's theorem shows, of course, that f is not integrable over [0, I] x [0, I]. 
However, there is a converse to Fubini's theorem according to which the exis

tence of one of the iterated integrals is sufficient for the integrability of the function 
over the product space. The theorem is known as Tonelli's 14 theorem, and this 
result is frequently used in applications. 

Theorem 26.7 (Tonelli). Let (X, S, J1.) and (Y, :E, v) be two a-finite measure 
spaces, and let f : X x Y -+ IR be a J1. x v-measurable function. If one of the 
iterated integrals JJ If I dJ1.dv or JJ If I dvdJ1. exists, then the function f is 
J1. x v-integrable-and hence, the other iterated integral exists and 

jfd(J1.XV)= jjfdJ1.dV= jjfdVdJ1.. 

Proof. We can assume without Joss of generality that f(x, y) ::: 0 holds for 
all x andy. Since (X, S, J1.) and (Y, :E, v) are a-finite measure spaces, it is easy 
to see that the product measure space is also a a-finite measure space. Choose a 
sequence {A,.) of J1. x v-measurable sets such that (J1. x v)*(A,.) < oo for each 
nand A,. t X x Y. By Theorem 17.7, there exists a sequence {1{!,.) of J1. x v
simple functions such that 0 :::: 1{!,. (x, y) t f (x, y) holds for all x and y. Let 
¢,. = 1{!, · XA,. for each n. Then { ¢,.} is a sequence of J1. x v-step functions such 
that 0 :::: ¢,.(x, y) t f(x, y) holds for all x andy. 

Now, assume that JJ f dJ1.dV exists. This means that for v-almost all y, 
the integral J f(x, y)dJ1.(X) exists and defines a v-integrable function. From 
¢,.(x, y) t f(x, y) it follows that J ¢,(x, y) dJ1.(X) t J f(x, y) dJ1.(x) holds for 
v-almost ally. But then, by applying the Lebesgue dominated convergence theo
rem, we get 

This shows that f is a J1. x v-upper function and that J f d(J1. x v) = J J f d J1.dv 
holds. The rest of the proof now follows immediately from Fubini 's theorem. • 

The Fubini and Tonelli theorems are usually referred to as "the method of 
computing a double integral by changing the order of integration." 

14 Leonida Tonelli (1885-1946), an Italian mathematician. He contributed to measure theory, the 
theory of integration. and to calculus of variations. 
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In general, it is a difficult problem to determine whether or not a given function 
f : X x Y ~ IR is J1. x v-measurable. However, in a number of applications the 
J1. x v-measurability off can be established from topological considerations. For 
instance, if X = Y = IR and J1. = v =the Lebesgue measure, then it should be 
clear that the product measure J1. x v on IR2 is precisely the Lebesgue measure 
on IR.2• Therefore, every continuous real-valued function on IR.2 is necessarily 
J1. x v-measurable. For more about the joint measurability of functions, see also 
Section 20. 

EXERCISES 

1. Let (X, S, J-1.) and (Y, I:, v) be two measure spaces, and let A x B E Ap. ®Au. 

a. Show that J.I.*(A) · v*(B) :::; (J-1. x v)*(A x B). 
b. Show that if J.I.*(A) · v*(B) =/= 0, then (J.I. x v)*(A x B)= J.I.*(A) · v*(B). 
c. Give an example for which (J.I. x v)*(A x B)=/= J.I.*(A) · v*(B). 

2. Let (X •. S, JJ.) and (Y, I:, v) be two a-finite measure spaces. Then show that 

(J-1. x v)*(A x B)= J.I.*(A) · v*(B) 

holds for each A x B E Ap. ®Au. 
3. Let (X, S, J-1.) and (Y, I:, v) be two measure spaces. Assume that A and Bare subsets 

of X andY, respectively, such that 0 < J.I.*(A) < oo, and 0 < v*(B) < oo. Then 
show that A x B is J1. x v-measurable if and only if both A and B are measurable in 
their corresponding spaces. Is the above conclusion true if either A or B has measure 
zero? 

4. Let (X, S, J-1.) and (Y, I:, v) be two a-finite measure spaces, and let f: X x Y --+ IR 
be a J1. x v-measurable function. Show that for JJ.-almost all x, the function / 1 is a 
v-measurable function. Similarly, show that for v-almost all y, the function JY is 
JJ.-measurable. 

5. Show that if f(x, y) = (x2 - y 2)/(x2 + y2)2, with f(O, 0) = 0, then 

f [fa' f(x, y)dx Jdy = -~ and f [f f(x. y)dy J dx = ~-
6. Let X = Y = IN, S = I: =the collection of all subsets of IN, and J1. = v =the 

counting measure. Give an interpretation of Fubini 's theorem in this case. 
7. Establish the following result, known as Cavalieri's 15 principle. Let (X, S, JJ.) and 

(Y, I:, v) be two measure spaces, and let E and F be two J1. x v-measurable subsets 
of X x Y of finite measure. If v*(Ex) = v*(.Fx) holds for JJ.-almost all x, then 

(J.I. x v)*(E) = (J.I. x v)*(F). 

8. For this exercise,>.. denotes the Lebesgue measure on IR. Let (X, S, JJ.) be a a-finite 
measure space, and let f: X --+ IR be a measurable function such that f(x) ::; 0 

15Bonaventura Cavalieri (1589-1647), an Italian mathematician. He was a geometer who worked 
on problems regarding volumes of solids and wrote several monographs on this subject. 
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holds for all x E X. Then show that 

a. The set A = {(x, y) EX x IR: 0:::; y:::; f(x)), called the ordinate setoff, is a 
J1. x A.-measurable subset of X x IR. 

b. The set B = {(x, y) E X x IR: 0 :::; y < f(x)} is a J1. x A.-measurable subset of 
X x IR and (J.I. x A.)~(A) = (J.t x A.)*(B) holds. 

c. The graph off, i.e., the set G = {(x, f(x)):x E X), is a J1. x A.-measurable 
subset of X x IR. 

d. Iff is J.t-integrable, then (J.I. x A.)*( A) = J f dJ.t holds. 
e. Iff is J.t-integrable, then (J.I. x A.)*( G) = 0 holds. 

9. Let g : X -+ IR be a J.t-integrable function, and let lz : Y -+ IR be a v-integrable 
function. Define f: X x Y -+ IR by f(x, y) = g(x)lz(y) for each x andy. Show that 
f is J1. x v-integrable and that 

J fd(J.t x v) = (fxgdJ.t) · ([ lzdv). 

10. Use Tonelli's theorem to verify that 

[ si:x dx = fo'"' ([ e-xy sinx dx) dy 

holds for each 0 < E < r. By letting E -+ o+ and r -+ 00 (and justifying your 
steps) give another proof of the formula 

--dx = -. 100 sinx JT 

0 X 2 

11. Show that if f(x, y) = ye-<l+r'l.v' for each x andy, then 

100 [100 
f(x, y)dx] dy = fooo [fooo f(x, y)dy] dx. 

Use the previous equality to give an alternate proof of the formula 

1oo -x' d .j7r e x=-. 
0 2 

12. Show that 

fooo (fo' e-xy' sin x dx) dy = fo' (fooo e-xy' sin x dy) dx 

holds for all r > 0. By letting r -+ oo show that 

roo sinx dx = .fEi. 
lo ../X 2 

In a similar manner show that J000 co;/ dx = .fEi /2. 
13. Using the conclusions of the preceding exercise (and an appropriate change of vari

able). show that the values of the Fresnel integrals (see Exercise 6 of Section 24) 
are 

sin(x2)dx = cos(x2 )dx = --. 100 100 .fEi 
0 0 4 
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14. Let X = Y = [0, 1], J.l. =the Lebesgue measure on [0, 1], and v =the counting 
measure on [0, 1 ]. Consider the "diagonal" !:J. = { (x, x) : x E X} of X x Y. Show 
that: 

a. !:J. is a J.l. x v-measurable subset of X x Y, and hence, Xt. is a non-negative J.l. x v
measurable function. 

b. Both iterated integrals JJ Xt. dJ.l.dV and JJ Xt. dvdJ.l. exist. 
c. The function Xt. is not J.l. x v-integrable. Why doesn't this contradict Tonelli's 

theorem? 

15. Let f: lR -+ lR be Borel measurable. Then show that the functions f(x + y) and 
f(x - y) are both >.. x >..-measurable. 
[HINT: Consider first f = XV for some open set V .] 



CHAPTER 5 _____________ _ 

NORMED SPACES AND 
Lp-SPACES 

The algebraic theory of vector spaces has been an integral part of modem mathe
matics for some time. In analysis, one studies vector spaces from the topological 
point of view, taking into consideration the already existing algebraic structure. 
The most fruitful study comes when one attaches to every vector a real number, 
called the norm of the vector. The norm can be thought of as a generalization of 
the concept of length. A normed space that is complete (in the metric induced by 
its norm) is called a Banach1 space. 

A variety of diverse problems from different branches of mathematics (and 
science in general) can be translated to the framework of Banach space theory and 
solved by applying its powerful techniques. For this reason the theory of Banach 
spaces is in the frontier of modem mathematical research. 

This chapter presents a brief introduction to the theory of normed and Banach 
spaces. After developing the basic properties of normed spaces, the three comer
stones of functional analysis are proved-the principle of uniform boundedness, 
the open mapping theorem, and the Hahn-Banach theorem.2 Then a section is 
devoted to the study of Banach lattices; that is, Banach spaces whose norms are 
compatible with the lattice structure of the spaces. As we shall see, many Banach 
lattices are actually old friends. Finally, the classical, Lp-spaces are investigated, 
and the theory of integration is placed in its appropriate perspective. 

27. NORMED SPACES AND BANACH SPACES 

A real-valued function 11·11 defined on a vector space X is called a norm if it 
satisfies the following three properties: 

1 Stefan Banach (1892-1945), a prominent Polish mathematician. He is the founder of the contem
porary field of functional analysis. 

2Hans Hahn (1879-1934), an Austrian mathematician and philosopher. He contributed decisively 
to functional analysis, general topology, and the foundations of mathematics. 
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I. llx II 2:: 0 for each x E X, and llx II = 0 if and only if x = 0; 
2. llaxll = Ia!· llxll for all x EX and a E IR; 
3. !lx + Yll :S: llxll + IIYII for all x, y EX. 

Property (3) is referred to as the triangle inequality, and it is equivalent to the 
inequality 

llx-yll :S: llx-zll+llz-yll 

for all x, y, and z in X. 
A vector space X equipped with a nonn 11·11 is called a normed \'ector space, or 

simply a normed space. To avoid trivialities, the vector spaces will be tacitly as
sumed to be different from {0}. Also, they will be assumed to be real vector spaces. 

On a nonned space X, a metric is defined in tenns of the nonn 11·11 via the 
function d(x, y) = !lx - y 11. From the properties of the nonn, it is a routine matter 
to verify that d(·, ·) is indeed a metric on X. We shall call this meuic on X the 
metric induced by the norm. A sequence {x,} in X is said to converge in nonn 
to x if lim llx - x, II = 0; that is, if {x,} converges to x with respect to the metric 
induced by the nonn. 

In view of the triangle inequality, 

lllxll- IIYIII:::: llx- Yll 

holds for all x and y in X. This readily implies that the nonn considered as a 
function x H- llx II for X into IR is unifonnly continuous. Also. by the triangle 
inequality it is easy to prove, but important to observe, that if x, --+ x and y, --+ y 
in X and a, --+ a in IR, then x, + y, --+ x + y and anX11 --+ ax hold. 

A subset A of a nonned space is said to be norm bounded (or simply bounded) 
if there exists some M > 0 such that llx II :::: M holds for each x E A. Every Cauchy 
sequence {xn} of a nonned space is bounded. Indeed, to see this choose k such that 
llx,- xmll < I for all n, m 2:: k, and let M =max{ I+ llx;ll: I :S: i :S: k}. Then 
the inequality llx, II :::: 1 + llx~ II for n :::: k implies llx, II :::: M for alln. 

A nonned space X that is complete with respect to the metric induced by its nonn 
is called a Banach space. In other words, X is a Banach space if for every Cauchy 
sequence {x,} of X there exists an element x E X such that lim IIXn - x II = 0. 
Thus, Banach spaces are special examples of complete metric spaces. 

Some examples of Banach spaces are presented next. 

Example 27.1. The vector space JR." with the nonn llx II = <I:;'= I xf>~ for each x = 
(XI, ... , x,) E JR." is a Banach space. This nonn is called the Euclidean norm, and it gives 
the Euclidean metric. • 

Example 27.2. Let X be a nonempty set, and let B(X) be the vector space of all bounded 
real-valuedfunctionsdefinedon X. Then llfll:x> = sup{lf(x)l: x EX) for each/ E B(X) 
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defines a nonn on B(X), called the sup norm .. A glance at Example 6.12 guarantees that 
the vector space B(X) with the sup nonn is a Banach space. • 

Example 27.3. Let e1 denote the collection of all real sequences x = (XJ, x2, ... ) such 
that E~ 1 lx11 1 < oo. It is easy to see that e 1 is a vector space under the algebraic operations 

x + y = (XJ + Yl, x2 + Y2 •... ) and ax = (a.q, ax2 •.. . ). 

Moreover, if for every X E e I we define llx Ill = E~ I lx/11' then II·IIJ is a nonn on e I. The 
verification of the norm properties are left for the reader. We show next that e 1 is actually 
a Banach space. 

To this end, let (x11 I be a Cauchy sequence of e l· That is, for every E > 0 there exists 
some k such that llx11 - Xm ll1 < E holds for all11, m > k. It follows that there exists some 
M > 0 such that llx11 IIJ ::; M for each 11. Let x" =(xi', x!J., .. . ) for each 11. The relation 

00 

lx!' -x!"l::; "L:Ix!' -xi" I= llx" -x,lll < E 
i=l 

for 11, m > k implies that for each fixed i, the sequence of real numbers (x!' I is a Cauchy 
sequence. Let x; = hm11 -+oo x!' for each i. Since for all11 > k and each p we have 

p p p p 

L lx; I < L lx; - x!'l + L lx!' I ::: L lx; - x!' I + llx"lll 
i=l i=l i=l i=l 

= lim ( ~ lx;n - x!' I) + nx, Ill ::: E + M < 00, 
111 ..... 00 w 

i=l 

it follows that X = (XJ' X2, ... ) E e l· Also, since Ei=l lx!' - xf'l ::: llx, -X mill < E for 
all n, m > k, we have L:f'=1 lx;- xjl = lim111 _. 00(I:['=1 lxf'- xjl)::; E for all p and all 
11 > k. Hence, llx - x11 ll1 ::; E holds for all11 > k, so that (x, I converges to x in l1. That 
is, l 1 is a Banach space. • 

Example 27.4. Consider an interval [a, b) and a natural number k. Let Ck[a, b) denote 
the collection of all real-valued functions defined on [a, b) which have a continuous kth 
order derivative on [a. b) (with right and left derivatives at the endpoints). 

Clearly, Ck [a. b] with the pointwise algebraic operations is a vector space. Moreover, if 
for each f E Ck[a. b) we let 

11/11 = llflloo + 11/'llco + · · · + 11/(k)lloo. 

then 11·11 defines a norm under which Ck[a, b) is a Banach space. 
It is straightforward to verify that 11·11 is indeed a nonn. To see that C~ [a, b] is complete 

under 11·11, let (J,,I be a Cauchy sequence of Ck[a, b). Then, it is easy to see that there 
exist continuous functions go, g 1, ... , gk such that for each i = 0, I, ... , k the sequence 
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of functions (f,~i)) converges uniformly to g;. Now, if 1 ,::: i ,::: k, then 

holds foreachx E [a, b]. Thus, by the uniform convergence of the sequence (J,~0 ) it follows 
from ( *) that 

holds for each x E [a, b]. By the fundamental theorem of calculus, g;_ 1 is differentiable 

(for 1 ,::: i ,::: k), and g;_ 1 (x) = g;(x) for each x E [a, b]. In particular, note that g; = gg> 

fori = 1, ... , k. Therefore, go E Ck[a, b] and limllfn -go II = 0 holds, so that Ck[a, b] 
is a Banach space. • 

Two norms II· II 1 and II· II 2 on a vector space X are said to be equh·alent if there 
exist two constants K > 0 and M > 0 such that 

holds for each x E X. The reader should stop and verify that two norms are 
equivalent if and only if they generate the same open sets. 

In particular, note that if two norms on a vector space X are equivalent, then X 
is a Banach space with respect to one of them if and only if X is a Banach space 
with respect to the other. Also, observe that if II· II 1 is equivalent to II· II 2 and II ·112 
is equivalent to II· 113. then II· II 1 is equivalent to II· 113· 

In a nonned vector space, all open balls "look alike." More precisely, any two 
open balls are homeomorphic. Indeed, if B(a, r) is an arbitrary open ball, then it is 
easytoseethatthefunction x ~--+ a+rx isahomeomorphismfromB(O,I)onto 
B (a, r ). For this reason, the open ball B (0, I) = {x: llx II < I I plays an important 
role in the study of nonned spaces and is called the open unit ball of the space 
(and likewise {x: llx II .:::: I I is called the closed unit ball of the space). 

Example 27.5. It is instructive to consider various norms on JR2• For v = (x, y) E IR.2 

define 

llvlll = lxl + lyl, 

11v112 = (x·2 + l>t, 
llvlloo = max{lxl, lyiJ, 

II vII = c~ + ~~) t. 
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111·11-= 

I 

FIGURE 5.1. The Unit Balls of Various Norms 

where a and b are two, fixed, positive real numbers. The reader should stop and verify that 
the previous functions are norms and that they are, in fact, all equivalent. The geometric 
shape of the closed unit ball for each norm is illustrated in Figure 5.1. • 

The fact that all norms in the preceding example were equivalent is not acci
dental. 

Theorem 27.6. In a finite dimensional vector space all norms are equivalent. 

Proof. Without Joss of generality, we can assume that the finite dimensional 
space is JR.". Let ll·ll2 denote its Euclidean norm; that is, llx ll2 = (Xf + · · · + x;)!. 
Also, Jet 11·11 be another norm on JR. 2• It suffices to establish that 11·11 is equivalent 
to 11·112· 

If x = (x 1, .•• , x,.) = x 1 e1 + · · · + x,.e,. (where the e,. are the standard basic 
unit vectors), then by the triangle inequality we have 

Thus, if M = :L;'=• lle.-11. then 
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holds for all x E IR". This establishes one-half of the desired inequality. In addition, 
the inequalities 

lllxll- IIYIII::::: llx- Yll::::: Mllx- Ylll 

show that the function x ~---+ llx II from IR" with the Euclidean norm into JR. is 
(uniformly) continuous. 

LetS = {x E IR": llxll2 = I} be the "unit sphere" for the Euclidean norm. 
Then Sis closed and bounded, and hence, by the Heine-Bore! Theorem 7.4, Sis 
compact for the Euclidean norm. In particular, the continuous function x ~---+ llx II 
attains a minimum value on S, say at xo. Thus, llxll ::: llxoll holds for all x E S. 
Let K = llxoll· Since llxoll2 = I, it follows that xo # 0, and so K = llxoll > 0. 
Now, if x E IR" is nonzero, then llxll/llxll2 = llxfllxll211::: K, and so 

holds for all x E JR.". This establishes the other half of the desired inequality and 
completes the proof of the theorem. 1!1 

As an application of the last theorem, let us establish the following useful result: 

Theorem 27.7. Eve1y finite dimensional vector subspace of a nornzed space 
is closed. 

Proof. Let Y be a finite dimensional vector subspace of a normed space X. 
Then Y can be identified (linearly isomorphically) with some JR". Hence, by Theo
rem 27.6, the norm of X restricted toY must be equivalent to the Euclidean norm. In 
particular, Y is a complete metric space, and so (by Theorem 6.13) Y is closed. • 

The structure of the open (or closed) unit ball reflects the topological and geo
metrical properties of all balls. For example, a normed space is locally compact 
if and only if its closed unit ball is compact. (Recall that a topological space is 
locally compact if each point has a neighborhood whose closure is compact.) 

The next theorem tells us that the finite dimensional normed spaces are the only 
locally compact normed spaces. 

Theorem 27.8. A normed space is locally compact if and only if it is finite 
dimensional. · 

Proof. If the normed space is finite dimensional, then by Theorem 27 .6, its 
norm is equivalent to the Euclidean norm. By Theorem 7.4, the closed unit ball is 
compact with respect to the Euclidean metric, and from this it follows (how?) that 
the space is locally compact. 
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For the converse, assume that X is a locally compact normed space. Since all 
closed balls are homeomorphic, the closed unit ball V = {x EX: llxll ::;:: 1} must 
be compact. Choose XJ, .... x, E v such that v 5:;; u;·=l B(x;. t ), and let y be 
the linear subspace generated by {x 1 , ••• , x,}. We shall show that X = Y, and this 
will establish that X is finite dimensional. 

Assume by way of contradiction that X # Y. Thus, there exists some x0 E X 
with x0 ¢ Y. Since (by Theorem 27. 7) the vector subspace Y is closed, it follows 
that d(xo. Y) = inf{llxo- yll: y E Y} > 0 (also, see Exercise 1 of Section 10). 
Pick some y E Y with llxo- yll < 2d(xo. Y). Then for some 1 ::;:: i ::;:: n we have 
(xo - y)f llxo - y II E B (x;, ~ ). Since y + II .to - y llx; belongs to Y, it follows that 

~ > II .to-Y _ x; II = llxo- (y + llxo- yllx;)ll :::: d(xo, Y) > ~ 
2 llxo-YII llxo-YII llxo-YII 2 

which is impossible. This contradiction completes the proof of the theorem. • 

EXERCISES 

1. Let X be a normed space. Then show that X is a Banach space if and only if its unit 
sphere {x E X: llx II = I} is a complete metric space (under the induced metric 
d(x, y) = llx- .vii). 

2. Let X be a normed vector space. Fix a E X and a nonzero scalar a. 

a. Show that the mappings x 1-+ a + x and x r-+ ax are both homeomorphisms. 
b. If A and 8 are two sets with either A or B open and a and {J are nonzero scalars, 

then show that a A + {J 8 is an open set. 

3. Let X be a normed vector space, and let 8 = {x E X: llx II < 1} be its open unit ball. 
Show that B = {x EX: llxll::; 1}. 

4. Let X be a normed space, and let {x,} be a sequence of X such that limx, = x 
holds. If y, = Il-l (:q + ... + x,) for each n. then snow that lim Yll = X. (See also 
Exercise 11 of Section 4.) 

5. Assume that two vectors x andy in a normed space satisfy llx + yll = llxll + IIYII· 
Then show that 

lla:c + {Jyll = allxll + fJIIYII 

holds for all scalars a =:: 0 and {J =:: 0. 
6. Let X be the vector space of all real-valued functions defined on [0, 1] having contin

uous first-order derivatives. Show that II !II = 1/(0)1 + ll!'lloo is a norm on X that is 
equivalent to the norm llflloo + 11/'lloo· 

7. A series :L~ 1 x" in a normed space is said to converge to x if limllx- :Lf'=1x; II = 
0. As usual, we write x = :[~ 1 x11 • A series 2:::~ 1 x11 is said to be absolutely 
summable if 2:::~ 1 llx11 11 < oo holds. 

Show that a normed space X is a Banach space if and only if every absolutely 
summable series is convergent. 

8. Show that a closed proper vector subspace of a normed vector space is nowhere dense. 
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9. Assume that f: [0, l] -+ JR. is a continuous function which is not a polynomial. 
By Corollary 11.6, we know that there exists a sequence of polynomials IPnl that 
converges uniformly to f. Show that the set of natural numbers 

{k E 1N: k =degree of Pn for some n) 

is countable. 
[HINT: Show that the vector subspace of C[O, l] consisting of all polynomials of 
degree less than or equal to some m is closed.] 

10. This exercise describes some classes of important subsets of a vector space. A nonempty 
subset A of a vector space X is said to be: 

a. symmetric, if x E A implies -x E A, i.e., if A= -A; 
b. convex, if x, y E A implies 'Ax+ (l - J..)y E A for all 0::: J..::: l, i.e., for every 

two vectors x, y E A the line segment joining x and y lies in A; 
c. circled (or balanced) if x E A implies J..x E A for each lA. I ::: l. 

Establish the following: 

i. A circled set is symmetric. 
ii. A convex and symmetric set containing zero is circled. 

iii. A nonempty subset B of a vector space is convex if and on I y if a B +b B = (a +b )B 
holds for all scalars a ~ 0 and b ~ 0. 

iv. If A is a convex subset of a normed space, then the closure A and the interior A 0 

of A are also convex sets. 

11. This exercise describes all norms on a vector space X that are equivalent to a given 
norm. So, let (X, 11·11) be a normed vector space. Let A be a bounded convex symmetric 
subset of X having zero as an interior point (relative to the topology generated by the 
norm 11·11 ). Define the function p A: X -+ JR. by 

PA(X) = inf{J.. > 0: X E J..A}. 

Establish the following: 

a. The function p A is a well-defined nOIJll on X. 
b. The norm PA is equivalent to 11·11, i.e., there exist two constants C > 0 and K > 0 

such that Cllx II ::: p A (x) ::: K llx II holds true for each x E X. 
c. The closed unit ball of PAis the closure of A, i.e., {x E X: PA(X)::: l} =A. 
d. Let 111·111 be a norm on X which is equivalent to 11·11, and consider the norm 

bounded nonempty symmetric convex set B = {x EX: lllxlll::: 1}. Then zero is 
an interior point of B and lllx Ill = p B (x) holds for each x E X. 

28. OPERATORS BETWEEN BANACH SPACES 

In this section, we shall study linear operators (or transformations). Recall that a 
function T: X --+ Y between two vector spaces is called a linear operator (or 
simply an operator) if T(ax + {Jy) = aT(x) + {JT(y) holds for all x, y EX, 
and all a, fJ E IR. Observe that every linear operator T satisfies T(O) = 0. 
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If X and Y are two nonned spaces, then th_e symbol 11·11 will be used (as usual) 
to denote the nonn on both spaces. 

Definition 28.1. Let T: X ~ Y be a linear operator between two normed 
spaces. Then the operator norm of T is defined by 

liT II= sup{IIT(x)ll: llxll =I}. 

If liT II is finite, then T is called a bounded operator (and, of course, if 
liT II = oo, then Tis called an unbounded operator). 

Observe that 

IIT(x)ll:::: IITII·IIxll 

holds for all x E X. To see this, note that if x =!= 0, then the vector y = x 1 llx II 
satisfies llyll = I, and so 

IIT(x)ll -II T (--=--) II- T < llxll - llxll - II (y)ll - IITII 

holds. In particular, it follows from the previous inequality that 

IITII = sup{IIT(x)ll: llxll :::: 1}. 

Next, some concrete examples of operators are presented. 

Example 28.2. Let X = C[O, I] with the sup norm. Define T: X -+ X by T(/)(x) = 
xf(x) for each f EX and x E [0, I]. Clearly, Tis a linear operator such that IIT(/)11 00 ::; 

II f II 00 for each f E X. This shows that II Til ::; I (in fact, II Til = I), and so T is a bounded 

•ra~ • 
The next example presents an unbounded operator. 

Example 28.3. Let X be the vector space of all real-valued functions on [0, I] that have 
continuous derivatives with the sup norm. Also, let Y = C[O, I] with the sup norm. Define 
D: X -+ Y by D(f) = f' (the differential operator). It is easy to see that D is a linear 
operator. However,IIDII = oo. Indeed, if f,,(x) = xn, then llf,.lloo =I and IID(/,1)11 00 = 
sup{/1.\· 11 - 1: x E [0, I]}= n holdforeachn,implying liD II = oo. Hence, Dis an unbounded 
operator. • 

The next example is drawn from the important class of operators known as 
"integral operators." 

Example 28.4. Let [a, b] be a (finite) closed interval, and let K: [a, b] x [a, b] -+ lR be a 
continuous function. Consider the vector space C [a, b] with the sup norm, and then define 
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T: C[a, b)--+ C[a, b) by 

T(f)(x) = 1h K(x, y)f(y)dy 

for each f E C[a, b). (The uniform continuity of K on [a, b) x [a, b) can be invoked here to 
verify that indeed T(f) E C[a, b) for each f E C[a, b].) For obvious reasons, the operator 
T is called an integral operator and the function K is referred to as the kernel ofT. 

Clearly, T is a linear operator. On the other hand, if 

M = sup{IK{x, y)l: (x, y) E [a, b) x [a, b]J < oo, 

then the estimate IT(f)(.r}l ::; M(b- a)llflloo shows that IIT(/)11 00 ::; M(b- a)ll/lloo
Thus, II Til ::: M(b- a) < oo, and soT is a bounded operator. 

It is worth verifying that T also satisfies the following important property: 

• If B = {f E C[a, b]: ll!lloo < I} is the open unit ball ofC[a, b), then T(B) is a 
compact subset ofC[a, b). 

To see this, observe first that T(B) is closed and bounded. Thus, by the Ascoli-Arzela 
Theorem 9.10, we need only to show that T(B) is an equicontinuous subset of C[a, b). To 
see this, fix xo E [a, b), and let E > 0. Since (by Theorem 7.7) K is uniformly continuous, 
there exists some 8 > 0 such that !K(xl, y)- K(x2, y)! < E holds whenever l.r1 -.r2l < 8. 
Therefore, if x E [a, b] satisfies l.r - xo I < 8 and f E B, then 

!T(f)(x)- T(/)(xo)! = 11h [K(x, y)- K(xo, y))f(y)dy I ::: lb- a)E. 

This shows that T(B) is equicontinuous at .ro. Since xo is arbitrary, T(B) is equicontinuous 
everywhere. Thus, T(B) is compact. 

The preceding property is expressed simply by saying that T is a compact operator. 
In general, an operator T: X --+ Y between two Banach spaces is said to be a compact 
operator if T(B) is a compact subset of Y (where B is the open unit ball of X). • 

Our next example is borrowed from the theory of differential equations. 

Example 28.5. Let Ck[a, b) be the Banach space of Example 27. Consider C[a, b) 
with the sup norm 11·11 00 , and fix k functions po, Pl· ... , Pk-l in C[a. b). Now, define 
L: Ck[a, b)--+ C[a, b) by 

L(y) = y<Al + P~-ly'k-lJ + · · · + pJY' + PoY 

for each y E Ck[a, b). 
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Clearly, L is a linear (differential) operator. On the other hand, if 

M =I+ IIPolloc + IIPtlloo + · · · + IIPk-tlloo. 

then it is easy to see that 

IIL(y)lloc ~ M[lly<~>lloo + IIJ'k-lllloo + · · · + 11/lloo + IIYIIool = Mllyll 

holds. This shows that L is a bounded operator. 
It is also interesting to observe that L is onto. This follows from the standard existence 

theorem of solutions to an ordinary linear differential equation. • 

The bounded operators are precisely the continuous linear operators. The next 
theorem clarifies the situation. 

Theorem 28.6. For a linear operator T: X ~ Y between two normed spaces, 
the following statements are equivalent: 

l. T is a bounded operatm: 
2. There exists a rea/number M :::. 0 such that II T (x) II .::: M llx II holds for all 

X EX. 
3. T is colltinuous at zero. 
4. T is continuous. 

Proof. (l) ==> (2) We have seen before that II T (x) II .::: II Tll·llx II holds for 
all x E X. Thus, if T is a bounded operator, then (2) holds for any choice of the 
real number M with M :::. IITII-

(2) ==> (3) Clearly, limllx,ll = 0 combined with the inequality IIT(x,)ll .::: 
M llx, II implies lim II T (x,) II = 0. That is, T is continuous at zero. 

(3) ==> (4) The (uniform) continuity ofT follows immediately from the iden
tity IIT(x)- T(y)ll = IIT(x- y)ll and the simple fact that limx, = x holds in a 
normed space if and only if lim(x, - x) = 0. 

( 4) ==> ( l) Assume by way of contradiction that II T II = oo. Then there exists 
a sequence {x,} of X with llx,ll = 1 and IIT(x,)ll 2::. n for each n. Let y, =~for 
each n, and note that lly,ll = ; implies lim Yn = 0. But then, by the continuity of 
T, we must have lim T(y11 ) = 0, contrary to IIT(y,)ll = n-111T(x,)ll 2::. 1 for each 
n. Thus, II T II < oo holds, and the proof of the theorem is complete. • 

Let X and Y be two normed spaces. Then the collection of all bounded linear 
operators from X into Y will be denoted by L(X, Y). By Theorem 28.6, it follows 
that L(X, Y) under the algebraic operations 

(S + T)(x) = S(x) + T(x) and (aT)(x) = aT(x) 
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is a vector space. In fact, L(X, Y) is a normed vector space under the operator 
norm liT II= sup{IIT(x)ll: llxll = 1}. The details follow. 

Theorem 28.7. Let X andY be two normed spaces. Then L(X, Y) is a normed 
vector space. Moreover, if Y is a Banach space, then L(X, Y) is likewise a 
Banach space. 

Proof. We verify first that T ~--+ II T II = sup{ II T (x) II: llx II = 1} is a norm on 
L(X, Y). Clearly, from its definition liTH :::: 0 holds for all T E L(X, Y). Also, 
the inequality IIT(x)ll .::: IITIHxll shows that liTH = 0 if and only if T = 0. 
The proof of the identity llaT II = Ia I · liT II is straightforward. For the triangle 
inequality, Jet S, T E L(X, Y), and Jet x E X with llx II = 1. Then 

II(S + T)(x)ll = IIS(x) + T(x)ll .::: IIS(x)ll + IIT(x)ll .::: liS II+ liTH 

holds, which shows that II S + T II .::: II S II+ II T II. Thus, L(X, Y) is a normed vector 
space. 

Now, assume that Y is a Banach space. To complete the proof, we have to show 
that L(X, Y) is a Banach space. To this end, Jet {T,} be a Cauchy sequence of 
L(X, Y). From the inequality IIT,(x)- Tm(x)ll .5 liT, - Tm II ·II X 11. it follows that 
for each x E X, the sequence { T (x,)} of Y is Cauchy and thus convergent in Y. 
Let T (x) = lim T, (x) for each x E X, and note that T defines a linear operator 
from X into Y. Since {T,} is a Cauchy sequence, there exists some M > 0 such 
that liT, II .::: M for all n. But then, the inequality IIT,(x)ll .::: liT, II· llxll .::: Mllxll. 
coupled with the continuity of the norm, shows that II T (x) II .::: M llx II holds for all 
x EX. Therefore, by Theorem 28.6, T E L(X, Y). 

Finally, we show that lim T, = T holds in L(X, Y). Let E > 0. Choose k such 
that liT, - Tm II < E for all n, nz :::: k. Now, the relation 

for all n, m :::: k implies 

IIT(x)- T,(x)ll = lim IITm(x)- T,(x)ll .::: Ellxll 
m-+oo 

for all n :::: k and x E X. That is, we have liT- T,ll .::: E for all n :::: k, and 
therefore, limT, = T holds in L(X, Y)." • 

A subset A of L(X, Y) is said to be pointwise bounded if for every x EX the 
subset {T(x): T E A} of Y is norm bounded. 
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If a subset A of L(X, Y) is norm bounded (i.e., if there exists some M > 0 such 
that II T II :::: M holds for each T E A), then fn view of the relation 

IIT(x)ll:::: IITII·IIxll:::: Mllxll 

for each T E A, it follows that A is pointwise bounded. That is, every norm 
bounded set of operators is pointwise bounded. The converse of this statement is 
also true, provided that X is a Banach space. The result is known as "the principle 
of uniform boundedeness," or as "the Banach-Steinhaus theorem," and it is a very 
powerful theorem. 

Theorem 28.8 (The Principle of Uniform Roundedness). Let X be a Ba
nach space, and let Y be a normed space. Then a subset of L(X, Y) is norm 
bounded if and only if it is pointwise boufided. 

Proof. We already know that every norm bounded subset of L(X, Y) is point
wise bounded. For the converse, let A s; L (X, Y) be pointwise bounded. 

Start by observing that for each n the set 

E, = {x EX: IIT(x)ll:::: n for all TEA} 

is norm closed. Also, since A is pointwise bounded, it follows that X = U::0= 1 En 
holds. In view of the completeness of X and Theorem 6.18, there exists some 
k with (Ek)0 =f. 0. Choosey E Ek and r > 0 such that llx - Yll :::: r implies 
X E Ek. 

Now, letT E A, and let x E X with llxll = 1. Since II(Y + rx)- yll = r, it 
follows that y + rx E Ek. and so 

riiT(x)ll = IIT(rx)ll = IIT(y + rx)- T(y)ll:::: IIT(y + rx)ll + IIT(y)ll:::: 2k. 

Thus, IIT(x)ll :::: 2kl·- 1 = M holds for all x E X with llxll = 1, and therefore, 
II Til :::: M holds for all T E A. That is, A is a norm bounded subset of L(X, Y) . 

• 
In applications, the next result is an often-utilized special case of the "Principle 

of Uniform Boundedness." 

Corollary 28.9. Let X be a Banach space, Y a normed space, and {Tn} a 
sequence of L (X, Y ). If lim T11 (x) = T (x) holds for each x E X, then T is a 
bounded operator. 
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The hypothesis that X is a Banach space in Theorem 28.8 is essential. The next 
example clarifies the situation. 

Example 28.10. Consider the vector space X consisting of all (real) sequences whose 
terms are eventually zero. Then X equipped with the sup norm is a normed space. On the 
other hand, the reader can verify easily that X is not a Banach space. Now, for each n define 
f 11 :X-+ lR by 

II 

fn(X) = LkXk 
k=l 

for each x = (;q, x2 • ... ) in X. From lf,,(x)l ~ (Lk=l k)llxll 00 , it follows that Un} ~ 
L(X, lR). Moreover, lim f,,(x) = I:~ 1 kxk holds for each x E X. (Observe that the series 
has in fact a finite number of nonzero terms.) Thus, {/11 } is pointwise bounded. However, it 
is easy to see that II / 11 11 :::_ n hold for each n, so that {/11 } is not a norm bounded sequence. 
Hence, in general the Principle of Uniform Boundedness does not hold true if X is not 
assumed to be complete. • 

Another useful variation of the Principle of Uniform Boundedness (which is also 
due to S. Banach and H. Steinhaus) is known as the "Principle of Condensation of 
Singularities," and is stated next. 

Theorem 28.11 (The Principle of Condensation of Singularities). Foreach 
pair of natural numbers n and m, let Tn.m: X --+ Y be a bounded oper
ator from a Banach space X to a normed space Y. If for each m we have 
lim sup,. II T,.,m II = oo, then the set 

{x EX: lim supiiTn.m(x)ll = oo for each m} 
n-+oo 

is a dense subset of X. 

Proof. For every n, m, and k, let 

Anml. = {x EX: IITp,m(X)ii > k for some p > n}. 

Clearly, Anmk is an open set and we claim that it is also dense. We must show that 
if x E X and r > 0, then B (x, r) n Anmk =f. 0. So, let x E X and r > 0. 

By the Uniform Boundedness Principle there exists a vector x0 such that 

lim supiiTr.n.CXo)ll = oo. 
p-->00 
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Pick some E > 0 such that E llxo II < r. From 

it easily follows that either IITp. 111 (.t)ll > k or else 11Tp.111 (x + EXo)ll > k for some 
p > n. That is, either X E B(x, r) n Anmk or X+ EXo E B(x, r) n Anm~· Hence, 
B(x, r) n A 11111 ~ f.(/), and so A 11111 ~ is an open dense set. 

Now, notice that the Baire Category Theorem 6.17 guarantees that 

n{A11111~: n, m, k = l, 2, ... } 

is a dense set. Clearly, any point in this set satisfies limsup11 IIT11 •111 (x)ll = oo for 
all m. • 

Our next objective is to establish another important result of analysis known as 
the "open mapping theorem." It asserts that a surjective continuous linear operator 
between two Banach spaces is an open mapping (in the sense that it carries open 
sets onto open sets). To establish this result we need a lemma. 

Lemma 28.12. Let X andY be two Banach spaces, and letT: X--+ Y be an 
onto continuous linear operator. If zero is an interior point of a subset A of X, 
then zero is also an interior point of T(A). 

Proof. Let V = {x E X: llxll ::: 1}, and observe that rV = {rx: x E V} is 
the closed ball with center at zero and radius r. Since zero is assumed to be an 
interior point of A, there exists some r > 0 with r V ~ A. By the linearity ofT, 
we must have T(rV) = rT(V) ~ T(A). Hence, to establish the result it suffices 
to show that zero is an interior point of T(V). 

Clearly, X= U:1 nV, and since Tis anontolinearoperator, Y = U:1 nT(V) 
also holds. By Theorem 6.18, there exists some k such that kT(V) has a nonempty 
interior. Since kT (V) = kT (V), it follows that T (V) has an interior point. That is, 
thereexistsomeyo E T(V)andr > OsuchthatB(yo,2r) ~ T(V).Now,ify E Y 
satisfies IIYII < 2r, then y- Yo E T(V). Therefore, 

Y = (y- Yo)+ Yo E T(V) + T(V) ~ 2T(V), 

where the last inclusion follows easily from the identity V + V = 2V. That is, 
{y E Y: IIYII < r} ~ T(V). By the linearity ofT, it follows that 

{y E Y: IIYII < rT"} ~ T"T(V) = T(2-"V) 

holds for each n. 
Now, let y E Y be fixed such that IIYII < r2-1. Since y E T(2- 1 V), there exists 

somex1 E 2-1 V such that IIY- T(xdll < r2-2 . Now proceed inductively. Assume 
that .t11 has been selected such that X 11 E 2-"v and IIY- L:;'= 1 T(x;)ll < r2-"- 1• 
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Clearly, y- L:;'=• T(x;) E T(2-n-l V), and so there exists some Xn+l E 2-n-l V 
with IIY- L:;':!i T(x;)ll < r2-"-2• Thus, a sequence {x11 } is selected such that 
llxnll :::: 2-" and 

hold for alln. Next, define S11 = x1 + · · · + X 11 for each n, and note that 

ll
n+p II n+p 

llsn+p -snll = .LX; :::: .L llx;ll:::: T" 
•=n+l l=n+l 

for all n and p shows that {s11 } is a Cauchy sequence. Let x = lim S11 in X. Then 
llx II :::: L:: 1 llxn II :::: I (i.e., x E V ), and by the continuity and linearity of T, we 
see that 

II 

T(x) = lim T(s 11 ) = lim "'T(x;) = y. 
n-+oo 11-+00 ~ 

i=l 

That is, y E T(V), and so {y E Y: IIYII < ~} s; T(V). The proof of the lemma is 
now complete. • 

The open mapping theorem is stated next. The result is due to S. Banach. 

Theorem 28.13 (The Open Mapping Theorem). Let X and Y be two Ba
nach spaces, and letT: X ~ Y be a bounded linear operator. If Tis onto, then 
T is an open mapping (and hence, if in addition T is one-to-one, then it is a 
homeom01phism). 

Proof. Let 0 be an open subset of X, and let y E T ( 0). Pick a vector x E 0 
such that y = T(x), and note that y- T(O) = T(x - 0) holds. Now observe 
that zero is an interior point of x - 0, and hence, by Lemma 28.12, zero is also 
an interior point ofT (x - 0) = y - T ( 0). This implies that y is an interior point 
of T(O). Since y is arbitrary, T(O) is an open set, and the proof of the theorem is 
complete. • 

Consider two normed spaces X and Y. Then a norm can be defined on X x Y 
by ll(x, y)ll = llxll + IIYII· This norm is called the product norm. You should stop 
and check that indeed this function satisfies the properties of a norm. Some other 
(frequently used) norms equivalent to the product norm are 

2 ? I 
ll(x, y)ll = (llxll + llyll-)2 
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and 

ll(x, y)ll = max[llxll, llyll}. 

It should be noted that lim(x,., y,.) = (x, y) holds in X x Y with respect to the 
product norm if and only if lim x,. = x in X and limy,. = y in Y both hold. 
Moreover, if both X and Y are Banach spaces, then X x Y with the product norm 
is likewise a Banach space. Unless otherwise specified, the Cartesian product of 
two normed spaces will be considered as a normed space under its product norm. 

The next example illustrates an application of the open mapping theorem to 
differential equations. 

Example 28.14. Consider the differential equation 

/kl + Pk-lY<k-ll +···+Ply'+ PDY = q, (I) 

where po, Pl· ... , Pk-1 and q are fixed continuous functions on a (finite) closed interval 
[a, b]. If y is a solution of (l) and c E [a, b], then the k real numbers y(c), y'(c), ... , 
y<~-ll(c) are called the initial values of y at c. By the standard theorems of ordinary 
differential equations, it is well known that given c E [a, b] and k real numbers a 1, ••• , a~, 

there exists precisely one solution y of (1) having a 1, ••• , ak as its initial values at c, i.e., 
y satisfies y(c) =a" y'(c) = az, ... , y<~-ll(c) = ak. 

What we would like to demonstrate here (by using the open mapping theorem) is that the 
solutions of ( 1) depend continuously on their initial values. That is, we would like to show 
that "small perturbations" in the initial values cause "small perturbations" to the solutions. 
To do this, we need to translate the problem to the framework of Banach spaces. 

Consider the Banach space Ck[a, b] of Example 27. Clearly, its norm 

IIYII = IIYIIoo + 11/lloo + · · · + lly<kllloo 

controls the "sizes" of the functions and their derivatives. Also, consider the bounded linear 
operator L: Ck[a. b]--+ C[a, b] of Example 28; that is, 

L(y) = y<kl + P~-1Y(k-l) +···+Ply'+ PDY· 

Now, fix some c E [a, b] and define T: ck[a, b]--+ C[a, b] X IRk by 

T(y) = (L(y), y(c), y'(c), ... , y<k-ll(c)) 

for each y E C~ [a, b ]. Then it is easy to check that T is linear and continuous. On the 
other hand, the existence and uniqueness of the solutions of (l) with prescribed initial 
values guarantees that T is one-to-one and onto. Thus, by the open mapping theorem, T -l 
(which exists and is linear) must be continuous. 
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The continuity of y-l means that given E > 0 there exists some 8 > 0 such that 
IIT- 1(/,x)- T- 1(g, z)ll < E if (f,x} and (g.:) in C[a, b] x JR.~ satisfy II!- gliDO + 
llx- ziiDO < 8. Translating this statement back to the differential equation (1), we get the 
following: Suppose that Yl and )'2 are two solutions of (I) satisfying the initial conditions 

I (k-J) 
Yl(c)=a,, y1(c)=a2 •... , y1 (c)=ak 

and 

( ) fJ , ( ) {J y2<k-ll(c) = {J•. Y2 c = 1. Y2 c = 2· .. . • • 

If Ia; - {J;I < 8 holds for each i = 1, ... , k, then 

II II II I 'II II (~-I) (k-l)ll Yl - )'2 DO+ Yl - >'2 DO+ ... + >'I - >'2 DO <E. 

That is, the solutions of the differential equation (I) depend continuously on their initial 
~~ . 

Recall that if T: X ~ Y is a function, then the subset G = { (x, T (x) ): x E X} 
of X x Y is called the graph ofT. Now, if X and Y are vector spaces and T is a 
linear operator, then G is a vector subspace of X x Y. Moreover, if T is a bounded 
operator, then it is a routine matter to verify that G is a closed subspace of X x Y. 
The converse of this last statement is true for Banach spaces. The result is known 
as "the closed graph theorem," and it has numerous applications in analysis. 

Theorem 28.15 (The Closed Graph Theorem). Let X andY be two Banach 
spaces, and let T: X ~ Y be a linear operat01: If the graph ofT is a closed 
subspace of X x Y, then T is a bounded operator. 

Proof. Since the graph G of T is a closed subspace of the Banach space 
X x Y, it is a Banach space in its own right. The function (x, T(x)) H- x is a 
linear operator from G onto X that is clearly one-to-one and bounded. (It is bounded 
because IJxll ::: llxll + IJT(x)IJ = IJ(x, T(x))ll.) By the open mapping theorem, 
(x, T(x)) H- x is a homeomorphism. That is, x H- (x, T(x)) is a continuous 
function from X onto G. Now, observe that (x, T(x)) ~ T(x) is continuous. 
Therefore, x H- T (x) from X into Y is continuous since it is a composition of 
two continuous functions, and the proof of the theorem is complete. • 

EXERCISES 

1. Let X and Y be two Banach spaces and let T: X -+ Y be a bounded linear operator. 
Show that either T is onto or else T(X) is a meager set. 
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2. Let X be a Banach space, T: X --+ X a bounded operator, and I the identity operator 
on X. If II T II < 1, then show that I - T is invertible. 
[HINT: Show that(/- T)- 1 = :[~0T".] 

3. On C[O, 1] consider the two nonns 

llfll::o = sup(lf(x)l: x E [0, 1]} and II flit = fa' if(x)i dx. 

Then show that the identity operator I: (C[O, 1], 11·11 00 ) --+ (C[O, 1], 11·11 t) is continu
ous, onto, but not open. Why doesn't this contradict the open mapping theorem? 

4. Let X be the vector space of all real-valued functions on [0, 1] that have continuous 
derivatives with the sup nonn. Also, let Y =C[O. 1] with the sup nonn. Define the 
mapping D: X --+ Y by D(f) = f'. 
a. Show that D is an unbounded linear operator. 
b. Show that D has a closed graph. 
c. Why doesn't the conclusion in (b) contradict the closed graph theorem? 

5. Consider the mapping T: C[O, 1] --+ C[O, I] defined by T f(x) =x2 f(x) for all f E 

C[O, 1] and each x E [0, 1]. 

a. Show that T is a bounded linear operator. 
b. If I: C[O. 1] --+ C[O, 1] denotes the identity operator (i.e., I (f) = f for each 

f E C[O. 1]), then show that II/+ Til = 1 +liTH. 

6. Let X be a vector space which is complete in each of the two nonns ll·llt and 11·112· If 
there exists a real number M > 0 such that llx lit :::; M llx 1!2 holds for all x E X, then 
show that the two nonns must be equivalent. 

7. Let X, Y, and Z be three Banach spaces. Assume that T: X --+ Y is a linear operator 
and S: Y --+ Z is a bounded, one-to-one linear operator. Show that T is a bounded 
operator if and only if the composite linear operatorS o T (from X into Z) is bounded. 
[HINT: Use the closed graph theorem.] 

8. An operator P: V --+ Von a vector space is said to be a projection if P 2 = P holds. 
Also, a closed vector subspace Y of a Banach space is said to be complemented if 
there exists another closed subspace Z of X such that Y ffi Z = X. 

Show that a closed subspace of a Banach space is complemented if and only if it is 
the range of a continuous projection. 
[HINT: Use the closed graph theorem.] 

29. LINEAR FUNCTIONALS 

In this section, we shall discuss the basic properties of continuous linear function
als. Recall that a linear operator f: X --+- JR., where X is a vector space, is called 
a linear functional on X. 

One of our objectives is to show that for every norrned vector space X there are 
enough bounded linear functionals to separate the points of X. That is, for every 
pair of distinct vectors x and y of X, there exists a bounded linear functional on X 
such that f(x) :f: f(y). This result (as well as many others) rests upon a classical 



236 Chapter 5: NORMED SPACES AND Lp·SPACES 

result known as the "Hahn-Banach theorem," which is one of the cornerstones of 
modem analysis. We shall discuss this theorem next. 

A mapping p: X --+ JR., where X is a vector space, is called a sublinear map-
ping if it satisfies the following two properties: 

a. p(x + y) ::=: p(x) + p(y) for all x, y E X; and 
b. p(ax) = ap(x) for all x E X and a 2: 0. 

The crux of the proof of the Hahn-Banach theorem lies in the following lemma: 

Lemma 29.1. Let p be a sublinear mapping on a vector space X, Y a vector 
subspace of X, and xo ¢. Y. Iff is a linear functional on Y such that f(x) :::: 
p(x) holds for all x E Y, then f can be extended to a linearfunctional g on the 
\'ector subspace Z generated by Y and xo satisfying g(x) ::=: p(x)for all x E Z. 

Proof. Clearly, Z = {x + axo: x E Y and a E IR}. Assume that g is a linear 
functional on Z that agrees with f on Y. Then g(x + ax0 ) = f(x) + ag(x0) holds 
for all x E Y and a E JR., and so g is determined uniquely by the value g(xo). Let 
c = g(x0 ). Thus, every real number c gives rise to a linear functional on Z that agrees 
with f on Y. Our objective is to show that there exists some value of c such that 

f(x) + ac :::: p(x + axo) 

holds for all x E Y and a E IR. For a > 0 and x E Y, the inequality(*) is equiva
lent to c:::: p(a-1 x + xo)- f(a- 1 x) and to- f(a- 1 x)- p( -a- 1 x- xo) ::=: c for 
x E Yanda < 0. Certainly, these inequalities [and hence,(*)] will be satisfied by 
a choice of c for which 

- f(x)- p(-x- xo) ::=: c ::=: p(x + xo)- f(x) 

holds for all x E Y. 
If x, y E Y, then the relations 

f(y)- f(x) = f(y- x) ::=: p(y- x) = p(y + Xo + (-x- xo)) 

:::: p(y + xo) + p(-x- xo) 

show that - f(x) - p( -x - xo) :::: p(y + xo) - f(y) holds for all x, y E Y. 
Consequently, if 

s =sup{- f(x)- p(-x -xo): x E Y} and t = inf{p(y+xo)- f(y): y E Y}, 

then s and t are both real numbers and s :::: t. But then any real number c such 
that s :::: c :::: t satisfies (**~· and hence, (*). This completes the proof of the 
lemma. • 
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The classical Hahn-Banach theorem is stated next. This theorem is the heart of 
modem analysis, and it has far-reaching applications. 

Theorem 29.2 (Hahn-Banach). Let p be a sublinear mapping on a vector 
space X, and let Y be a vector subspace of X. If f is a linear functional on Y 
such that f(x)::;:: p(x) holds for all x E Y, then f can be extended to a linear 
functional g on all of X satisfying g(x) ::;:: p(x) for every x E X. 

Proof. Let C be the collection of all pairs (g, Z) such that Z is a vector subspace 
of X containing Y and g is a linear functional on Z satisfying g(x) = f(x) for 
all x E Y and g(x) ::;:: p(x) for all x E Z. The collection C is nonempty since 
(f, Y) E C. Define an order relation on Cas follows: (g2, Z2):::. (g~. Z 1) whenever 
Z 1 ~ Z2 and g2 (x) = g 1 (x) for all x E Z 1. It is easy to verify that :::. is indeed an 
order relation on C. 

Now, consider a chain { (g;. Z; ): i E I} of C (i.e., for every pair i, j E I either 
(g;, Z;) 2::. (gj. Zj) or (gj. Zj) 2::. (g;, Z;) holds). Let Z = U;e1Z;, and note that 
Z is a vector subspace of X. Now, define g: Z --+ IR by letting g(x) = g;(x) if 
x E Z;. Since { (g;, Z; ): i E I} is a chain, the value of g(x) is independent of the 
chosen index i. Clearly, g is a linear functional. In addition, g(x) = f(x) holds 
for all x E Y, and g(x) ::;:: p(x) for each x E Z. Thus, (g, Z) E C, and clearly, 
(g, Z) :::. (g;, Z;) holds for all i E /. Therefore, every chain of C has an upper 
bound in C. By Zorn's lemma, C has a maximal element, say (g, Z). 

To complete the proof, it suffices to show that Z = X. Indeed, if Z 7'= X, then 
there exists some xo E X with xo ¢. Z. Let M be the vector subspace generated 
by Z and x0. By Lemma 29.1, there exists a linear functional h on M such that 
h(x) = g(x)forallx E Zandh(x)::;:: p(x)forallx E M.Butthen(h, M) E C,and 
(h, M):::. (g, Z) holds with (h, M) 7'= (g, Z), contrary to the maximality property 
of (g, Z ). Hence, Z = X holds, and the proof of the theorem is complete. • 

The next three theorems are applications of the Hahn-Banach theorem. The 
first result tells us that a continuous linear functional defined on a subspace can be 
extended to a continuous linear functional on the whole space with preservation 
of its original norm. 

Theorem 29.3. Let Y be a vector subspace of a normed space X, and let f 
be a continuous linear functional on Y. Then f can be extended to a continuous 
linearfimctional g on X such that llgll = llfll. 

Proof. Let llfll = sup{lf(y)l: y E Y and IIYII ::::: 1} < oo. Define p: X--+ IR 
by p(x) = llfll·llxll for each x EX. Note that pis a sublinear mapping on X 
such that f(x)::;:: p(x) holds for all x E Y. By the Hahn-Banach theorem there 
exists a linear extension g off to all of X such that g(x) ::;:: p(x) holds for all 
x EX. This implies lg(x)l::;:: llfll·llxll for all x EX, and so llgll::;:: llfll. On the 
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11/11 = sup{lf(y)l: y E Y and JlyJI :::: l} 

:::: sup{lg(x)l: x E X and Jlx II :::: l} 

= JlgJI 

also holds, so that II g II = II f Jl. Thus, g is a desired extension off to all of X. • 

For a normed space X, the Banach space L(X,JR) is called the norm dual 
of X and is denoted by X*. That is, X* consists of all functions f: X ~ 1R that 
are both linear and continuous. The members of X* are called the continuous 
linear functionals on X. The norm dual X* plays an important role in the theory 
of Banach spaces, and part of this theory deals with the properties and structure 
of X*. 

The vectors of a normed vector space are always separated by its continuous 
linear functionals. 

Theorem 29.4. If x is a vector in some normed space X, then there exists a 
continuous linear functional f on X such that IIIII = land f(x) = JlxJI.In 
particular, X* separates the points of X. 

Proof. If x = 0, then any f EX* with 11/11 = l satisfies f(x) = JlxJI. (When 
X =1= {0}, Theorem 29.3 guarantees X* =I= {0}.) Thus, assume x =1= 0. 

Let Y = {ax: a E JR.}, the vector subspace generated by x. Then, the formula 
g(ax) = a Jlx II defines a continu~ms linear functional on Y such that Jig II = l and 
g(x) = JlxJI. By Theorem 29.3, there exists a continuous linear extension f of g 
to all of X with 11/11 = Jig II= l. Clearly, f(x) = JlxJI, as desired. 

To see that X* separates the points of X, let x, y E X with x =1= y. By the 
preceding, there exists some f E X* such that f(x) - f(y) = f(x - y) = 
Jlx- yJI =I= 0. Hence, f(x) =I= f(y) holds, and the proof is complete. • 

A vector always can be separated from a closed subspace that does not contain 
it by a continuous linear functional. The details are included in the next result. 

Theorem 29.5. Let Y be a vector subspace of a normed vector space X, and 
let xo ¢ f. Then there exists some f .e X* such that f(x) = 0 for all x E Y 
and f(xo) = I. 

Proof. Since xo ¢ Y, there exists some r > 0 such that Jlx - xo II > r holds for 
all x E Y. Let Z = {x + axo: x E Y and a E JR.}, the vector subspace generated 
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by Y and xo. Now, define f: Z ~ lR by f(x + axo) = a. Then f is a linear 
functional and 

holds for all x E Y and a E JR. It follows that f is a continuous linear functional 
on Z whose nonn does not exceed r- 1• Also, f(x) = 0 holds for each x E Y and 
f(x0 ) = I. Now, apply Theorem 29.3 to extend f to a continuous linear functional 

onX. • 

Let X be a nonned space. As we have seen in Theorem 28.7, the nonn dual x~ 
[ = L(X, lR)] of X is always a Banach space. In particular, the nonn dual (X*)* 
of X* is likewise a Banach space. This Banach space is called the second dual of 
X and is denoted by X**. That is, x~* =(X*)*. 

Every vector x E X gives rise to a continuous linear functional.\: on X* via the 
fonnula 

.'r(f) = f(x) 

for all f E x•. Indeed, clearly, .r is linear on x•, and the inequality 

l.r(f)l = lf(x)l ~ llfll·llxll = llxll·llfll 

shows that .t E X** and 11-rll ~ llxll. On the other hand, by Theorem 29.4 there 
exists some f E X* with llfll = I and f(x) = llxll. Thus, llxll = f(x) = 
l.t(f}l ~ 11-r II, and so 11-r II = llx II holds for all x E X. 

The mapping x r-+ .r (from X into X'*) is called the natural embedding of 
X into its second dual x•*. Summarizing the previous, we have the following 
theorem: 

Theorem 29.6. The natural embedding x r-+ .r of a normed space X into its 
second dual X** is a norm preserving linear operator (and hence, X can be 
considered as a subspace of x~*). 

A linear operator T: X ~ Y between nonned spaces that satisfies IIT(x}ll = 
llxll for all x E X is called a linear isometry. In this terminology the preceding 
theorem can be phrased as follows: The natural embedding x r-+ .r is a linear 
isometry. 

In general, x r-+ .r is not surjective, and hence, X (when embedded in X**) is, 
in general, a proper subspace of X**. If X is not a Banach space, then x r-+ .r 
cannot be onto, simply because X** is a Banach space. If the natural embedding 
of a Banach space X into its second dual x•* is onto, then X is called a reflexive 
Banach space, and this is denoted by X" =X. The properties of the natural 
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embedding of X into its second dual X** are utilized in many applications, some 
of which are illustrated below. 

If Y is a vector subspace of a normed space X, then it is easy to see that its 
closure Y is also a vector subspace (why?). In particular, if X is a Banach space, 
then Y is the completion of Y. These observations will be used in the proof of the 
next theorem. 

Theorem 29.7. Tlze completion of a normed space is a Banach space. 

Proof. Let X be a normed space. Consider X embedded in X** by its natural 
embedding. Then X** is a Banach space and induces on X its original norm. Thus, 
X is the completion of X, which is likewise a Banach space. • 

The next result can be viewed as a "dual" of the Uniform Boundedness Principle. 

Theorem 29.8. Let A be a subset of a normedspace X suclz that (f(x): x E A} 
is a bounded subset of JR. for each f E X*. Then A is a norm bounded subset 
of X. 

Proof. Consider X embedded in X**. Then A as a subset of X** is pointwise 
bounded on the Banach space X*. Thus, by the Principle of Uniform Boundedness 
(Theorem 28.8}, A is norm bounded in X**. It follows that A is also norm bounded 
in X, and the proof is finished. • 

EXERCISES 

1. Let f: X -+ lR be a I inear functional defined on a vector space X. The kernel of f is 
the vector subspace 

Kerf= r'({O}) = {x EX: f(x) = 0). 

If X is a normed space and f: X -+ lR is nonzero linear functional, establish the 
following: 

a. f is continuous if and only if its kernel is a closed subspace of X. 
b. f is discontinuous if and only if its kernel is dense in X. 

2. Show that a linear functional f on a normed space X is discontinuous if and only if 
for each a E X and each r > 0 we have 

f(B(a, r)) = (f(x): !Ia- x!l < r) =JR. 

3. Let f, fl, h, ... , fn be linear functionals defined on a common vector space X. Show 
that there exist constants AJ, ... , A., satisfying f = I::?=l A.;/; (i.e., f lies in the 
linear span of/! ... , fn) if and only if nf=1 Ker /; £Kerf. 

4. Prove the converse of Theorem 28.7. That is, show that if X andY are (nontrivial) 
normed spaces and L(X, Y) is a Banach space, then Y is a Banach space. 
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[HINT: Let {y11 I be a Cauchy sequence gf Y. Pick f E X* with f '# 0, and then 
consider the sequence {T11 I of L(X, Y) defined by T11 (x) = f(x)y11 .] 

5. The Banach space B(lN) is denoted by e':Xl. That is, l 00 is the Banach space consisting 
of all bounded sequences with the sup norm. Consider the collections of vectors 

CO = {X= (.1:(, X2, XJ, ... ) E loo: X11 --+ 0}. and 

c = {x = (XJ, x2. XJ, ... ) E l 00 : limx11 exists in lR 1. 

Show that co and c are both closed vector subspaces of l 00 • 

6. Let c denote the vector subspace of lox consisting of all convergent sequences (see 
Exercise 5 above). Define the limit functional L: c--+ lR by 

L(x)=L(XJ,X2, ... )= lim X 11 , 
11--1-00 

and p: eoc --+ IR by p(x) = p(x,, X2, ... ) =lim supxll. 

a. Show that L is a continuous linear functional, where c is assumed equipped with 
the sup norm. 

b. Show that p is sublinear and that L(x) = p(x) holds for each x E c. 
c. By the Hahn-Banach Theorem 29.2 there exists a linear extension of L to all of 

l::c (which we shall denote by L again) satisfying L(x) ~ p(x) for allx E l 00 • 

Establish the following properties of the extension L: 

L For each x E l 00 , we have 

lim infx11 ~ L(x) ~lim supx11 • 
11~00 ,-.oo 

u. L is a positive linear functional, i.e., x ::: 0 implies L(x) ::: 0. 

iii. L is a continuous linear functional (and in fact II L II = I). 

7. Generalize Exercise 6 above as follows. Show that there exists a linear functional 
t:.im: eco --+ JR. satisfying the following properties: 

a. £im is a positive linear functional of norm one. 
b. For each x = (.q, x2, ..• ) E l 00 , we have 

I .. fXJ+x2+···+x11 r· () (' XJ+X2+···+X11 
!min ~ L-1111 X ~ lmSUp . 
n~oo n 11 -+oo n 

In particular, t:.im is an extension of the limit functional L. 
c. For each X = (.1:(, X2, .. . ) E l 00 , we have 

t:.im(.q. x2, XJ, ... ) = t:.im(xz, XJ, X4, .. . ). 

Any such linear functional £im is called a Banach-Mazur3 limit. 
[HINT: Define p: l 00 --+ JR. by p(x) = lim sup x,+.,,~ .. +x .. and note that pis sub linear 
satisfying L(x) = p(x) for all x E c.] 

8. Let X be a normed vector space. Show that if X* is separable (in the sense that it 
contains a countable dense subset), then X is also separable. 

3 Stanislaw Mazur (1905-1981 ), a Polish mathematician and a close collaborator of Stefan Banach. 
He made important contributions to functional analysis and probability theory. 
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[HINT: Let {/1, f2, .. . } be a countable dense subset of X*. For each 11 choosex, EX 
with llx, II = 1 and l/11 (x,)l 2: ! llf,,ll, and let Y be the closed subspace generated by 
{:q, x2 •.• • }. Use Theorem 29.5 to show that Y =X.] 

9. Show that a Banach space X is reflexive if and only if X* is reflexive. 
[IDNT: If X =f. X**, then by Theorem 29.5 there exists a nonzero F E X*** such that 
F(x) = 0 for all x EX.] 

10. This problem describes the adjoint of a bounded operator. If T: X __,. Y is a bounded 
operator between two normed spaces, then its adjoint is the operator T*: Y* -+ X* 
defined by (T* f)(x) = f(Tx) for all fEY* andallx E X.(Writing h(x) = (x,h), 
the definition of the adjoint operator is written in "duality" notation as 

(Tx, f)= (x, T* f) 

for all fEY* and all x EX.) 

a. Show that T*: Y* -+ X* is a well-defined bounded linear operator whose norm 
coincides with that ofT, i.e., liT* II = liT li-

b. Fix some g E X* and some u E Y and defineS: X -+ Y by S(x) = g(x)u. Show 
that S is a bounded I in ear operator satisfying II S II = II g ll·llull. (Any such operator 
S is called a rank-one operator.) 

c. Describe the adjoint of the operatorS defined in the preceding part (b). 
d. Let A = [aij] be an m x 11 matrix with real entries. As usual, we consider the 

adjoint operator A* as a (bounded) linear operator from IR" to IR"'. Describe A*. 

30. BANACH LATTICES 

As we have seen, both the continuous functions and the measurable functions have 
a natural ordering under which they are lattices. For this reason, it is important to 
consider Banach spaces that are also lattices. Let us begin by reviewing a few of 
the basic facts that will be needed about vector lattices from Section 9. 

A partially ordered vector space is a real vector space X equipped with an 
order relation :::::_ that is compatible with the algebraic structure as follows: 

I. If x :::::_ y, then x + z :::::_ y + z holds for all z E X. 
2. If x :::::_ y, then cxx :::::_ cxy holds for all ex :::::_ 0. 

The set x+ = {x EX: x :::::_OJ is called the positive cone of X, and its members 
are called the positive vectors of X. Clearly, the sum of two positive vectors is 
again a positive vector. 

A partially ordered vector space X is called a vector lattice (or a Riesz4 space) 
if for every pair of vectors x, y E X both. sup{x, y} and inf{x, y} exist. As usual, 
sup{x, y} is denoted by x v y and inf{x, y} by x 1\ y. That is, x v y = sup{x, y} 
and x 1\ y = inf{x, y}. 

4Frigyes (Frederic) Riesz (1880-1956), a distinguished Hungarian mathematician. His name is 
closely associated with the development of functional analysis in the first half of the twentieth century. 
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In a vector lattice, the positive part, the negative part, and the absolute value 
of a vector x are defined by · 

x+ = x v 0, x- = (-x) v 0, and lxl = x v (-x), 

respectively. By Theorem 9.1 the following identities hold: 

x =x+ -x- and lxl =x+ +x-. 

A number of useful inequalities are stated in the next theorem. 

Theorem 30.1. If x, y, and: are vectors in a vector lattice, then the following 
inequalities hold: 

I. lx + Yl S lxl + lyl; 
2. llxl - IYII s lx- yl; 
3. lx+- y+l S lx- yl; 
4. lx v: - y v :1 S lx - yl; 
5. lx 1\: - Y 1\ :1 S lx- YI-

Proof. (1) From x S lxl andy S lyl. it follows that x + y S lxl + IYI
Similarly, -(x + y) S lxl + IYI holds, and thus 

lx + Yl = (x + y) V [-(x + y)] S lxl + IYI· 

(2)By(1)weseethatlxl = lx-y+yl S lx-yl+lyl,andsolxi-IYI S lx-yl. 
Similarly,lyl- lxl S lx- yl. and hence, llxl- IYII S lx- yl. 

(3) Note that x+ = ~ (x + lx 1). Then to establish the required inequality, use ( 1) 
and (2) as follows: 

1
1 1 I , lx+- y+l = 2(x + lxl)- 2(y + lyl) = 21(x- y) + (lxl- lyl)l 

1 1 
S 21x- Yl + 211xi-IYII s lx- yl. 

(4) Note that 

x v z - y v: = [(x - :) v 0 + :] - [(y - z) v 0 + z] = (x - :)+ - (y - z)+ 

holds. (See the identities in Section 9 before Theorem 9.1.) Thus, by (3) we have 

lx v z - y V :1 = l(x - z)+ - (y- :::)+1 S l(x - z)- (y- :)1 = lx - yl. 
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(5)Sincext\z = -[(-x)v(-z)]andyt\z = -[(-y)v(-z)],itfollowsfrom 
(4) that 

lx t\ z- y t\ zl = 1(-y) v (-z)- (-x) v (-z)l.::: 1- y- (-x)l = lx- yl, 

and the proof of the theorem is complete. • 
Let X be a vector lattice. A subset A of X is called order bounded if there exists 

an element y E X such that lx I .::: y holds for all x E A. A linear functional on 
X is said to be order bounded if it carries order bounded subsets of X onto order 
bounded subsets of JR. That is, a linear functional f: X --+ JR. is order bounded if 
for every y E x+ there exists some M > 0 such that lf(x)l .::: M holds for all 
x E X with lx I .::: y. 

A linear functional f on X is called positive if f(x) 2::. 0 holds for each x Ex+. 
Clearly, every positive linear functional is order bounded. As we shall see in the 
next theorem, every order bounded linear functional can be written as a difference 
of two positive linear functionals. 

The collection of all order bounded linear functionals on a vector lattice X is 
denoted by x- and is called the order dual of X. Obviously, x- (under the usual 
algebraic operations) is a vector space. Moreover, if we define f :::. g whenever 
f(x) :::. g(x) holds for all x E x+, then it is easy to see that x- equipped with:::. 
is a partially ordered vector space. In actuality, x- is a vector lattice, as the next 
result of F. Riesz shows. 

Theorem 30.2 (F. Riesz). If X is a vector lattice, then its order dual x- is 
likewise a vector lattice. Moreover, 

f+(x) = sup{f(y): 0 _::: y _::: x}. 

f-(x) = sup{-f(y): O_:::y _:::x), and 

lfl(x) = sup{f(y): IYI.::: x} 

hold for each f E x- and all X E x+. 

Proof. In view of the identities 

fvg=(f-g)++g and ft\g=-[(-f)v(-g)], 

we establish that x- is a vector lattice by proving that f+ exists for each f E x-. 
To this end, let f Ex-. Define g: x+--+ JR. by 

g(x) = sup{f(y): 0 _::: y _::: x} 
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for each x E x-. The supremum is finite since f is order bounded. Clearly, 
g(x) :::: 0, g(x) :::: f(x), and g(ax) = ag(x) hold for all x E x+ and a :::: 0. 

We claim that g(x + y) = g(x) + g(y) holds for all x, y Ex+. To see this, let 
X, y Ex+. If II and v satisfy 0::: u :::X and 0::: v ::: y, then 0::: u + v :::X+ y 
holds, and so f(u) + f(v) = f(u + v) ::: g(x + y); consequently, g(x) + g(y) ::: 
g(x + y). On the other hand, if 0 ::: z ::: x + y, then let u = x 1\ z, v = z- u, and 
note (by using the identities in Section 9 before Theorem 9. I) that 

0 ::;: V = : - X 1\ Z = Z + (-X) V (-Z) = (z - X) V 0 ::;: J V 0 = J. 

Therefore, 0 ::;: 11 ::: x and 0 ::;: v ::: y. This implies 

/(:) = f(u + v) = f(u) + f(v) ::: g(x) + g(y), 

from which it follows that g(x + y) ::: g(x)+ g(y). That is, g(x+ y) = g(x)+ g(y). 
Now, for arbitrary x E X define g(x) = g(x+)- g(.c). Note that if x = u - v 

withu, vpositive,thenx++v = u+x-,andsog(x+)+g(v) = g(u)+g(.c)holds 
by the additivity of g on x+. Therefore, g(x) = g(x+)- g(.c) = g(u)- g(v), 
and so the value of g(x) does not depend upon the particular representation of x 
as a difference of two positive vectors. The preceding observation, combined with 
g(x + y) = g(x) + g(y), and g(ax) = ag(x) for all x, y E x+ and a :::: 0, implies 
that g is a linear functional on X. 

Finally, we show that g = j+ holds in x-. Indeed, if h is another positive 
linear functional satisfying f ::: h, then since f(y) ::: h(y) ::: /z(x) holds for all 
0::;: y ::;: X, it follows that g(x)::;: h(x) for each X Ex+. Therefore, g is the least 
upper bound of f and zero. That is, g = j+ holds in x-. This shows that x- is 
a vector lattice and that j+(x) = sup{f(y): 0::: y ::;: x} holds. 

The formula for f- follows from f- = (-f)+, and the formula for the absolute 
value follows from 1/1 = J+ +f-. • 

The formula 1/l(lxl)= sup{f(y): IYI::: lxll implies the following useful in
equality 

lf(x)l ::: 1/l(lxl), 

for all f E x- and all x E X. 
In view of the identity f v g = (f - g)+ + g and Theorem 30.2, the following 

identities hold: 

f v g(x) = sup{f(y) + g(x- y): 0::: y::;: x} 
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and 

f 1\ g(x) = inf{f(y) + g(x- y): 0:::: y:::: x} 

for all f, g E x- and X E X+. 
Sometimes it is important to know that the "dual" formulas of Theorem 30.2 

are also true. More precisely we have the following: 

Theorem 30.3. Let X be a vector Lattice, and Let f be a positive Linear func
tional. Then for eve I)' x E X the following identities hold: 

f(x+) = sup{g(x): g Ex- and 0:::: g ::::f), 

f(x-) = sup{-g(x): g Ex- and 0:::: g:::: f), and 

f(lxl) = sup{g(x): g E x- and lgl :::: fl. 

Proof". We establish the formula for f(x+). Note first that if 0 :::: g :::: f holds, 
then g(x):::: g(x+):::: f(x+), and so sup{g(x): g E x- and 0:::: g:::: f):::: f(x+). 

For the reverse inequality consider the function p: X ~ IR defined by p(u) = 
f(u+). It is easy to see that p is a sublinear mapping on X such that p(u) 2::. 0 
holds for each u E X. Now, let Y ={ax: a E IR}, and define h: Y ~ IR by 
h(ax) = af(x+). Obviously, h(u) :::: p(u) holds for all u E Y, and so, by the 
Hahn-Banach Theorem 29.2, h can be extended linearly to all of X so as to 
preserve the inequality h(u) :::: p(u) for all u E X. Next, observe that if u :::. 0, 
then lz(u) :::: p(u) = f(u+) = f(u) holds, and moreover, -h(u) = h(-u) :::: 
p(-u) = f((-u)+) = f(O) = 0. That is, 0:::: h:::: f holds. Therefore, f(x+) = 
h(x) :::: sup{g(x): g E x- and 0 :::: g :::: f), so that 

f(x+) = sup{g(x): g E x- and 0 :::: g :::: fl. 

The othertwo formulas now follow easily from the relations f(x-) = f(( -x)+) 
and f(lxl) = f(x+) + f(.C). • 

A norm II· II on a vector lattice X is said to be a lattice norm whenever lx I :::: IY I 
in X implies llxll :::: IIYII· A normed vector lattice is a vector lattice equipped 
with a lattice norm. If a normed vector lattice X is complete, then X is referred to 
as a Banach lattice. 

Let X be a normed vector lattice. Then. it should be clear that llx II = II lx I II holds 
for all x E X. Also, in view of Theorem 30. I, the following inequalities are valid 
for all x, y EX: 

llx+- y+ll:::: llx- Yll and II lxl -lyl II :::: llx- yll. 
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In particular, they imply that the mappings _x 1-+ x+ and x 1-+ lx I (both from X 
into X) are uniformly continuous. 

It is interesting to observe that most of the normed spaces one encounters in 
analysis are normed lattices or Banach lattices. Some examples follow. 

Example 30.4. Let X be a nonempty set. The collection of all real-valued bounded func
tions defined on X is denoted by B(X). Then B(X) is a vector lattice (in fact a function 
space) under the ordering f ::: g whenever j(x)::: g(x) holds for all x EX. Also, under 
the sup norm 11/lloo = sup{lf(x)l: x E X}, the vector lattice B(X) is a Banach lattice. See 
Example 6.12. • 

Example 30.5. Let X be a topological space. Denote (as usual) by Cc(X) the vector space 
of all continuous real-valued functions on X that have compact support. In other words, 
f E C(X) belongs to C, (X) if and only if the set (x E X: f(x) =/= 0} has compact closure. 
(When X is compact, C,.(X) = C(X).) Then C,(X) under the pointwise ordering (i.e., 
f ::: g if f(x)::: g(x) for all x EX), and the sup norm is a normed vector lattice. • 

Example 30.6. ConsiderC[O, 1] with the pointwise ordering, and define a norm by II !II = 
Jd if(x)i dx. Then C[O, I] under this norm is a normed vector lattice, but not a Banach 
lattice. • 

Example 30.7. Let e 1 denote the vector space of all (real) sequences x = (x1. x2 •... ) 
such that L:~ 1 ix11 1 < oo. With the pointwise algebraic and lattice operations e 1 is a function 
space. Under the norm llxll = L:~ 1 1x,.l, the vector lattice £1 becomes a Banach lattice 
(see Example 27.3). • 

A vector subspace Y of a vector lattice X is called a vector sublattice of X if 
for every pair x and y of Y, the elements x v y and x 1\ y belong to Y. That is, Y 
is a vector sublattice of X if it is closed under the lattice operations of X. A vector 
subspace V of a vector lattice X is said to be an ideal whenever lx I ~ IY I and 
y E V imply x E V. In view of the identity x v y = ~ (x + y + lx - y 1), it follows 
that every ideal is a vector sublattice. -

Let X be a normed vector lattice and let A be an order-bounded subset of X. Pick 
some y E X such that lx I ~ y for each x E A, and consequently, llx II ~ IIY II holds 
for all x E A. That is, every order-bounded set is norm bounded. It follows from 
this that every continuous linear functional on X carries order-bounded subsets 
of X onto bounded subsets of lR. In other words, the norm dual X* is a vector 
subspace of the order dual x-. The next result shows that X* is, in actuality, an 
ideal of x-. 

Theorem 30.8. The norm dual x~ of a normed vector Lattice X is an ideal of 
the order dual x- (and hence, X* is a \"ector Lattice in its own right). 

Proof. Assume 1/1 ~ lgl holds in x- with g E X* and f E x-. We must 
show that f E x-•. 
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Let x E X satisfy llxll = 1. Then for every y E X with IYI < lxl we have 
IIYII .::: llxll = 1. Therefore, 

lf(x)l.::: lfl(lxl) .:S lgl(ixl) = sup{g(y): IYI.::: lxl} .:S llgll, 

where the equality in the middle holds by virtue of Theorem 30.2. This shows that 
f E X* and llfll .:S llgll. • 

The preceding arguments also show that for a nonned vector lattice X the relation 
lfl .::; lgl in X* implies llfll .::; II gil. That is, X* is a nonned vector lattice. Since 
X* is in addition a Banach space (Theorem 28.7), the following result should be 
immediate. 

Theorem 30.9. The norm dual of a normed vector lattice is a Banach lattice. 

If X is a nonned vector lattice, then Theorem 30.8 shows that X* £;; x- holds. 
However, the norm dual of a Banach lattice always coincides with its order dual. 

Theorem 30.10. If X is a Banach lattice, then X* = x- holds. 

Proof. Let f E x-. Assume by way of contradiction that f is not continuous. 
That is, assume that llfll = sup{lf(x)l: llxll = I} = oo. Then there exists a 
sequence of vectors {x,} such that llx, II = 1 and lf(x,)l 2:. n3 for alln. 

Let Yn = I:~= 1 k-2 1xd. Then 

holds for all n and p, and hence, {y,} is a Cauchy sequence of X. Since X is 
complete, there exists some y E X with lim y, = y. 

Clearly, 0 .::; y, .::; Yn+l, and we claim that 0 .::; y, .::; y holds for each ll. 

Indeed, note first that the inequalities 

for alln and p. Therefore, 0.::; ll(y,- y)+ll .::; limp-->xiiY,+r- Yll = 0, and so 
(y,- y)+ = 0 holds for each 11. But then, y,- y ::: (y,- y) v 0 = (y,- y)+ = 0 
implies 0 .::; y, .::; y for alln. 

Now, since n-21x, I .::; y, .::; y, it follows that 

n::: n-2 if(x,)l .:S 11-21fl(lx,l) .:S lfl(y,)::: lfl(y) < oo 

for each 11, which is impossible. Thus, f is continuous, and so X*= x-. • 
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Let X be a nonned vector lattice, and let Y be a vector sublattice of X. We 
already know that f is a vector subspace of X, and in view of the continuity of 
x ~ x+, it is easy to see that Y is a vector sublattice of X. 

We also know that the natural embedding x ~ .t of a nonned space into its 
second dual is linear and nonn preserving. If X is a nonned vector lattice, then 
x ~ .t is in addition lattice preserving. Indeed, for x E X and 0 .:::: f E X*, 
Theorems 30.2 and 30.3 applied consecutively in connection with the fact that X* 
is an ideal of x- give 

(.rf(f) = sup{.l:(g): g EX* and 0.:::: g.:::: f) 

= sup{g(x): g E X* and 0 _:::: g _:::: f) 

= sup{g(x): g Ex- and 0.:::: g .::::f) 

= J<x+> =?en. 

That is, (.t )+ = -;+ holds for each x E X, and this shows that x ~ .t preserves 
the lattice operations. Thus, X "sits" in X** with its nonn, algebraic, and lattice 
structures preserved. Since the closure of X in the Banach lattice X** is the com
pletion of X, it follows from the preceding that the completion of X is a Banach 
lattice. Summarizing, we have the following result: 

Theorem 30.11. The completion of a normed vector lattice is a Banach lattice. 

A linear isometry T: X ~ Y between two nonned vector lattices that satisfies 
T (x v y) = T(x) v T (y) for all x, y E X is called a lattice isometry. Two nonned 
vector lattices X and Y are said to be isomorphic if there exists a lattice isometry 
from X onto Y. In other words, X and Y are isomorphic if there exists a mapping 
from X onto Y that preserves all structures: the nonn, the algebraic, and the lattice. 

An operator T: X ~ Y between two partially ordered vector spaces is called 
positive if T(x) ::: 0 holds for all x ::: 0. When X is a Banach lattice and Y a 
nonned vector lattice, then every positive operator from X into Y is necessarily 
continuous. (To see this, repeat the arguments of the proof of Theorem 30.10.) 

Here is an example of a classical positive operator: 

Example 30.12 (The Laplace Transform). In this example, we shall denote by dt the 
Lebesgue measure on [0, oo). Consider the operator £: L 1 ([0, oo)) -+ Ch([O. oo)) defined 
by 

£f(s) = fooo e-st f(t)dt, s::: 0, 

where Ch([O, oo)) denotes the Banach lattice of all (uniformly) bounded continuous func
tions on [0, oo). Since le-st f(t)l ::; 1/(t)l holds for all s, t ::: 0 and for each s ::: 0 the 
function e-st f(t) is measurable, it follows from Theorem 22.6 that the function e-st f(t) 
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is Lebesgue integrable over [0, oo) for each s ;:: 0. Moreover, it should be clear that 
i.Cf(s)l .5 II/III for each s ;:: 0 so that .Cf is a uniformly bounded function. In addition, 
since lims-+sn e-sr f(t) = e-sor f(t) holds for each so ;:: 0, it follows from Theorem 24.4 
that 

Jim .Cf(S) = Jim roo e-Sl /(f) d = roo Jim e-Sl f(t) dt 
s-so s-+su Jo }0 s-+so 

= fo 00
e-sor f(t) dt = .Cf(so), 

which shows that .C f is indeed a bounded continuous function. (The preceding argument 
also shows that lims-+oo .Cf(s) = 0.) It is now a routine matter to verify that .Cis a lin
ear positive operator-and hence, a continuous operator. The operator .C is known as the 
Laplace5 transform and plays an important role in applications. 

It is useful to notice that the Laplace transform is also one-to-one. To see this, assume 
that some function f E L 1 ([0, oo)) satisfies .Cf(s) = J000 e-sr f(t) dt = 0 for each s;:: 0. 
~KnL-:n" U'-o """"gC "~ .. ~~'""'e"- .-I ···- --·, Jrl ., .. •-l /\' '111 ··')a',.- u" r"or ~;·IS·- u" •1n par l'Y&UA.l f, 1W""IUUI VI YQ.!J.QU.I .A.- C' , WCCC 0"' - .A A- lU :::_ o -

ticular, we have Jd x~ f(-lnx)dx = 0 for all k =0, 1, 2, .... This implies f(-lnx) =0 
for almost all x E [0, 1] (see Exercise 21 of Section 22). Using the fact that the function 
lnx carries null sets to null sets (see Exercise 9 of Section 18), we infer that f =0 a.e. 
Thus, .C is one-to-one. • 

We shall close this section with a remarkable convergence property (due toP. P. 
Korovkin6) about sequences of positive operators on C[O, I]. Korovkin's result 
demonstrates the usefulness of the order structures. 

If T: C[O, I] ---+ C[O, I] is an operator, then (for simplicity) we shall write 
T f instead of T (/). For our discussion below, C[O, I] will be considered 
equipped with the sup norm ll·lloo- For instance, lim f,, =fin C[O, I] will mean 
limllf,,- flloc = 0, i.e., that {f,,} converges uniformly to f. Also, 1, x, and x 2 

will denote the three functions of C[O, I] defined by 1(t) = I, x(t) = t, and 
x 2(t) = t 2 for each t E [0, I]. 

Theorem 30.13 (Korovkin). Let {T11 } be a sequence of positive operators 
from C[O, I] into C[O, I]./f lim Tnf = f holds when f equals 1, x, and x 2, 
then lim Tn f = f holds for all f E C [0, I]. 

Proof. Let f E C[O, I]. Our objective is to show that given E > 0 there exist 
COnstants C1, C2, and C3 (depending on E) SUCh that 

5Pierre Simon :vtarquis de Laplace {1749-1827), a distinguished French mathematician, physicist, 
and astronomer. He made fundamental contributions to many fields including electricity, magnetism, 
planetary motion, and the theory of probability. 

6Pavel Petr01•ich Korovkin {1913-1985), a Russian mathematician. He worked in approximation 
theory. 
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If this is done, then our hypothesis implies that IIT,,f - fii()O < 2E must hold for 
all sufficiently large n. Therefore, this will establish that lim T,, f = f holds for 
all f E C[O, 1]. 

To this end, start by observing that for each t in the interval [0, 1] the function 
0 _::: g1 E C[O, 1] defined by g1(s) = (s- t)2 satisfies g1 = x 2 - 2tx + t21. Since 
each T,, is positive, T,g1 is a positive function. In particular, we have 

0 _::: T,g1(t) = (T,x2 - 2tT,x + t 2T,,l)(t) 

= (T,x 2 - x 2)(t)- 2t(T11 X- x)(t) + t 2(T11 l- l)(t) (I) 

_::: IIT,,x 2 - x 2 lloo + 211T"x- xlloo + 117;,1- llloo 

for each t E [0, 1]. 
Now, let M = 11/lloo. and let E > 0. By the unifonn continuity off on [0, 1], 

there exists some 8 > 0 such that -E < f(s) - f(t) < E holds whenever 
s, t E [0, 1] satisfy Is- tl < 8. Next, observe that 

2M , 2M , 
-E- --;p(s - t)- .::: f(s)- f(t) .::: E + --;p(s - t)- (2) 

holds for all s. t E [0, 1 ]. Indeed, if Is - t I < 8, then (2) follows from 

-E < f(s)- f(t) < E. 

On the other hand, if Is - t I 2: 8, then (2) follows from the inequalities 

2M 2 2M , 
---;p(s- t) .:::-2M .::: f(s)- f(t).::: 2M.::: --;p<s- t)-. 

Since each T,, is positive and linear, it follows from (2) that 

Next, let K =2M /82 and evaluate (3) at t to get 

I[ Tllf- f(t)TIIl ](t)l .::: ET/Il(t) + KT/Ig((t) 

In particular, note that 

= E + E[ (Till- l)(t)] + KT/Igt(t) 

_::: E + EIIT,,l- llloo + KT11 gr(t). 

I(T/1/- /)(t)l .::: I[T/1/- f(t)TIIl](t)l + 1/(t)l . I(T/11- l)(t)l 

_::: E + KT11 gr(t) + (M +E) liT,, I- llloo (4) 
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holds for each t E [0, 1]. Thus, by taking into account (1), it follows from (4) that 

IITnf- /lloo _::: E +KIITnx2 -x2lloo+2KIIT,x-xlloo+(K +M +e)IIT"l-llloo· 

This completes the proof of the theorem. • 
EXERCISES 

1. Let X be a vector lattice, and let f: x+ ---+ [0, oo) be an additive function (that is, 
f(x + y) = f(x) + f(y) holds for all X, y E X+). Then show that there exists a 
unique linear functional g on X such that g(x) = f (x) holds for all x E X+. 
[HINT: Use the arguments oftheproofofLemma 18.7 to show firstthat f(rx) = rf(x) 
holds for each x E x+ and each rational number r ::: 0. Then define g(x) = f (x+) -
f(x-) for each x E X.] 

2. A vector lattice is called order complete if every nonempty subset that is bounded 
from above has a least upper bound (also called the supremum of the set). 

Show that if X is a vector lattice, then its order dual x- is an order complete 
vector lattice. 
[HINT: If A is a nonempty set of positive linear functionals such that f :::; g holds 
in x- for each f E A, put h(x) = sup{(vj'=l/; )(x): /; E A} for each X E x+. Use 
the preceding exercise to show that h extends to a positive linear functional and that 
h =sup A.] 

3. Show that the collection of all bounded functions on [0, 1] is an ideal of JRIO.I). Also, 
show that C [0, 1] is a vector sub lattice of JR. [O.I] but not an ideal. 

4. Let X be a vector lattice. Show that a norm 11·11 on X is a lattice norm if and only if it 
satisfies the following two properties: 

a. If 0:::; x :::; y, then llxll :::; llyll, and 
b. llxll = lllxlll holds for all x EX. 

5. Show that in a normed vector lattice X. its positive cone x+ is a closed set. 
[HINT: x+ = (x EX: x- = 0).] 

6. Let X be a normed vector lattice. Assume that {xn I is a sequence of X such that 
x, :::; Xn+ 1 holds for all n. Show that if lim x, = x holds in X, then the vector x is 
the least upper bound of the sequence fxn I in X. In symbols, Xn t x holds. 
[HINT: Observe that x,+P - x, ::;: 0 for all n and p and use the conclusion of the 
preceding exercise.] 

7. Assume that x, ---+ x holds in a Banach lattice and let {En} be a sequence of strictly 
positive real numbers, i.e., e, > 0 for each n. Show that there exists a subsequence 
(x~ .. I of (x, I and some positive vector 11 such that !x~. - x! :::; E11 11 holds for each n. 
[HINT: Pick a subsequence {y,l of {xnl satisfying !ly, - xll < e,2-" for each n 
and let u = 2:~ 1 (En)- 1!y11 - x!. Now, use the preceding exercise to conclude that 
(E11 )- 1!y11 - x! :::; 11 holds for each n.] 

8. LetT: X ---+ Y be a positive operator between two normed vector lattices. If X is a 
Banach lattice, then show that T is continuous. 
[HINT: If T is not continuous, then there exist a sequence {x, I of X and some E > 0 
satisfying x11 ---+ 0 and II T x,!l ::;: E for each 11. By the preceding exercise, the~e exists 
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a subsequence {y11 } of {x11 } and some 11 E _x+ satisfying ly11 1 .::; *II for each n. Now, 

note that IITy,.ll .::; * IIT11II holds for each n.] 
9. Show that any two complete lattice norms on a vector lattice must be equivalent. 

[HINT: Apply the previous exercise.] 
10. The averaging operator A: leo --+ leo is defined by 

A(.t)- X(,--, • ...• • ... 
• _ ( X( + X2 X( + X2 + X3 X( + X2 +···+X,. ) 

2 3 ll 

for each x = (x1. X2, ... ) E leo. Establish the following: 

a. A is a positive operator. 
b. A is a continuous operator. 
c. The vector space 

V = {x = (X(,Xz, ••• ) E l 00 : I ro+r•;··-+x.,) converges in IR} 

is a closed subspace of leo. Is V = l:o? 

11. This exercise shows that for a normed vector lattice X, its norm dual X* may be a 
proper ideal of its order dual x-. Let X be the collection of all sequences {x11 } such 
thatx11 = 0 for all but a finitenumberofterms (depending on the sequence). Show that: 

a. X is a function space. 
b. X equipped with the sup norm is a normed vector lattice, but not a Banach lattice. 
c. Iff: X --+ IRis defined by f(x) = }:~ 1 nx,. for each x = {x11 } E X, then f is 

a positive linear functional on X that is not continuous. 

12. Determine the norm completion of the normed vector lattice of the preceding exercise. 
13. Determine the norm completion of the normed vector lattice of Example 30 when X 

is a Hausdorff locally compact topological space. 
14. Let X and Y be two vector lattices, and let T: X --+ Y be a linear operator. Show that 

the following statements are equivalent: 

a. T(x v y) = T(x) v T(y) holds for all x, y EX. 
b. T(x 1\ y) = T(x) 1\ T(y) holds for all x, y E X. 
c. T(x) A T(y) = 0 holds in Y whenever x A y = 0 holds in X. 
d. IT(x)l = T(lxl) holds for all x E X. 

(A linear operator T that satisfies the preceding equivalent statements is referred to 
as a lattice homomorphism.) 

15. Let leo be the Banach lattice of all bounded real sequences, that is, leo = B(lN), 
and let {r1, r2, ... } be an enumeration of the rational numbers of [0, I]. Show that the 
mapping T: C[O. I]--+ leo defined by T(f) = (f(r1), j(r2), ... ) is a lattice isometry 
that is not onto. 

16. Let X be a normed vector lattice. Then show that an element x E X satisfies x ::=: 0 if 
and only if f(x) ::=: 0 holds for each continuous positive linear functional f on X. 
[HINT: For the "if" part use the second formula of Theorem 30.3 to obtain f(x-) = 0 
for each continuous positive linear functional f.] 
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17. Let X be a Banach lattice. If 0 ::; x E X, then show that 

llxll = sup(f(x}: 0::; f EX* and 11/11 = 1}. 

18. Assume that I{J: [0, I] -+ lR is a strictly monotone continuous function and that 
T: C[O, 1] -+ C[O, I] is a continuous linear operator. If T(I{Jf} = I{JT(f) holds 
for each f E C[O, I] (where lfJ! denotes the pointwise product of 1fJ and f). Show that 
there exists a unique function h E C[O, I] satisfying T(f) = hf for all f E C[O, I]. 

19. Iff E C[O, 1], then the polynomials 

11 (II) (k) . B,(x} = {; k f ;; xk(I - x)"-~, 

where <n is the binomial coefficient defined by <k> = k!(,7~~)!, are known as the 
Bernstein7 polynomials of f. 

Show that iff E C[O, 1], then the sequence (811 } of Bernstein polynomials off 
converges uniformiy ro f. 
[HINT: Consider the sequence (T,} of positive operators defined by 

11 (n) (k) T,f(x)={; k f ;; x~(!-x)"-~ 

and apply Korovkin's theorem.] 
20. Let T: C [0, I] -+ C[O, I] be a positive operator. Show that if T f = f holds true 

when f equals 1, x, and x2 , then T is the identity operator (that is, T f = f holds for 
each f E C[O, 1]). 

21. (Korovkin) Let (T,} be a sequence of positive operators from C[O, I] into C[O, I] 
satisfying T,l = 1. If there exists some c E [0, 1] such that lim T,g = 0 holds forthe 
function g(t) = (t- c)2, then show that lim T, f = f(c) ·1 holds for all f E C[O, 1]. 

31. Lp-SPACES 

Our attention is now turned from the study of general normed spaces to function 
spaces. Many of the classical spaces in analysis consist of measurable functions, 
and most of the important norms on such spaces are defined by integrals. The 
theory of integration enables us to study the remarkable properties of these spaces. 
Here the classical L P -spaces will be considered. As we shall see, they are special 
examples of Banach lattices. 

Throughout this section (X, S, t-L) ~ill be a fixed measure space, and unless 
otherwise specified, all properties of functions will refer to this measure space. It 

7Sergei Natanovich Bernstein (1880-1968), a Russian mathematician. He contributed to the ap
proximation of functions and probability theory. 
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is important to keep in mind that iff is a measurable function, the lfiP is also 
measurable for each p > 0. 

Definition 31.1. Let 0 < p < oo. Then the collection of all measurable 
functions f for which lfiP is integrable will be denoted by Lp(IJ.). 

If clarity requires the mea11ure space X to be indicated, then L p(P.) will be 
denoted by Lp(X) or even by Lp(X, S, p.). 

It is easy to see that L p(P.) is a vector space. Indeed, iff E L p(IJ.), then clearly, 
ot.f E L p(P.) holds for all ot. E JR. On the other hand, the elementary inequality 
among the real numbers 

shows that Lp(IJ.) is closed under addition.8 Moreover, iff E Lp(IJ.), then the 
inequalities 0.::: f"".::: If I and 0.::: f-.::: If I imply that f+, f-, and If I belong 
to L p(IJ.). In other words, L p(IJ.) is a vector lattice. 

For each f E L p(f.l.) let 

I 

llfllr = ( f lfiP dp.);; 

The number II f II P is called the L r·norm off. Obviously, II f II p =:: 0 and llot.fll p = 
lot. I· llfllr hold for all f E Lp(/J.) and ot. E JR. 

To obtain additional properties of the L r·norms, we need an inequality. 

Lemma 31.2. If 0 < A < I, then 

aJ..bH . .::: Aa +(I- A)b 

holds for eve I}' pair of nonnegative rea/numbers a and b. 

Proof. The inequality is trivial if either a or b equals zero. Hence, assume 
a > 0 and b > 0. Consider the function f: [0, oo) ~ JR defined by f(x) = 
I -A+ AX - xJ.. for x > 0. Then f'(x) = A(l - xJ..- 1), and sox= I is the 
only critical point of f. It follows that f attains its minimum at x =I. Thus, 
f(l) = 0.::: I -A+ AX- x;. holds for all x > 0. Now, let x = a/b to obtain the 
desired inequality. • 

I I 
8To verify this inequality. note that lal = (lal")l> ~ (Ia I''+ lbl'')l>. and so 

I 

Ia + bl ~ Ia I+ lbl ~ :!(Ia I"+ lbl")l>. 



256 Chapter 5: NORMED SPACES AND L,-SPACES 

An important inequality between L p-norms, known as Holder's9 inequality, is 
stated next. 

Theorem 31.3 (Holder's Inequality). Let I < p < oo and I < q < oo be 
such that *+~=I. If f E Lp(t-L) and g E Lq(/-L), then fg E L 1(t-L) and 

Proof. Iff = 0 a.e. or g = 0 a.e. holds, then the inequality is trivial. So, assume 
f 1= 0 a. e. and g i= 0 a. e. Then II flip > 0 and llg llq > 0. Now, apply Lemma 3I.2 
with 

to obtain 

I 
A.=-, a= (lf(x)l/llfllp)P, and b = (lg(x)lfllgllq)q 

p 

lf(x)g(x)l I lf(x)IP l IR{x)lq __ .....;_ __ <- + -'""""---
llfllr · llgllq - P <llfllr)P q (llgllq)q 

By Theorem 22.6, fg E LI(/-L), and by integrating, we get 

f lfgl dt-L I I 
-=----<-+-=1. 
llfllr. llgllq - p q 

That is, J lfRI dt-L.::: llfllr · llgllq. as claimed. • 
For the special case p = q = 2, HOlder's inequality is known as the Cauchy

Schwarz10 inequality; see also Theorem 32.2. The triangle inequality of the func
tion 11·11 P is referred to as the Minkowski 11 inequality. The details follow. 

Theorem 31.4 (Minkowski's Inequality). Let l .::: p < oo. Then for every 
pair f, g E L p(Jl) the following inequality holds: 

90uo Ludwig Holder (1859-1937), a German mathematician. He worked in group theory and 
geometry. He also contributed to philosophical matters concerning the foundation of mathematics. 

10Hermann Amandus Schwarz ( 1843-1921 )',a German mathematician. He worked in complex anal
ysis and made several contributions to lhe theory of minimal surfaces. 

11 Hermann Minkowski ( 1864-1909), a German mathematician. He studied extensively the geometric 
properties of convex sets. His ideas in mathematical physic& contributed greatly to the creation of the 
theory of relativity. 
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Proof. For p = l the inequality is clearly true. Thus, we can assume l < p < 
oo. Let 1 < q < oo be such that ! + l = ·1. 

We already know that iff and g bel ring to L P (t-L ), then f + g likewise belongs to 
L p(/-L). Next, observe that since (p- l )q = p, it follows that If+ g I p-I E Lq (/-L). 
Thus, by Theorem 31.3 both functions 

1!1·1! + glp-I and lgl· If+ glp-I 

belong to L 1 (t-L) and we have the inequalities 

I I 1!1·1! + glp-I dt-L :::: II !lip. (I If+ gl(p-I)q dt-L);; 

1!. = II !lip· <II!+ gllp)''. 

I lgl. If+ gip-I dt-L :::: llgllp. (II/+ gllp)~. 

So, from If+ giP =If+ gllf + glp-l :::: (1/1 + lgi)if + giP-I, we get 

(II/+ gllp)P = I If+ giP d/). ::::I 1!1. If+ gip-l dt-L 

+ I lgl. If+ gip-l dt-L 

1!. 1!. 
:::: 11/llp ·<II!+ gllp)'' + llgllp ·<II!+ gllp)'' 

1!. 
= <11/llp + llgllp) ·<II!+ gllp)''. 

This easily implies 

The proof of the theorem is now complete. 

Summarizing the preceding discussion: If 1 :::; p < oo, then 

a. 11/llp:::: 0. 
b. llafllp = lal · 11/llp. and 
c. II!+ gllp:::: 11/llp + llgllp 

hold for all f, g E L p(/-L) and a E JR. 

• 

Obviously, by Theorem 22.7, 11/llp = 0 if and only iff= 0 a.e. holds. Thus, 
unfortunately, the function II· II P on L p(t-L) fails to satisfy the norm requirement 
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that 11/llr = 0 imply f = 0. To avoid this difficulty, it is customary to call two 
functions of L p(J.L) equivalent if they are equal almost everywhere. Clearly, this 
introduces an equivalence relation on L p(J.L ), and 11·11 P becomes a norm on the 
equivalence classes. In other words, L p(J.L), for 1 .::: p < oo, is a normed space 
if we do not distinguish between functions that are equal almost everywhere. 
This means that L p(J.L) in reality consists of equivalence classes of functions, 
but this should not pose a problem. In actual practice, the equivalence classes are 
relegated to the background, and the elements of L P (J.L) are thought of as functions 
(where two functions are considered identical if they are equal almost everywhere). 
An important advantage of the identification of functions that are equal almost 
everywhere is the following: A function of L p(J.L) can assume infinite values or 
even be left undefined on a null set-since by assigning finite values to these points, 
the function becomes equivalent to a real-valued function of L p(J.L). 

Also, it should be clear that if g is a measurable function and f E L p(J.L) satisfies 
lgl .::: 1/1 a.e., then g E Lp(J.L) and llgllr.::: 11/llr holds. In other words, ll·llp is 
a lattice norm. Therefore, for 1 ~ p < oo each Lp(Ji.) is a norrned vectur lallice 
and, in fact, a Banach lattice, as the next result ofF. Riesz and E. Fischer12 shows. 

Theorem 31.5 (Riesz-Fischer). If I .::: p < oo, then Lp(J.L) is a Banach 
lattice. 

Proof. Let { f,,} be a Cauchy sequence. By passing to a subsequence if nec
essary, we can assume without loss of generality that ll/,,+1 - f,,llr < 2-" 
holds for each 11. We must establish the existence of some f E L P (J.L) such that 
limllf- f,llp = 0. 

Let g1 = 0 and g,. = 1/d + lh- fd +···+If,,- J,,-11 for n ~ 2. Then 
0.::: g, t and 

holds for all 11. By Levi's Theorem 22.8, there exists some g E Lp(J.L) such that 
0.::: g, t g a.e. 

From 

12Emst Sigismund Fischer (1875-1954), an Austrian mathematician. He spent his scientific career 
in Germany and studied orthonormal sequences of functions. 
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it follows that { f,,} converges pointwise a. e. to some function f. Since 

it follows that 1/1 :::: g a.e. holds, and hence, f E Lp(/-L). Now, in view of 
If- / 11 1 :::: 2g a.e. and limlf,, - fiP = 0, the Lebesgue dominated convergence 
theorem implies lim II f - f,,ll P = 0, and the proof is finished. • 

A glance at the preceding proof reveals also the following interesting property 
of convergent sequences in L r·spaces. 

Lemma 31.6. !fa sequence {f;,} ~ Lp(Jl), where I:::: p < oo,satisfieslimllf
f,,llr = 0. then there exist a subsequence {A,} of {f,,} and some g E L p(/-L) such 
that !k,, --+ f a.e. and lA, I :::: g a.e.for each n. 

In general, it is not true that lim II f - / 11 11 P = 0 implies f,, --+ f a. e. For 
instance, the sequence {f,,} of Example 19.6 satisfies limllf,,llr =0 (for each 
l :::: p < oo), but {f,,(x)) does not converge for any x E [0, 1]. 

Also, it is easy to construct an example of a sequence in an L r·space that 
converges pointwise to some function of the space, but fails to converge in the 
Lp·norm. For instance, consider lR with the Lebesgue measure and f,, = X<11 •11 +I> 
for each n. Then f,,(x)--+ 0 holds for each x E lR and / 11 E Lp(lR) for all nand 
all l :::: p < oo. On the other hand, II / 11 11 P = l holds for each n and l :::: p < oo, 
and so { f,,} does not converge to zero with respect to any L P -norm. 

The next useful result gives a condition for pointwise convergence to imply 
norm convergence in L p·spaces. 

Theorem 31.7. Assume 1:::: p < oo.Let f E Lp(t-L)andlet{f,,)beasequence 
of Lp(t-L) such that f,, --+ f a.e.lf limii/"IIP = llfllr, thenlimllf- f,,llr = 0. 

Proof. Start by observing that (a + b )P :::: 2r-I (aP + bP) holds for each pair 
of nonnegative real numbers a and b. Indeed, for p = l the inequality is trivial. 
On the other hand, if l < p < oo, then the convexity of the function g(x) = xP 

(x :;:: 0) implies 
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and hence, (a + b)P :::: 2P- 1 (aP + bP) holds. In particular, for each pair of real 
numbers a and b we have 

Thus, 0::;: 2P- 1(1J,,IP + lfiP) -1/n- fiP a.e., and by applying Fatou's le~ma 
(Theorem 22.10) and using the assumption lim J IJ.,IP dJ.L = J lfiP dJ.L, we get 

2Pf lfiP d J.L = J lim [2p-l CIJ,,IP + lfiP)- 1/,, - fiP] d J.L 
n-+eXl 

:::: lim inf/[2P-I Clf,.IP + IJIP)- 1/n - fiP] dJ.L 
11~00 

= 2p-l J IJIP dJ.L + 2p-l lim J lfnlp dJ.L 
,_.00 

+ iim inf lr- Jr If, -fiP dJ.L 1J 
11-+00 

= 2P jlfiP dp.- lim sup jl.t.,- fiP dJ.L. 
11-+00 

Now, since J lfiP d J.L < oo, the last inequality yields lim sup J If,,- fiP dJ.L :::: 0. 
Hence, lim sup J If,- fiP dJ.L = liminf J If,,- fiP dJ.L = 0, so that 

lim jl.t.,- /I dJ.L = 0. 
11-+00 

Therefore, lim II/,, - fllr = 0 holds, as required. • 
A real number M is said to be an essential bound for a function f whenever 

1/(x)l ::;: M holds for almost all x. A function is called essentially bounded if it 
has an essential bound. Therefore, a function is essentially bounded if it is bounded 
except possibly on a set of measure zero. The essential supremum of a function 
f is defined by 

11/lloo = inf{M 2::. 0: 1/(x)l ::;: M holds for almost all x}. 

Iff does not have any essential bound, then it is understood that llflloo = oo. 
Observe that 1/(x)l ::;: 11/lloo holds for almost all x. 

The following properties are easily verified, and they are left as exercises for 
the reader. 

I. Iff= g a.e., then 11/lloc = llgll:x.· 
2. llfllx 2::. 0 for each function f, and 11/lloo = 0 if and only iff = 0 a.e. 
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3. llaflloo = Ia! · 11/lloo for all a E JR. 
4. II/+ gll::c ::: llflloo + llglloo· 
5. If 1/1::: lgl, then 11/lloo::: llglloo· 

Definition 31.8. The collection of all essentially bounded measurable func
tions is denoted by L 00 (iJ-). 

Here again, two functions are considered identical if they are equal almost 
everywhere. It should be obvious that with the usual algebraic and lattice operations 
L 00(iJ-) is a vector lattice. Moreover, according to the above listed properties, 
L 00 (/-L) equipped with 11·11 00 is a normed vector lattice that is actually a Banach 
lattice. 

Theorem 31.9. L 00 (/-L) is a Banach lattice. 

Proof. Let (f,,} be a Cauchy sequence of L 00(iJ-). We have to show that there 
exists some f E Lx(/-L) such that limllf- /,.11 00 = 0. 

Since for each pairnz and n we have !f,.(x)- f,,.(x)! :::: !If,,- fm II co foralmostall 
x, it follows that there exists a null set A such that !f,.(x)- fm(x)! ::: !If,,- fm lloo 
holds for all m and n and all x ¢. A. But then lim f,,(x) = f(x) exists in IR 
for all x ¢. A, and moreover, f is measurable and essentially bounded. That is, 
f E Loo(/-L). 

Now, let E > 0. Choose k such that llf,,- fmlloo < E for all n, m > k. Since 
!f(x)- f,.(x)! = lim111 _,. 00 !f,,.(x)- f,,(x)! ::: E holds for all x ¢. A and n > k, it 
follows that II f - f,,ll 00 ::: E for each n > k. This shows that lim II f - f,, lloo = 0, 
and the proof of the theorem is complete. • 

It is easy to verify that each step function belongs to every L p·space. Moreover, 
the collection of all step functions forms a vector sublattice of every L p·space. 
In addition, by Theorem 25.1 this vector sublattice is norm dense in L 1(/-L). The 
next result tells us that actually the vector lattice of step functions is norm dense 
in every Lp(/-L) with 1 ::: p < oo. 

Theorem 31.10. For every I ::: p < oo, the collection of all step functions is 
norm dense in L p(/J-). 

Proof. Let 0 ::: f E Lp(iJ-). By Theorem 17.7, there exists a sequence[¢,.) 
of simple functions such that 0 :::: ¢,. t f a.e. Clearly, each ¢,. is a step function 
and (f - 1/J,.)P -1. 0 a.e. holds. By the Lebesgue dominated convergence theorem 
we get II!- ¢,.liP= (j If- 1/J,.!P d!-L)* -1. 0. 

Since every function of L p(/-L) can be written as a difference of two positive 
functions of L p(iJ-), it easily follows that the step functions are norm dense in 
Lp(iJ-). • 
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In case the measure is a regular Borel measure, the continuous functions with 
compact support are also norm dense in each Lp(J.L) for 1 :::: p < oo. The details 
are included in the next theorem. 

Theorem 31.11. Let J.L be a regular Borel measure on a Hausdorff locally 
compact topological space X. Then the collection of all continuous functions 
with compact support is norm dense in L p(J.L) for every l :::: p < oo. 

Proof. Clearly, every continuous function with compact support belongs to 
each L p(J.L). Now, let 1 :::: p < oo, f E L p(J.L), and E > 0. We must show that there 
exists some continuous function g with compact support such that II f - g II P < E. 

By Theorem 31.10 it suffices to assume that f = XA, where A is a measurable set 
such that J.L *(A) < oo. 

By Theorem 25.3, there exists a continuous function g: X --+ [0. 1] with compact 
support such thatJ IXA -gl dJ.L < 2-PEP. (Note that IXA -gl:::: 2 holds.) Butthen 

I I 

IIXA- gllp = (jixA- g!P dJ.L)-;; = (/ixA- gi·IXA- glp-l dJ.L)-;; 

I 

::::2(/iXA-gidJ.L)"P <2·T 1 ·E=E, 

and the proof is finished. • 
Consider IR equipped with the measure J.L that assigns to every subset of IR the 

value zero, that is, J.L = 0. Then J.L is a regular Borel measure, and obviously, any 
two functions on IR are equal J.L-almost everywhere. Thus, in this case, all functions 
on IR can be identified with the zero function, a situation that is not very useful. 

Therefore, it is desirable to deal with regular Borel measures for which distinct 
continuous functions are not equivalent. To do this, we need to know where the 
measure is "concentrated" in the space. 

Theorem 31.12. Let J.L be a regular Borel measure on a Hausdorff locally 
compact topological space X. Then there exists a unique closed subset E of X 
with the following two properties: 

I. J.L(Ec) = 0, and 
2. if V is an open set such that En V 1= (/),then J.L(E n V) > 0. 

Proof. Let 0 = UIV: V is opeo and J.L(V) = 0}. Clearly, 0 is an open set, 
and we claim that J.L(O) = 0. 

To see this, let K be a compact subset of 0. From the definition of 0 it follows 
that there exist open sets V1, ... , V,, all of measure zero, such that K ~ U;1= 1 V;. 
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Hence, t-L(K) = 0. Our claim now follows from t-L(O) = sup(t-L(K): K compact 
and K s; 0}; see Definition 18.4. · 

Now, let E = oc. Then Eisa closed set and t-L(Ec) = t-L(O) = 0. On the other 
hand, if V is an open set such that En V =f. 0. then t-L(E n V) > 0 must hold true. 
Otherwise, if t-L(E n V) = 0 holds, then t-L(V) = t-L(E n V) + t-L(Ec n V) = 0 also 
holds, implying V s; 0 = Ec, contrary to E n V =f. (/). 

For the uniqueness of E assume that another closed set F satisfies (1) and (2). 
From (1) it follows at once that Fe s; 0, and so E = oc s; F holds. On the 
other hand, since t-L(O n F) = 0, it follows from (2) that 0 n F = (/). Hence, 
F s; oc = E, so that F = E, and the proof is finished. • 

The unique set E determined by Theorem 31.12 is called the support of 1-L and 
is denoted by Supp 1-L· That is, Supp 1-L = E. If we think of the measure space as 
a set over which some material has been distributed, then Supp 1-L represents the 
parts of the set at which the material has been placed. 

How "large" can the support of a regular Borel measure be? If X =JR.", then 
for example, the support of the zero measure is the empty set, while the support 
of the Lebesgue measure A satisfies SuppA = JR.". 

Let 1-L be a regular Borel measure on a Hausdorff locally compact topological 
space X with Supp t-L = X. Then two continuous real-valued functions f and g 
on X satisfy f = g a.e. if and only if f(x.) = g(x) holds for all x E X. This 
follows immediately by observing that if f(a) =f. g(a) holds for some a E X, then 
f(x) =f. g(x) holds for all x in some nonempty open set V (a neighborhood of a). 
Since t-L(V) > 0, it is impossible for f = g a.e. to be true. In particular, it follows 

I 

that llfllr = (j lfiP dt-L)"P defines a lattice norm on Cc(X), the function space of 
all continuous real-valued functions on X with compact support. In general, Cc(X) 
equipped with an L p-norm is not a Banach lattice. However, by Theorem 31.11 
the following result should be immediate. 

Theorem 31.13. Let 1-L be a regular Borel measure on a Hausdorff locally 
compact topological space X with Supp 1-L =X. Then for each I :::: p < oo, the 
completion of Cc(X) with the L p-norm is the Banach lattice L p(/-L). 

In general, the L p-spaces are not "comparable." As an example, let X = (0, oo) 
with the Lebesgue measure. Then the function f(x) = x-~ if 0 < x :::: 1 and 
f(x) = 0 if x > 1 belongs to L 1 (t-L). but it does not belong to L 2 (t-L). On the other 
hand, the function g(x) = 0 if 0 < x < I and g(x) = x- 1 if x ::::_ 1 belongs to 
L 2(t-L). but not to L 1 (/-L). 

Two comparison results of the L P-spaces are presented next. The first one is for 
the case that (X, S, JJ.) is a finite measure space. 
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Theorem 31.14. Let (X, S, f..L) be a finite measure space, and assume that 

1 :5 p < q :5 oo. Then Lq(f..L) ~ Lp(f..L) holds. 

Proof. Clearly, in this case L 00 (Jl.) ~ L p(f..L) holds for each 1 :5 p < oo. 
Thus, assume 1 :::: p < q < oo. 

Let r = q 1 p > 1, and then chooses > 1 such that~+~ = 1. Iff E Lq(f..L), 
then clearly, lfiP E L,.(J.L). Since the constant function 1 belongs to LsCJ.L), it 
follows from Theorem 31.3 that lfiP = lfiP ·1 E LI(f..L). That is, f E Lp(f..L), and 
the proof of the theorem is complete. • 

It should be observed that if Lq(f..L) ~ L p(f..L) holds, then Lq(f..L) is an ideal of 
the vector lattice L p(f..L). 

Some important examples of L p-spaces are provided by considering the count
ing measure on IN. In this case, the functions on IN are denoted as sequences, 
and integration is replaced by summation. These L r-spaces are called the little 
Lp=Spaces, a....-.d they are denoted by f.p. In other 'vVOrds, if 0 < p < oo, then 
lp consists of all sequences x ~ (xi, x2, .. . ) such that I;:,1 lx,.IP < oo, and in 

this case llx llr = <I::1 lxn IP)"P. Similarly, f. 00 is the vector space of all bounded 
sequences with the sup norm. 

The lr-spaces, unlike the general Lp-spaces, are always comparable. Note the 
contrast between the next theorem and the preceding one. 

Theorem 31.15. If 1 .::: p < q :5 oo, then lp ~ lq holds. Moreover, the 
inclusion is prope1: 

Proof. Observe that if x = (x1, x2 , ••• ) belongs to some lp-space with 1 :5 
p < oo, then {x,.} must be a bounded sequence (actually, convergent to zero), and 
hence, x E f. 00 • That is, lp ~ l 00 holds for all 1 .:5 p < oo. 

Thus, assume 1 < q < oo. Let x = (xi, x2 •... ) E lp. Since I;:,1 lx,.IP < oo, 
there exists some k such that lxn I < 1 for alln 2: k. This implies lxn lq .:5 lxn IP 
for all n 2: k, and this shows that I;:,1 lxn lq < oo. Therefore, x E lq, and hence, 
lp ~ lq. 

I 

For the last part note that if we let Xn = n-;; for all n, then x = (x1, x2 , ••• ) E lq 

but x ¢. lp. • 

Two numbers p and q in [1, oo] are called conjugate exponents if l + l = 1. 
We adhere to the convention lfoo = 0, so that 1 and oo are conjugate ~xpo~ents. 

Let p and q be two conjugate exponents. If g E Lq(f..L), then it follows from 
Theorem 31.3 that f g E L 1 (J.L) for each f E L p(f..L). Therefore, for each fixed 
g E Lq(f..L) a real-valued function F11 can be defined on Lp(f..L) by 
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for all f E L p(/1). Clearly, F11 is a linear functional and, in fact, as the next result 
shows, a bounded linear functional. 

Theorem 31.16. Let 1 < p .:::; oo, let q be its conjugate exponent, and let 
g E Lq(f.L). Then the linear functional defined by 

for f E L p(/1) is a bounded linearfunctional on L p(f.L) satisfying IIF11 II = II g llq. 

Proof. First, we consider the case p = oo and q = 1. From lf':q(/)1 .:::; 
llglh · 11/lloo for each f E L00 (J.L), it follows that F11 is a bounded linear func
tional and that II ~q II .:::; II g II 1 holds. On the other hand, Jet f = Sgn g, where 
Sgn g(x) = I if g(x) ~ 0 and Sgn g(x) = -1 if g(x) < 0. Then f belongs 
to L 00 (f.L) and satisfies llflloo =I and F11 (f) = Jlgldf.L = llglll· Therefore, 
IIF11 II = II gIll. 

Now, we consider I < p < oo. By HOlder's inequality 

holds for all f E Lp(f.L). Hence, F 11 is a bounded linear functional, and IIF,qll .:::; 
llg llq holds. Now, Jet f = lg 1"- 1 Sgn g. Clearly, f is a measurable function, and 
IJIP = lglp(q-ll = lgl" holds, so that f E Lp(f.L). Since fg = lgl". it follows 
that 

I I 

Fg(f) = f Jg df.L = f lgl" df.L = ( f lgl" df.L) p · ( f lg I" df.L r 
I I 

= (jiJIPdf.L )p · (Jigl"df.L r = ll!llp· llgllq· 

That is, llf:qll ~ llgllq· Thus, llf:qll = llgllq holds, and the proof is complete. • 

The preceding theorem shows that for each I < p .:::; oo a linear isometry 
g ~ F11 can be defined from Lq(f.L) into L ;<J.L), the norm dual of L p(f.L). Observe 
that this isometry is also lattice preserving. Indeed, if 0 .:::; f E Lp(f.L), then by 
Theorem 30.2 

(Fg)+(J) = sup[F11 (h): 0 .:::; h .:::; f) =sup { J hg df.L: 0 .:::; lz .:::; f } 

= f Jg+ df.L = F,q+(f). 
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Therefore, (Fg)+ = Fg+ holds, which implies that g ~---+ F.~ is also a lattice 
isometry. 

Is eve1y bounded linear functional on L p(f..L) representable, as in Theorem 31.16, 
by a function of Lq(J.L)? The answer is yes if I < p < oo. This is a classical result 
of F. Riesz. A proof of this theorem, as well as some of its applications, is deferred 
until Section 37. Therefore, L ;<J.L) and Lq(f..L) can be considered (under the above 
isomorphism) as identical Banach lattices. This is usually expressed by saying that 
for I < p < oo the norm dual of Lp(f..L) is Lq(J.L); in symbols, L;(f..L) = Lq(f..L). 

When p = oo the lattice isometry g ~---+ Fg from L 1 (J.L) to L~(J.L) is rarely 
onto. The following example will clarify the situation. 

Example 31.17. Let (X, S, J.L) be a measure space such thatthere exists a disjoint sequence 
of measurable sets {E,) with J.L*(E,) > 0 for each 11 and X = U~1 E,. Let L be the 
collection of all real-valued functions f defined on X that are constant on each E,, assuming 
on each E, the value /(E,), and for which lim /(E,.) exists in R Clearly, Lis a vector 
sublattice of Loo(J.L). 

!"~ow, define a linear functional F on L by F(/) = lin1 f(E,) for each f e L. It i::. ciear 
that IF{f)l :::; 11/lloo holds for all f E L, and so F is a continuous linear functional. By 
Theorem 29.3, F can be extended to L 00 {J.L) with preservation of its original norm. Denote 
this extension by F again. 

We claim that F cannot be represented by a function of L1 (J.L). To see this, assume by 
way of contradiction that there exists some g E L 1 (J.L) satisfying F{f) = J fg dJ.L for all 
f E Loo(J.L). Let G, = <UI'= 1 E;)c and J,, = XG.· Then{/,) is a sequence of L, and 
F(f,,) = I holds for each n. On the other hand, because lf,gl :::; lgl and f,g -+ 0, it 
follows from the Lebesgue dominated convergence theorem that F(f,,) = J f,g dJ.L -+ 0, 
which is impossible. 

Therefore, the lattice isometry g ~--+ Fg from L 1 (J.L) to L ~ (J.L) is not onto. • 

Later, we shall see (Theorem 37.10) that if the measure is a-finite. then the norm 
dual of L 1 (J.L) coincides with L 00 (JJ.). 

The representation theorem for the bounded linear functionals on the lp-spaces 
can be proved directly. 

Theorem 31.18. Let 1 .::: p < oo, and let f be a continuous linear functional 
on lp. Then there exists a unique y = (YI, Y2 •... ) E lq (where * + ~ = 1) 
such that 

00 

f(x) = l:x,y, 
11=1 

holdsforevery X= (X1,X2, . •. ) E lp· 

Proof. For each n, let e, be the sequence having the value one at the nth 
coordinate and zero at every other. Clearly, if x = (x 1, x2, .•. ) E lp. then 
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limllx- :L;1= 1 x;e;llp = 0. Thus, f(x) = :L:, x,f(e,) holds. Let y, = f(e,) 
for each n. To complete the proof, we have to show that y = (y1, y2 , ... ) E lq. If 
p =I, then ly,l = lf(e,)l S 11/11. so that y E '-oo· 

Now, for I < p < oo, let a, = y, · ly, lq-2 if y, =f:. 0 and a, = 0 if y, = 0. 
Then la,l P = ly, lq = a, y, holds for all n. Moreover, 

t ly;lq = ta;y; = ta;f(e;) = f ( ta;e;) 

S 11!11·11 ta;e; II = 11/11 · (tla;IP)* 
1-1 p 1-l 

I 

= 11/11. (tly;lq )" 

I I I 
Thus, (L;1= 1 ly;lq) -;; = (L;1= 1 ly;lq)" S llfll < oo holds for each n. This 
implies that y = (y,, Y2· ... ) belongs to f.q and f(x) = :L:1x 11 y11 • • 

For a given normed space, it is often useful to have a characterization of its 
compact subsets. The Ascoli-ArzeUi theorem provided such a criterion for the 
compact subsets of C(X)-spaces. Next, we shall characterize the compact sub
sets of the Banach spaces Lp([O, I]). To do this, we need some preliminary 
discussion. 

Every function f E L p([O, I]) will be considered defined on all of JR. by f(t) = 0 
if t rt [0, 1]. Also, for simplicity, we shall write J: f(x) dx instead of fra.b/ dA.. 
If I .:::: p .:::: oo, then for f E L p([O, 1]) and lz > 0 we define 

1 [t+h 
fi~(t) =- f(x)dx 

2h 1-h 

for each t E [0, I]. Note that the integral exists, since by Theorem 31.14 we have 
Lp([O, I])~ L 1([0, 1]). 

Each / 11 is a continuous function. Indeed, if t11 ~ t, then gil = f X(t.-h.t,+hl ~ 
f X(t-h,t+ltl holds. Hence, in view of lg11 I S If I, the Lebesgue dominated conver
gence theorem implies that 

I [~+It I ll+lt lim f,(t,) = - 1 lim f(x)dx =- f(x)dx = f11(t). 
11-+00 2 l 11-+DO l,-11 2/z 1-11 
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In particular, note that since C[O, 1] ~ Lp([O, 1]), it follows that f 11 E Lp([O, I]) 
for each h > 0. 

Lemma 31.19. Let 1 :s p < oo, and let f E L p([O, 1]). Then for each h > 0 
the continuous function f, satisfies 

I 

a. lf"(t)l :S (2h)-"P llfllr for all t E [0, 1], and 
b. llf11 liP :S llfllr· 

. Proo~. If p > 1, then choose 1 < q < oo with ~ + ~ = 1 and apply HOlder's 
mequahty to get 

1 I II+" ip llf"(t)IP = (2h)P 
1

_ 11 1· f(x)dx 

/!. 

1 r rl+" ) q rl+h :s ~ 1 dx · l.f(x)IP dx 
\Ui)'" \ Jt-h I Jl-h 

I [1+11 = - lf(x)IP dx. 
2h 1-h 

Therefore, 

I fl+h 
lf"(t)IP :S -2 lf(x)IP dx 

h 1-h 
(1) 

holds for each I < p < oo and all t E [0, 1]. Also, (1) is obviously true for p = I, 
and thus, statement (a) follows immediately. 

On the other hand, it follows from ( 1) that 

t lfh(t)IP dt :S ...!._ t [ [1
+11 lf(x)IP dx J dt lo 2h lo 1-h 

= 21h 11 
[ /~;1 lf(t + y)IP dy J dt 0 (2) 

Here we have used the substitution x = t + y; see Exercise 16 of Section 22. Since 
the function f(t + y) is a Lebesgue measurable function on lR? (see Exercise 15 
of Section 26), it follows from Tonell.i's Theorem 26.7 that 

11 
[[;

1
lf(t + y)IP dy J dt = ~~;1 [1 1

1f(t + y)IP dt J dy 

:S 2/z 11
1f(x)IP dx. 
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Thus, (2) implies 

11
1/"(t)!Pdt ~ fo 1

1f(x)!Pdx, 

so that ll/11 llr ~ 11/llr holds. 
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• 
A. N. Kolmogorov 13 characterized the compact subsets of Lp([O, !])-spaces as 

follows: 

Theorem 31.20 (Kolmogorov). Let I ~ p < oo, and Let A be a closed and 
bounded subset of L p([O, I]). Then the following statements are equivalent: 

I. The set A is compact (for the L p·norm). 
2. For each E > 0 there exists some 8 > 0 such that II f - !11 II P < E holds 

for all f E A and all 0 < h < 8. 

Proof. (I) => (2) Let E > 0. Since (by Theorem 31.1 I) C[O, I] is dense 
(for the Lp·norm) in Lp([O, I]) and A is compact, it is easy to see that there exist 
continuous functions !I' ... ' f,, such that A ~ u;·=l B(f;' E). 

By the uniform continuity of each/;, there exists some 8 > 0 such that I J;(t)
J;(x)l < E holds for each I ~ i ~ n whenever t, x E [0, I] satisfy lx- tl < 8. In 
particular, if 0 < h < 8, then 

I ift+ll I lfi(t)- (fi )"(t)l = 2h [/;(t)- J;(x)] dx ~ E 
r-11 

holds. Thus, ll.ti - (fi )"II P ~ E for each I ~ i ~ n and all 0 < h < 8. 
Now, iff E A, then choose I ~ i ~ n with f E B(f;, E). By Lemma 31.19 we 

have IIJ,, - (fi)" llr ~ II! - J; llr < E. Therefore, 

holds for all f E A and all 0 < h < 8. 
(2) => (I) According to Theorem 7.8, it is enough to show that A is totally 

bounded (for the L p-norm). 
To this end, let E > 0. Fix some h > 0 such that II f - !11ll P < E holds for all 

f EA. Next, choose M > Owith 11/llp ~ M for all f EA. Then by Lemma31.19 
it follows that 

I 

lf11(t)l ~ M(2h)--;; = K 

13 Andrey Nikolayevich Kolmogorov (1903-1987), a prominent Russian mathematician. He is the 
founder of modem probability theory. In addition, he studied the theory of turbulent flows and worked 
on dynamical systems in relation to planetary motion. 
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holds for all t E [0, I] and all f E A. Let A1, = {fi,11 : f E A}, where 

I [r+ll 
j, 11 (t) = -21 f 11 (x)dx. 

7 1-11 

Clearly, l/1111 (t)l ;:::: K holds for all t E [0, I] and f E A, and hence, A 11 is a 
uniformly bounded set. Next, we claim that the set of continuous functions A 11 is 
equicontinuous. 

To see this, note that if f E A and t < s, then 

IJi,,(s)- j,,(r)l = 2I/ I rs+"Ji,(x)dx- r+"Ji,(x)dx I 
l ls-11 lr-11 

= _!_ 1 rs+"f,(x)dx _ rs-"Ji,(x)dx 1 
2/z lr+/1 lr-11 

1 r rs+ll fs-11 1 
< 2h l' lf,(x)l dx + lfi,(x)l dx J 

lr+ll r-11 

I K 
< 2h [2K(s- t)] = -,:;Cs- t) 

holds, and this shows that A 11 is an equicontinuous set. 
Now, by the Ascoli-Arzela theorem, A 11 is a totally bounded subset of C[O, I] 

(for the sup norm). Choose functions /1, ... , f,, E A such that for each f E A 
there exists some I ;:::: i :::=: n with II fi, 11 - (/; )1111 11 00 < E. In particular, note that 

II!- /dlr :5 II/- fi,llr + llfi,- Ji,,llr + llfi,,- /dlr < 2e + llfi,,,- /dlr 

< 2E + ll/1111- (/;),,llr + 11(/;),,- (fi),llp + ll(f;),- fillr 

< 5E. 

Thus, A is totally bounded (for the L p-norm), and the proof is finished. • 

EXERCISES 

1. Let f E L p(p.), and let E > 0. Show that 

p. .. ((x EX: 1/(x)l ;::: E)):::; E-p J IJIP dp.. 

2. Let {f,,} be a sequence of some L p(p.)-space with I :::; p < oo. Show that if 
lim II / 11 - !II p = 0 holds in L p(IJ.), then (f;,} converges in measure to f. 
[HINT: Use the preceding exercise.] 

3. Let (X, S, p.) be a measure space and consider the set 

E = {XA: A E !1.11 with p.*(A) < oo }. 
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Show that Eisa closed subset of L 1 (p.} (and hence, a complete metric space in its own 
right). Use this conclusion and the identity /;.(At.. B)= J IXA- XB I dp. to provide an 
alternate solution to Exercise 12(c} of Section 14. 

4. Show that equality holds in the inequality of Lemma 31.2 if and only if a = b. Use 
this to show that iff E Lp(!J.) and g E Lq(!J.}, where I < p < oo and~+ t = I, 
then J lfgl dp. =II !lip. 118llq holds if and only if there exist two constants cl and 
Cz (not both zero) such that C1lfiP = Czlglq holds. 

5. Assume that p.*(X) = I and 0 < p < q ::: oo. Iff is in Lq(p.), then show that 

llfllr ::: ll!llq holds. 
[HINT: Use Holder's inequality.] 

6. Let f E L 1 (p.) n L00 (p.}. Then show that: 

a. f E Lp(P.) for each I< p < oo, 
b. If p. "(X}< oo, then limp ..... oo llfllr = llflloo holds. 

[HINT: For (b), let E > 0. Then E = {x E X: lf(x)l > llflloo- E} has positive 
measure, and (11/lloo- E)· XE ::: 1/1 holds.] 

7. Let f E L2[0. I] satisfy llf112 = I and Jd f(x)dA.(x) ::: ex > 0. Also, for each 

{3 E IR,let E.B = {x E [0, 1]: f(x)::: {3}. IfO < {3 <ex, show that A.(£ .B)::: ({3 -cd. 
8. Show that for I ::: p < oo each e p is a separable Banach lattice. 
9. Show that lx is not separable. 

[HINT: Consider the collection of all sequences having zeros and ones as their entries.] 
10. Show that L::.-o([O, 1]) (with the Lebesgue measure) is not separable. 

[HINT: Consider the set {X[D.xJ: 0 < x < 1).] 
11. Let X be a Hausdorff locally compact topological space, and fix a point a E X. Let p. 

be the measure on X defined on all subsets of X by p.(A} = 1 if a E A and p.(A) = 0 
if a rt A. In other words, p. is the Dirac measure (see Example 13.4). Show that p. is 
a regular Borel measure and that Supp p. = {a}. 

12. If g E C 1[a, b] and f E L1[a, b], then 

a. show that the function F: [a, b] ~ IR defined by F(x} = J~r f(t) dA.(t) is con
tinuous, and 

b. establish the following "Integration by Parts" formula: 

b 'b b 1 g(x)f(x)dA.(x) = g(x}F(x) a -1 g'(x)F(x)dx. 

[HINT: For (a) use Exercise 6 of Section 22. For (b) use Theorem 25.3 in connection 
with Lemma 31.6 and the Lebesgue dominated convergence theorem.] 

13. Let p. be a regular Borel measure on IR". Then show that the collection of all real
valued functions on IR" that are infinitely many times differentiable is norm dense in 
L p(P.) for each 1 ::: p < oo. 
[HINT: See Exercise 5 of Section 25.] 

14. Let( X, S, ti) be a measure space with p.*(X} = l. Assume that a function f E L 1 (p.} 
satisfies f(x) ::: 1H > 0 for almost all x. Then show that In(/) E L 1 (p.) and that 
J In(/) dp. ::: ln<f f dp.) holds. 

[HINT: Lett= f(x)/11/lh in the inequality 1- f ::: lnt::: t- l, and integrate.] 
15. Show with an example that Theorem 31.7 is false when p = oo. 



272 Chapter 5: NORMED SPACES AND Lp·SPACES 

16. This exercise shows that Theorem 31.16 is false when p = 1 and presents a necessary 
and sufficient condition for the mapping g H- Fg from L 00 (J.1.) into L T<JJ.) to be an 
isometry. 

a. Show that for each g E L 00 {J.1.}, the linear functional F11 {f} = J fg dJJ. for 
f E LI(J.I.} is a bounded linear functional on LI(JJ.) such that IIFgll ::; llgll 00 

holds. 
b. Consider a nonempty set X and J.l. the measure defined on every subset of X by 

J-1.(0) = 0 and JJ.(A) = oo if A :f; (/). Then show that L 1 (JJ.) = {0} and L 00(JJ.) = 
B(X) [the bounded functions on X] and conclude from this that g E L00{J.1.) 
satisfies IIFg II = llglloo if and only if g = 0. 

c. Let us say that a measure space (X, S, JJ.) has the finite subset property whenever 
every measurable set of infinite measure has a measurable subset of finite positive 
measure. (A measure with the finite subset property is also called a iocally finite 
measure.) 

Show that the linear mapping g H- Fg from L 00{JJ.) into L T<JJ.) is a lattice 
isometry if and only if (X, S, JJ.) has the finite subset property. 

17. Let (X, S, J-1.) be a measure space. Assume that there exist measurable sets E 1, ... , En 
such that 0 < JJ.(E;) < oo for 1 ::; i ::; n, X = Ui'=l E;, and each E; does not contain 
any proper nonempty measurable set. Then show that L~(JJ.) = L 1 (JJ.); that is, show 
that g H- F11 from L 1 (JJ.) to L~(JJ.) is onto. 
[HINT: If F E L~(J-1.}, let c; = F(XE, ), g = Lf=l [c; I JJ.*(E; )] · XE,, and then show 
that F = Fg holds.] 

18. Let (X, S, JJ.) be a measure space, and let 0 < p < l. 

a. Show by a counterexample that 11·11 P is no longer a norm on L p(JJ.). 
b. For each f, g E Lp(JJ.) let d(f, g)= flf- g!P dJ-1. =(II/- gllp)P. Show that d 

is a metric on L p(J.I.) and that L p(J.I.) equipped with dis a complete metric space. 

[HINT: For the triangle inequality, observe that (a+ b)P ::; aP + bP holds for every 
pair of non-negative real numbers a and b.] 

19. Let (X, S, J-1.) be a finite measure space. Then show that Theorem 31.10 is true for 
p = oo. That is, show that the step functions are norm dense in L-:dJJ.). 

20. If K is a compact subset of a metric space X, then show that there exists a regular 
Borel measure J.l. on X such that Supp J.l. = K. 

21. If !fnl is a norm bounded sequence of L2(JJ.), then show that f,,/n-+ 0 a.e. 
22. Let {X, S, J-1.) be a measure space such that J.I.*(X) = l. Iff, g E LI{J.I.) are two 

positive functions satisfying f(x}g(x) ~ 1 for almost all x, then show that 

23. Consider a measure space (X, S, JJ.) with J.I.*(X) = I, and let f, g E L2(JJ.). If 
J f d J.1. = 0, then show that 
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24. If two functions f. g E L 3 (p.) satisfy II f 113 = II.!? 113 = J f 2 g d p. = I, then show that 
g = 1/1 a.e. · 

25. For a function f E L 1 (p.) n L2(p.) establish the following propenies: 

a. f E Lp(IJ.) for each 1 ~ p ~ 2, and 
b. limp_.l~ 11/llp = 11/111· 

26. Assume that the positive real numbers a1 •... , all satisfy 0 < a; < I for each i and 
'L;'= 1 a; = 1. If /1 .... , f, are positive integrable functions on some measure space, 
then show that 

a. fr 1 Jf1 • • • ];~· E L 1 (p.), and 
b. f tr 1 1;1 · • · ];~" dp. ~ (il/lill)a 1 <II hill )a'··· (11/lllll)a". 

27. Let (X, S,IJ.) be a measure space and let {All} be a sequence of measurable sets 
satisfying 0 < 1J.*1(Ail) < oo for each 11 and limp. *(All) = 0. Fix 1 < p < oo and let 
gil = [p.*(Ail)]-;; XA,. for each 11, where ~ + ~ = l. Prove that lim J fgll dp. = 0 
for each f E L p(IJ.). 

28. Let (X, S,IJ.) be a measure space such that p.*(X) = I. For each I < p < oo define 
the set 

Show that for each 0 < E < 1 there exists some 5 P > 0 such that 

p.*({x EX: lf(x)l > E)) 2: 5p 

for each f E Ep. 
29. Let (X, S,IJ.) be a measure space and let 1 ~ p < oo and 0 < rJ < p. 

a. Showthatthenonlinearfunction 1/J:Lp(J.l.)-+ Le.(p.),where 1/J(/)= 1/lq,is . ,, 
norm contmuous. 

b. If fll -+ f and gil -+ g hold in Lp(J.l.), then show that 

lim 1 IJ,.Ip-qlglllq dp. = 1 1/lp-qlglq d~J,. 
11-+00 

30. Let T: Lp(IJ.) -+ Lp(J.l.) be a continuous operator, where 1 < p < oo, and let 
0 ~ ry ~ p. Show that: 

a. Iff E Lp(IJ.), then 1/lp-qiT/Iq E L1(p.) and 

llflp-qiTflq dp. ~ IITIIq<llfllp)P. 

b. lfforsome f E Lp(J.l.) with ll!llp ~ 1 we have flflp-qiTflqdiJ. = IITIIq. 

then IT/I= IITIII/1. 

31. Let (X, S.IJ.) be a measure space and let f E Lp(J.l.) for some 1 ~ p < oo. Show 
that the function g: [0, oo) -+ [0, oo) defined by 

g(t) = ptp-l p.*({x E X: lf(x)l 2: t)) 
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is Lebesgue integrable over [0, oo) and that 

f lfiP dJl = { g(t)dA.(t) = p { 001p-l Jl*({x EX: lf(x)l ::::_ t})dt. 
lro.oo) lo 

32. Let (X, S, Jl) be a measure space and let f: X -+ lR be a measurable function. If 
Jl*({x EX: lf(x)l ::::_ t}) :=: e-1 for all t ::::_ 0, then show that f E Lp(Jl) holds for 
each 1 ::0 p < oo. 

33. Consider the vector space of functions 

E = {f: IR" -+ IRI f is a C 00 -function with compact support and f f d>.. = 0). 
lJR" 

Show that for each 1 < p < oo the vector space E is dense in L p(IR" ). Is E dense in 
L 1 (IR")? 

34. Let (0, oo) be equipped with the Lebesgue measure, and let I < p < oo. For each 
f E L p(A.} let T (f)(x) = x -l J f X<O.l l d A. for x > 0. Then show that T defines a 
one-to-one bounded linear operator from L p((O, oo)) into itself such that II Til = ~. 
[HINT: Assume that 0 ::0 f E Cc((O, oo)). Then integrate by parts, and use Holder's 
inequality to get 

(IIT(f)llp)P = fooo (~fox f(t}dt r dx = 1 ~ p fooo (foxf(t}dt r d(x 1-P) 

= -- f(x)[ T(f}(x) ]P-l dx p fooo 
p- 1 0 

I 

::: _P_IIfllr · ( foo [ T(f)(x) ]q<r-I> dx) • 
p- 1 lo 

= __!!_1 11!11r · (IIT(f)llp)~. 
p-

Now, use Theorem 31.11. For II Til use I he sequence of functions { f,.) defined by 
f,,(x) = x<,.·'-Ilr-• ifO < x < 1 and f,.(x) = 0 if x::: 1.] 
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HILBERT SPACES 

The notion of norm can be thought of as a generalization of Euclid's concept of 
length. So, normed or Banach spaces can be viewed as finite or infinite dimensional 
analogues of the classical two- or three-dimensional spaces of Euclidean geometry. 
In the two- or three-dimensional spaces of Euclidean geometry there is, however, 
one more important ingredient that describes the length of a vector: it can be 
obtained by means of the familiar inner product. That is, the length of an arbitrary 
vector x is given by 

llxll = ..{X:X, 

where x · y denotes the inner product of the vectors x and y. In general, the inner 
product x · y = L7=1 x; y; of two vectors x, y E lR" can be considered as a function 
of two variables that satisfies certain linearity and homogeneity properties. 

Besides using the inner product to evaluate the norm of a vector, the inner 
product also allows us to compute angles between vectors and express projections 
of vectors along lines and planes. For this reason, although all norms on lRn are 
equivalent (Theorem 28.8), the Euclidean norm is the one that is more suitable for 
physical applications. 

Normed spaces whose norms are obtained (as above) by means of an inner 
product are called inner product spaces. If they are also complete, they are referred 
to as Hilbert1 spaces. Naturally, these spaces inherit the most important properties 
of Euclidean spaces, and for physical applications they are the most suitable infinite 
dimensional analogues of Euclidean spaces. 

This chapter presents a brief introduction to Hilbert spaces. In the first section 
we study the basic properties of an inner product, and in the second section we 
introduce Hilbert spaces. We discuss orthonomal bases in the third section. The 
final (fourth) section deals with some natural applications of Hilbert spaces to 
Fourier analysis. In particular, it discusses a few classical convergence properties 

1 David Hilbert ( 1862-1943), a Gennan mathematician. He was a towering influential mathematical 
figure of modem times. In his 1900 address at the International Congress of Mathematicians, he 
proposed a list of 23 mathematical problems that have since stimulated and shaped the direction of 
present mathematical research. 

275 
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of Fourier series. Fourier analysis is today one of the basic tools of every engineer 
and applied scientist working in linear systems, antennas, mechanical vibrations, 
optics, bioengineering, various random processes, boundary value problems, and 
the design of filters used in the field of image and signal processing. 

Since the natural setting of Hilbert spaces is within the framework of complex 
vector spaces, in this chapter we shall deal mainly with complex vector spaces. 
The complex conjugate of a complex number a = a + bz will be denoted by a, 
i.e., a = a - bz. 

32. INNER PRODUCT SPACES 

An inner product on a real vector space X is a real-valued function of two variables 
(·,·):X x X --+- 1R such that: 

1. (·,·)is linear in the first variable, i.e., (ax+ {3y, z) = a(x, z) + f3(y, z)for 
ail x, y, z E X and aU real numbers a and f3; 

2. (·,·)is symmetric, i.e., (x, y) = (y, x)for all x, y EX; and 
3. (x, x) ~ Ofor each x EX and (x, x) = 0 if and only ifx = 0. 

From (2) and (1), we see that every inner product on a real vector space is also 
linear in the second variable. A real inner product space is a real vector space 
equipped with an inner product. 

In case X is a complex vector space, a complex-valued function of two variables 
(·,·):X x X --+- Cis an inner product on X if 

a. (·,·)is linear in the first variable, i.e., (ax+ f3y, z) = a(x, z) + f3(y, z)for 
all x, y, z E X and all complex numbers a and {3; 

b. (x, y) = (y, x)for all x, y EX; and 
c. (x, x) ~ Ofor each x EX and (x, x) = 0 if and only ifx = 0. 

A complex inner product space is a complex vector space equipped with an inner 
product. It is easy to see that the inner product of a complex inner product space 
is additive in the second variable and "conjugate homogeneous" in the second 
variable. That is, 

• (x, y + z) = (x, y) + (x, z)for all x, y, z E X, and 
• (x, ay) = a(x, y)for all x, y E X and all a E C. 

Every real vector space X can be "extended" to a complex vector space by 
means of its "complexification." If we define formally 

Xc =X E9tX = {x + zy: x, y EX}. 
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and equip it with the algebraic operations 

(x+ty)+(x 1 +zy1) = x+x 1 +z(y+y1), and 

(a+ zf3)(x + zy) = ax - f3y + z(f3x + ay), 
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then X c is a complex vector space-called the complexification of X. The reader 
should stop and verify that X c with these operations is indeed a complex vector 
space. Also, it should be clear that the vector space X can be identified with the 
vector subspace {.t +tO: x EX} of X c. 

Now, if X is a real inner product space with complexification X c. then we can 
define a function(·,·}: Xc x Xc--+- C via the formula 

It is a routine matter to verify that ( ·, ·} is indeed an inner product on X c, and that 

That is, the inner product ( ·, ·} is an extension of the inner product ( ·, ·) from X to 
its complexification X c· 

Since most interesting results regarding inner product spaces are associated 
with complex inner product spaces and since every real inner product space can 
be extended (as above) to a complex inner product space, from now on, unless 
otherwise stated, all inner product spaces will be assumed to be complex inner 
product spaces. In particular, if X is a real inner product space, then we shall 
denote for brevity its complexification X c by X again. In case we consider a 
real inner product space, we shall refer to specifically as a "real inner product 
space." 

Here are two examples of inner product spaces: 

Example 32.1. The classical Euclidean spaces JR." provide the simplest examples of real 
inner product spaces. The inner product in IR.n is defined by (x, y) = L:i'= 1 x; y; for all 
vectors x = (.q, ... , x,) andy = (Yl, ... , y,). Its complexification is simply C" whose 
inner product is defined by 

II 

(x, y) = L:x; Yi 
i=l 

for all x, y E C" . 
The second example of an inner product space is the vector space C[a. b] of all con

tinuous real-valued functions on a closed interval [a, b]. The inner product is given by the 
formula {f. g)= t f(x)g(x) dx. Its complexification is the vector space of all continuous 
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complex-valued functions defined on [a, b] and its inner product is given by 

for all continuous functions f, g: [a, b] ---+ C. • 
In an inner product space X, the norm of a vector x E X is defined by 

llxll = J(x,x). 

Our immediate objective is to show that the preceding formula indeed defines 
a norm on X. To do this, we need to establish the classical Cauchy-Schwarz 
inequality. 

Theorem 32.2 (The Cauchy-Schwarz Inequality). lfx andy are two arbi
trary vectors i'n an inner product space, then 

l(x, y)l:::: llxiiiiYII· 

Proof. Let x and y be two vectors in an inner product space. If x = 0 or y = 0, 
then the inequality is obvious. So, we can assume x =f. 0 and y =f. 0. Then, for 
each A E 1R we have 

0:::: (x+Ay,x+Ay) 

= (x, x) + A(x, y) + A(X, y) + A\y, y) 

= llxll 2 + 2ARe(x. y) + A2 11yll 2 

:::: llxii 2 +2AI(x,y)I+A2 11yll2 . 

Now, notice that the last expression is a quadratic in A which is always non-negative. 
This means that its discriminant is non-positive. That is, 

Hence,l(x, y)l:::: llxllllyll. as claimed. • 
We are now ready to establish that the formula llxll = .j(x, x) defines indeed a 

norm. 

Theorem 32.3. If X is an inner product space, then the formula 

llxll = J<x. x) 

defines a norm on X (called the norm induced by the inner product). 
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Proof. Start by observing that llx II ~ 0_ for each x E X and that llx II = 0 if 
and only if x = 0. Now, if a E C and x E X, then 

and so II axil= Jalllxll. Finally, forthe triangle inequality use the Cauchy-Schwarz 
inequality to get 

llx+yll 2 = (x+y.x+y) 

= (x, x) + (x, y) + (y, x) + (y, y) 

= (x, x) + 2 Re(x, y) + (y, y) 

.:::: llxll2 + 21(x, y)l + IIYII2 

.:::: llxll2 + 211xiiiiYII + IIYII2 

= (llxll + llyli)2 • 

This implies llx + yll _::.:: llxll + IIYII. and the proof is complete. 

The inner product is a jointly continuous function. 

• 

Lemma 32.4. The inner product is a jointly continuous function with respect 
to the induced norm. That is, 

llx,- xll-+ 0 and lly,- Yll-+ 0 ==> (x,, y,)-+ (x, y). 

Proof. The conclusion follows from the inequality 

l(x,,y,)-(x,y)l = l(x,-x,y,)+(x,y,-y)I.:S lly,llllx,-xll+llxlllly,-yll, 

and the fact that if II y, - y II -+ 0, then {II y, II} is a bounded sequence. • 

A well known theorem of Euclidean geometry states that the sum of the squares 
of the sides of a parallelogram equals the sum of the squares of its diagonals. This 
fact is also true in any inner product space and is known as the parallelogram 
law. 

Theorem 32.5 (The Parallelogram Law). If x and y are two vectors in an 
inner product space, then 
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Proof. If x and y are two vectors in an inner product space. then note that 

llx + yll 2 + llx- Yll 2 = (x + y, x + y) + (x- y, x- y) 

as claimed. 

= [(x, x) + (x, y) + (y, x) + (y, y)] 

+ [(x, x)- (x, y)- (y, x) + (y, y)] 

= 2(x, x) + 2(y, y) 

= 2(11xll 2 + IIYII2). 

• 
For a given norm II· II on a vector space X there exists at most one inner product 

on X that induces the norm II· II. To see this, assume that two inner products ( ·, ·) 
and(·,·} on X induce 11·11. That is, assume that (x, x) = (x, x} = llxll2 for all 
x E X. In particular, we have 

and therefore 

(x+y,x+y) = (x,x)+(x,y)+(y,x)+(y,y) 

= (x + y, x + y} 

= (x, x} + (x, y} + (y, x} + (y, y}, 

(x, y) + (y, x) = (x, y} + (y, x} 

for all x andy. If the vector space X is real, then the latter easily implies 

(x, y) = (x, y} 

for all x andy. If X is a complex vector space, then replacing x by IX in(*), we 
get I (X, )') - I (y, X) = I (X, y} - I (y, X} or 

(x, y)- (y, x) = (x, y} - (y, x} 

for all x andy. Adding this to(*) yields 2(x, y) = 2(x, y}, or (x, y) = (x, y} for 
all x andy. This establishes that a given norm is the induced norm of at-most one 
inner product. 

Which norms are induced by inner products? Remarkably, as we shall see next, 
the ones that satisfy the parallelogram Jaw. 

Theorem 32.6. A norm II· II on a vector space is induced by an inner product 
if and only if it satisfies the parallelogram law, i.e., if and only if 
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holds for all vectors x andy. Moreover, the inner product ( ·, ·) that induces 11·11 
in the case of a real vector space is given by 

and in the case of a complex vector space by 

l 2 ., ., 2 
(x, y) = 4<llx + Yll - llx- yll- + 1llx + 1yll- -111x- 1yll ). 

Proof. Assume that a real Banach space X satisfies the parallelogram law. We 
shall show that the fonnula 

I ., 2 
(x, y) = 4<llx + yll-- llx- Yll ), 

is an inner product which induces the nonn 11·11. Clearly, (x, x) = llx 11 2 2: 0 for each 
x and (x, x) = 0 if and only if x = 0. Also, it should be clear that (x, y) = (y, x) 
for all x andy. Next, we shall show that the function(·,·) is additive in the first 
variable. To do this, note first that 

4(11 + v, w) + 4(u - v, w) = (1111 + v + wll 2 - llu + v- wll 2) 

+ (llu- v + wll 2 - llu- v- wll 2) 

= (llu + w + vll 2 + llu + w- vll 2) 

- (llu- w + vll 2 + llu- w- vll 2) 

= (211u + wll 2 + 211vll 2)- (211u- wll 2 + 211vll 2 ) 

= 2(11u + wll 2 - llu- wll 2) 

= 8(11, w). 

Thus, for allu. v, w E X, we have 

(u + v, w) + (u - v, w) = 2(u, w). (**) 

When v = 11, (**)yields (2u, w) = 2(u, w). Now, letting u = ~(x+y), v = ~(x- y) 
and w = z in(**), we get 

(x, z) + (y. :) = (u + v, z) + (u- v, z) = 2(11, z) = (2!1, z) = (x + y, z), 

which is the additivity of(·,·) in the first variable. 
Now, as in the proof of Lemma 18.7, we can establish that (rx, y) = r(x, y) 

holds for each rational number r and all x, y E X. Since ( ·, · ), as defined above, 
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is a jointly continuous function (relative to the nonn II ·II), it easily follows that 
(ax, y) = o:(x, y) for all o: E 1R and all x, y E X. This completes the proof of the 
real case. We leave the complex case as an exercise for the reader. • 

In an inner product space the notion of orthogonality is introduced by means 
of the inner product. Two vectors x and y are said to be orthogonal, in symbols 
x .l y, if (x, y) = 0. A set of vectors Sin an inner product space is said to be 
an orthogonal set if 0 ¢. S and any two distinct vectors of S are orthogonal. An 
orthogonal set consisting of unit vectors is called an orthonormal set. Notice that 
if Sis an orthogonal set, then the set of vectors {x /llxll: x E S} is automatically 
an orthononnal set. 

In the case of a real inner product space, we can also define the angle between 
two vectors. Indeed, if x and y are two non-zero vectors in a real inner product 
space, then (in view of the Cauchy-Schwarz inequality) there exists a unique angle 
(J satisfying 0 .::: (J .::: 180° and 

cos (J = (x' y) 
llxll IIYII 

The angle (J is called the angle between the vectors x andy. So, in the real case, 
two vectors are orthogonal if and only if the angle between the vectors is 90° (we 
also define the angle between the zero vector and any other vector to be 90°). 

One of the oldest and most famous theorems in mathematics is the Pythagorean2 

theorem. It states that the square of the hypotenuse of a right triangle equals the 
sum of the squares of its two legs. This result also carries over to inner product 
spaces. 

Theorem 32.7 (The Pythagorean Theorem). If in an inner product space 
the vectors x1, x2, ... , x, are pailwise orthogonal, then 

2Pythagoras of Samos (ca 580-500 BC), a great Greek philosopher and mathematician. Born on the 
Greek island of Samos, he is credited with many discoveries in mathematics and science and was the 
first to associate number theory with musical sounds. Pythagoras moved to the Greek city of Crotona in 
southern Italy (a well known city in ancient times for its medical school and for many great athletes who 
won in the ancient olympic games) and created th!! famous Pythagorean school, which was in essence a 
secret brotherhood. Following Pythagoras' maxim "everything was not to be told to everybody," what 
was done and taught among the members of the brotherhood was kept in profound secrecy from the 
outside world. Due to this secrecy, the extend of knowledge and discoveries of the Pythagorean school 
is fragmented and highly speculative. 



Section 32: INNER PRODUCT SPACES 283 

Proof. If the vectors x 1, x2 , ••• , x, are pairwise orthogonal in an inner pro
duct space, i.e., (X;, X j) = 0 fori =/= j, then note that 

as claimed. • 
An immediate consequence of the Pythagorean theorem is that non-zero orthog

onal vectors are linearly independent. 

Corollary 32.8. In an inner product space any set of non-:ero pai1wise or
thogonal vectors is linearly independent. 

Proof. Assume that x 1, x2, ... , x, are non-zero pairwise orthogonal vectors 
and let L;'=1A.;x; = 0. Since the vectors A. 1xh A.2x2, ... , A.2x,. are also pair
wise orthogonal, it follows from the Pythagorean theorem that L;'=1 lA.; 12 llx; 11 2 = 
IIL7= 1 A.;x; 11 2 = 0. This implies A.; = 0 for each i, so that the vectors x1, x 2 ..• , x, 
are linearly independent. • 

Recall that if {A.; l;er is a family of non-negative real numbers, then the symbol 
L;er A.; denotes the supremum of the collection of all possible finite sums of the 
A.;. That is, if F denotes the collection of all finite subsets of I, then 

LA.;= sup LA.;, 
ie/ <l>eF ie<l> 

where the supremum is taken in the extended real numbers. 

Lemma 32.9. If {A.; lie/ is a family of non-negative real numbers and 
Lief A.; < oo, then A.; =I= 0 holds for at most countably many indices i (in 
which case L;e1A.; is either a finite sum or a series). 

Proof. IfF, = {i E I: A.; > t, l. then Fn is a finite set (why?) and moreover, 
{i E I: A.; > Ol = U~=l F,. Hence, {i E I: A.; > Ol is at-most countable. • 

One of the most basic properties regarding orthonormal sets is Bessel's3 in
equality. As we shall see later on, almost every aspect regarding the structure of 
orthonormal sets depends upon the next result. 

3Friedrich Wilhelm Bessel (1784-1846), a notable German astronomer and mathematician. By 
introducing new methods, he determined the positions of several stars and planets quite accurately. 
He is also well known for a special class of functions which is today the indispensable tool of every 
scientist working in applied mathematics, physics, or engineering. 
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Theorem 32.10 (Bessel's Inequality). If {x; };er is an ortlwnormalfamily of 
vectors in an inner product space, then 

L)(x, x;)l 2 .::: llxll 2 

ie/ 

holds for each vector x. In particu/01~ for each x all but an at most countable 
number of the (x, x;) vanish. 

Proof. Fix some vector x in an inner product space and let x 1, x2, ... , Xn be 
a finite orthonormal set. Then we have 

0 ,::: (x- t(X, X;)X;, X- t(X, Xj)Xj) 
i=l j=l 

II n II II 

= llxll 2 - L)x, x;)(x;, x)- L)x, (x, Xj)Xj) + LL)(x, x;)x;, (x, Xj)Xj) 
i=l j=l i=l j=l 

n 11 n 

= llxll 2 - Ll(x,x;)l2 - LI(X,Xj)l2 + Ll(x,x;)l2 

i=l j=l i=l 

II 

= llxll2 - L l(x, x;)l2 • 

i=l 

Hence, :L7=t l(x, x;)l2 .::: llxll 2• Now, if {x;};er is an arbitrary orthonormal set, 
then the above conclusion easily implies L;erl(x,x;)l2 .::: llxll 2• In particular, 
(x, x;) ::j: 0 must hold true for at most countably many indices i. • 

There is a standard procedure called the Gram4-Schmidt5 orthogonalization 
process for converting a countable (or a finite) set of linearly independent vectors 
into an orthogonal set of vectors. As usual, let us use the symbol Span{z 1, ••• , z,} 
to denote the vector subspace generated by the vectors z1, ••• , Zn· 

Theorem 32.11 (The Gram-Schmidt Orthogonalization Process). Let x 1, 

x2, ... be a sequence of linearly independent vectors in an inner product space. 
If we define the sequence of vectors Yt. Y2· ... inductively by 

d ~(X,+J,y;) fi 
an Yn+l = Xn+l - ~ . 2 y; or n = 1, 2, ... , 

i=l lly,ll 

4Jorgen Pedersen Gram (1850-1916), a Danish mathematician. He taught at the University of 
Copenhagen and was the chairman of the Danish Insurance Council. 

5Erhard Schmidt (1876-1959), a German mathematician. He was a student of David Hilben and 
worked on integral equations and the geometry of Hilben spaces. 
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then we have the following: 

1. The set {YI, y2 , ... } is orthogonal, i.e., y, =I= Ofor each nand (y;, yj) = 0 
for i =I= j, and 

2. Span{x1, x2, ... , x,} =Span {Y~o Y2· ... , y,} for ll = 1, 2, .... 

Moreover, the vectors Yl, Y2· ... are (aside of scalar factors) uniquely deter-
mined in the sense that if z1, z2 , ... is another sequence of orthogonal vectors 
satisfying 

Span{x1 '. x2, ... , x,} = Span{z~o zz, ... , z,} 

for each n, then for each n there exists a non-zero scalar A., such that z, = A.,y,. 

Proof. First, we shall prove (I) and (2) by induction. For n = 1, the claims 
( l) and (2) are obvious. So, for the induction step, assume that the vectors y 1, ••• , y, 
(as constructed by the above method) are all non-zero, pairwise orthogonal and 
satisfy 

Span{x~o x2, ... , x,} = Span{yl, Y2 • ... , y, }. 

N d fi th t - "" (.t,.+I•Yil d t th t f h ow, e ne e vee or Y11 +1 - x,+l - L....i=l IIY•Il' y; an no e a or eac 
1 :5 j :5 n we have 

so that the vectors Y~o ... , y,, y,+l are pairwise orthogonal. Now, using (t), the 
"d • . - "II (tn+I•.Vi) d h . . l" l • d 1 entity .t,+l- Y11 +1 + L....i=l ~y; an t aLt~o ... , x,+l are mear y m e-
pendent, we easily infer that y,+ 1 =I= 0 and Span{x1, xz, ... , x,, x,+ 1} = 
Span{y~o y2, ... , y,, y,+d· This completes the induction and the proof of 
(1) and (2). 

To establish the uniqueness of the sequence {y,}, assume that another sequence 
{:,} of pairwise orthogonal vectors satisfies 

Span{x1. x2 ••.• , x,} = Span{y~o Y2· ... , y,} = Span{z~o z2, ... , z,} 

for each n. Clearly, z, =I= 0 for each n. We shall prove by induction that for each n 
there exists a non-zero scalar A., such that z, = A., y,. For n = I, the conclusion is 
obvious. So, assume that there exist non-zero scalars A. 1, ... , A., such that z; = A.; y; 
for each i = I, ... , n. From 

Span{y1, Y2· ... , y,, y,+d = Span{z~o z2, ... , z,, z,+J}, 
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we can write :n+I = 'L,;':11 c;y; with c,+I =!= 0. Now from :,+1 - c,+lYn+l = 
'L,;'=1 c;y; and the fact that the vectors z,+1 and y,+I are both orthogonal to 
Span{yi> Y2, ... , y,}, it easily follows that z,+I- c,+IY,+I ..L :,_I - c,+IY,+I· 

Thus, z,+l- c,+IY11 +I =0 or z,+I = c,+IYn+l· This completes the induction and 
the proof of the theorem. • 

EXERCISES 

1. Let CJ, q, ... , en ben (strictly) positive real numbers. Show that the function of two 
variables ( ·, · ): JR." x lRn - JR., defined by (x, y) = I:i' = 1 c; x; y;, is an inner product 
on JR.". 

2. Let (X,(·,·)) be a real inner product vector space with cornplexification X c. Show 
that the function(·,·): Xc x Xc - C defined via the formula 

(X+ I)',Xl + I)'I) = (x, XI)+()', )'I)+ t(()',XI)- (X. YI)]. 

is an inner product on X c. lA .. I so, sho\.v that the norm induced by the inner pioduct ( ·, ·) 
on X c is given by 

..; 1 1 I llx + tyll = (x, x) + (y, y) = (ilxll- + llyll-)~. 

3. Let Q be a Hausdorff compact topological space and let JJ. be a regular Borel mea
sure on Q such that Supp JJ. = Q. Show that the function (·, ·): C(Q) x C(Q)-+ JR., 
defined by 

u. g)= L fgd/).. 

is an inner product. Also, describe the complexification of C (Q) and the extension of 
the inner product to the complexification of C(Q). 

4. Show that equality holds in the Cauchy-Schwarz inequality (i.e., i(x. y)l = llxllllyll) 
if and only if x and y are linearly dependent vectors. 

5. Ifxisavectorinaninnerproductspace,thenshowthat llxll =sup{l(x.y)l: IIYII = 1}. 
6. Show that in a real inner product space x .l y holds if and only if llx + yll 2 = 

llxll 2 + IIYII 2. Does llx + yll 2 = llxll2 + llyll 2 in a complex inner product space imply 
X .l y? 

7. Assume that a sequence {xn} in an inner product space satisfy (x,. x)- llxll 2 and 
llxnll-+ llxll. Show that x, -+ x. 

8. Let S be an orthogonal subset of an inner product space. Show that there exists a 
complete orthogonal subset C such that S 5:;; C. 

9. Show that the norms of the following Banach spaces cannot be induced by inner 
products: 

a. The norm llxll = max{lxii, lx21 •... , lxn ll on lRn. 
b. The sup norm on C[a, b]. 
c. The L p-norm on any L p(JJ.)-space for each I :::; p :::; oo with p ;6 2. 

10. Prove Theorem 32.6 for complex normed spaces. 
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11. Let X be a complex inner product space and let T: X --+ X be a linear operator. Show 
that T = 0 if and only if (Tx. x) = 0 for each X E X. Is this result true for real inner 
product spaces? 

12. If {xn) is an onhonormal sequence in an inner product space, then show that 
lim(x11 , y) = 0 for each vector y. 

13. The orthogonal complement of a nonempty subset A of an inner product space X is 
defined by 

Al. = {x E X: x ..L y for all y E A). 

We shall denote (Al.)l. by Al.l.. Establish the following propenies regarding onhog
onal complements: 

a. Al. is a closed subspace of X, A ~ Al.l. and AnAl. = {0). 
b. If A~ 8, then 81. ~ Al.. 
c. Al. = A l. = [£(A)1l. = [£(A)1l., where £(A) denotes the vector subspace 

generated by A in X. 
d. If M and N are two vector subspaces of X, then M 1.1. + N 1.1. ~ (M + N )1.1.. 
e. If M is a finite dimensional subspace, then X= M E9 Ml.. 

14. Let V be a vectorsubspaceofareal innerproductspace X. A linear operator L: V --+ X 
is said to be symmetric if (Lx, y) = (x, Ly) holds for all x, y E V. 

a. Consider the real inner product space C[a, b1 and let 

V = {f E C2[a, b1: f(a) = f(b) = 0). 

Also, let p E C 1 [a, b 1 and q E C[a, b 1 be two fixed functions. Show that the 
linear operator L: V --+ C[a, b1, defined by 

L(f) = (p/')' + qf, 

is a symmetric operator. 
b. Consider IR" equipped with its standard inner product and let A: IR" --+ IR" be 

a linear operator. As usual, we identify the operator with the matrix A = [aij 1 
representing it, where the jth column of the matrix A is the column vector Ae j. 
Show that A is a symmetric operator if and only if A is a symmetric matrix. (Recall 
that an 11 x n matrix B = [bij1 is said to be symmetric if b;j = bji holds for all 
iandj.) 

c. Let L: V --+ X be a symmetric operator. Then L extends naturally to a linear 
operator L: Vc = {x + 1y: x, y E V) --+ Xc via the formula L(x + 1y) = 
Lx + 1 Ly. Show that L also satisfies (Lu, v) = (11, L v) for all 11, v E Vc and that 
the eigenvalues of L are all real numbers. 

d. Show that eigenvectors of a symmetric operator corresponding to distinct eigen
values are onhogonal. 

15. Let(·,·) denote the standard inner product on IR", i.e., (x, y) = L:/'=1x;y; for all 
x, y E IR". Recall that an 11 x n matrix A is said to be positive definite if (x, Ax) > 0 
holds for all non-zero vectors x E IR". 

Show that a function of two variables ( ·, ·): IR" x IR" --+ IR is an inner product on 
IR" if and only if there exists a unique real symmetric positive definite matrix A such 
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that 

(x, y) = (x, Ay) 

holds for all x, y E IR". (It is known that a symmetric matrix is positive definite if and 
only if its eigenvalues are all positive.) 

33. HILBERT SPACES 

We start by introducing the notion of a Hilbert space. 

Definition 33.1. A Hilbert space is an inner product space which is complete 
under the norm induced by its inner product. 

Again, we distinguish Hilbert spaces into real and complex. If H is a real Hilbert 
space, then its complexification He = H EB 1 H is a complex Hilbert space whose 
induced norm is given by 

Here are two classical examples of Hilbert spaces: 

Example 33.2. The real Banach space l2 is a real Hilben space under the inner product 
defined by 

00 

(X, y) = LXnYn• 
11=1 

for all X = (XJ, Xz, •• • ) and)' = ()'J, )'2, ... ) in l2. 

Its complexification, which we shall denote by l2 again, consists of all square summable 
sequences of complex numbers. In this case, the inner product satisfies 

00 

(x, y) = LXnYn· 
n=l 

for all X = (XJ, X2, ... ) and)' = ()'J, )'2, ... ) in l2. • 
Example 33.3. The real Banach space L2(11-) is a real Hilben space. Its complexification, 
which we shall denote again by L2(1J.), consists of all complex valued measurable functions 
such that J 1/12 d1J. < oo holds (where, as usual, two functions are identical if they are 
equal almost everywhere). Then L2(11-) is a complex Hilben space with the inner product 
defined by 

(/,g)= J f(x)g(x) d1J.. 

for all f, g E L2(1J.). • 
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Example 33.4. Let (X, S, J.L) be a measure space and let p: X --+ (0, oo) be a measurable 
function-called a weight function. Then the collection of measurable functions 

L2(p) = { f EM: J Pl/12 dJ.L < oo} 

is clearly a real vector space. Now, if we define(·,·): L 2(p) x L2(p)--+ lR by 

(/,g)= J pfg dJ.L, 

then(·, ·) is a well-defined inner product. Indeed, since f E L2 (p) is equivalent to having 
.fP f E L2(J.L), it follows from Holder's inequality that 

and so(·,·) is well-defined. We leave it as an exercise for the reader to verify that L2(p) is 
a Hilben space. As usual. we shall denote the complexification of L2(p) by L2(p) again. 

The reader should also notice that L 2 (p) is exact! y the Hilben space L 2 ( v) for the measure 
v: A 11 --+ [0, oo] defined by 

v(A) = ip(x)dJ.L(x) 

for each A E A 11 • II 

The norm completion of an inner product space is a Hilbert space. 

Theorem 33.5. The norm completion X of an inner product space X is a 
Hilbert space. Moreover, if x, y E X and two sequences {x,} and {y,} of X 
satisfy x, ~ x and y, ~ y in X, then 

(x, y) = lim (x,, y,). 
n->00 

Proof. By Theorem 29.7 we know that X is a Banach space. We leave it as 
an exercise for the reader to verify that the formula (·, ·) as defined above is a 
well-defined inner product that induces 11·11 on X. II 

Recall that in a normed space the distance from a vector x to a set A is defined by 

d(x, A)= inf{llx- yll: yEA}. 
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Our next important result asserts that a closed convex subset of a Hilbert space 
contains a unique vector of smallest distance from a given vector. 

Theorem 33.6. If A is a non-empty closed convex subset of a Hilbert space 
H, then for each x E H there exists a unique y E A such that 

d(x, A)= llx- yll. 

Proof. Let A be a non-empty closed convex subset of a Hilbert space H, let 
x E H, and put d = d(x, A). Choose a sequence {y11 } £;; A such that 

d = lim llx - y,. 11. 
n->oo 

We claim that the sequence {Yn} is a Cauchy sequence. To ~ee this. note first that 
by the Parallelogram law, we have 

lly,.- Ym 11 2 = ll(y,.- x)- (Ym- x)ll 2 

= 211y,.- xll 2 + 211Ym- xll 2 - ll(y,.- x) + (Ym- x)ll 2 

2 11 2 2 ? lly,.+ym 112 = IIYn-X + IIYm-xll--4 2 -X · 

Since A is convex, it follows that y,.~y .. E A, and sod .:::; II '·~Y·· - x II- Therefore, 

This shows that {y,.} is a Cauchy sequence. The completeness of H guarantees 
that {y,.} converges to some vector y in H. Since A is closed, y E A and, clearly, 
d = d(x, A)= llx- yll. 

For the uniqueness of y, assume that another vector z E H satisfies llx- zll = 
d(x, A). Since A is a convex set, 4<Y + z) E A, and by the Parallelogram Law 

d2 .:::: llx- ~(y + z)r = ~ll(x- y) + (x- z)ll 2 

= ~[211x- yll 2 + 211x- zll 2 - ll(x- y)- (x- :)11 2] 

= ~(2d2 + 2d2 - liz - Yll 2) 
4 . 

I 
= d2- 411z- Yll2:::: d2. 

This implies ~ II y - z 11 2 = 0 or y = z, and the proof is finished. • 
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Now, let X be an inner product space. If A is a non-empty subset of X, then the 
orthogonal complement A .L of A is the set of all vectors that are orthogonal to 
every vector of A. That is, 

A .L = {x E X: x .l y for all y E A}. 

From ti:Je linearity and continuity of the inner product it should be clear that A .L 
is always a closed subspace of X satisfying A.L = (A).L and An A.L = {0}; see 
also Exercise 13 of Section 32. 

Remarkably, when X is a Hilbert space and A is a closed subspace, then A 
together with A.L span the whole Hilbert space. 

Theorem 33.7. If M is a closed subspace of a Hilbert space H, then we have 
H = M EB M1.. 

Proof. Since M n M.L = {0}, it suffices to show that every vector x E H can 
be written in the form x = y + z withy EM and z E M.L. So,letx EX. 

Since M is a closed and (as a vector subspace) convex set, there exists (by 
Theorem 33.6) a unique vector y E M such that d(x, M) = llx- y 11. Let z = x- y 
and note that x = y + z. We shall finish the proof by establishing that z .l M. 

To this end, let w EM and write (z, w) = re' 9 with r :::: 0. Then, for each real 
A we have 

This implies 2rA + A2 11wll2 :::: 0 for each real A, and so 2r :5 -AIIwll 2 for each 
A < 0. Hence, r :50, and therefore r = 0. Consequently, (z, w) = 0. • 

In a Hilbert space the dense subspaces have a nice characterization in terms of 
an orthogonality condition. 

Corollary 33.8. A vector subspace M of a Hilbert space is dense if and only 
if the zero vector is the one and only vector orthogonal to M. 

Proof. Let M be a vector subspace of a Hilbert space H and let M be its norm 
closure. Assume first that M = H and let x .l M. Pick a sequence {xn} ~ M such 
that x, --+ x and note that 0 = (x,, x)--+ (x, x) implies (x, x) = 0, or x = 0. 

For the converse, assume that M.L = {0). Since (M).L = M.L, it follows from 
Theorem 33.7 that M = M EB {0} = M EB(M).L = H, and soMis dense in H. B 

Since the inner product is a jointly continuous function, it follows that every vec
tor yin an inner product space X defines a continuous linear functional f\.: X--+ C 
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via the formula 

fy(x) = (x, y). 

If X is a Hilbert space, then (as we shall see next) all continuous linear functionals 
on X are of this form. 

Theorem 33.9 (F. Riesz). If His a Hilbert space and f: H ~ Cis a conti
nuous linear functional, then there exists a unique vector y E H such that 

f(x) = (x, y) 

holds for all x E H. Moreover, we have II !II = II y 11. 
Proof. Let f: H ~ C be a continuous linear functional on a Hilbert space 

and Jet M be its kernel, i.e., 

M =Kerf= f- 1((0}) = (x E H: f(x) = 0}. 

Since f is a continuous linear functional, it follows that M is a closed subspace. If 
M = H, then y = 0 satisfies f(x) = (x, y) = 0 for each x E H. So, we can assume 
that M is a proper closed subspace of H. Then, there exist some x0 E H with 
f(xo) = 1 and (by Theorem 33.7) some non-zero vector w E Ml.. Now, notice 
that if x E H, thenx- f(x)xo EM, and so (x- f(x)xo, w) = 0 or f(x)(xo, w) = 
(x, w). This implies f(w)(xo, w) = (w, w) > 0, and so (xo, w) =f:. 0. Now, notice 
that the vector y = wf(w, xo) satisfies f(x) = (x, y) for all x E H. 

Fortheuniquenessnotethatif(x, y) = (x, y 1)foreachx E H,then(x, y-y1) = 
0 for each x E H, and so, by Jetting x = y - Yt, we get (y - y1, y - Yt) = 0 or 
y = y1• Finally, to establish the norm equality, note first that the Cauchy-Schwarz 
inequality 

lf(x)l = i(x, y)l :::: llxiiiiYII 

implies II f II :::: II y II- On the other hand, if y =f:. 0, then Jetting x = y I II y II, we see 
that llxll = 1 and so II !II?::. lf(x)l = i(yfllyll, y)i = IIYII· Thus, llfll = IIYII· • 

If H is a Hilbert space, then Theorem 33.9 shows that a function y 1-+ fv where 
fy(x) = (x, y) can be defined from H onto H*. In view of the properties 

it easily follows that this mapping is a "conjugate" linear isometry from H onto 
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H*. By means of this isometry, we can establish that Hilbert spaces are reflexive 
Banach spaces. 

Corollary 33.10. Every Hilbert space is reflexive. 

Proof. Let H be a Hilbert space and let F: H* --+ C be a continuous linear 
functional. Define¢: H --+ C via the formula ¢(y) = F(fy). From 

rjJ(y + z) = F(fy+:) = F(/y + /:) = F(fy) + F<fz) = ¢(y) + ¢(z), 

rjJ(ay) = F(fay) = F(fi/y) = aF(fy) = aF(fy) = a¢(y), 

and 1¢(y)l = IF(fy)l = IF(fy)l .:::: IIFIIII/yll = IIFIIIIyll, we see that¢ E H*. 
So, by Theorem 33.9, there exists a uniquex EX such that (y, x) = ¢(y) = F(fy) 
for ally E H. This implied(fy) = /y(x) = (x, y) = F(fy) for each y E H, and 
so F = .t. This shows that the natural embedding x r+ .t of H into its double dual 
H** is onto, and consequently H is a reflexive Banach space. • 

We shall close this section with a few more facts concerning orthogonal and 
orthonormal sets in Hilbert spaces. Let us say that an orthogonal set S of an inner 
product space is complete if x ..L s for each s E S implies x = 0. In view of 
Corollary 33.8, it should be noted that an orthogonal set S in a Hilbert space is 
complete if and only if the vector space generated by S is dense. 

Theorem 33.11. Every inner product space has a complete orthogonal set 
(and hence, it also has a complete orthonormal set). 

Proof. The conclusion follows from Zorn's lemma by observing that the col
lection of all orthogonal sets, ordered by inclusion, has a maximal element. To 
finish the proof, notice that an orthogonal set is maximal if and only if it is 
complete. • 

It is useful to note that if Sis a complete orthogonal subset of a real Hilbert space 
H, then Sis also a complete orthogonal set in the complexification He = H $l H 
of H. Indeed, if some x + ty satisfies x + ty ..L S, then (x + ty, s +tO) = 
(x, s) + t(y, s) = 0 for all s E S, and so (x, s) = (y, s) = 0 for each s E S. Since 
Sis complete, the latter implies x = y = 0, and sox + ty = 0. 

Now, assume that the vector subspace M generated in a Hilbert space H by 
a countable collection of vectors Xt, x2, ... is dense in H. If Yt, Y2· ... is the 
orthogonal sequence of vectors produced by applying the Gram-Schmidt orthog
onalization process to the sequence Xt, X2, ... , then the orthogonal set {Yt, Y2, ... } 
is automatically complete. Indeed, if y ..L y, for each n, then y ..L x, for each n, 
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and soy ..L M. Since M is dense in H, we get y ..L M = H, and thus y = 0. This 
observation is used extensively in constructing complete orthogonal (or complete 
orthononnal) sequences of vectors. The next result illustrates this point. 

Theorem 33.12. Assume that p: [a, b] ~ (0, oo) is a measurable weight 
function such that {1, x, x 2, x 3, .•• } s;; L2(p).Also, let a sequence Po, P1, P2, ... 
of non-zero polynomials be such that 

a. each P, is of degree n, and 
rb --b. (P,, P,) = Jap(x)P,(x)P111 (x)dx = 0 for n # m. 

Then the orthogonal sequence Po, PI, P2, ... is complete and coincides (aside 
of scalar factors) with the sequence of orthogonal functions of L~(p) that is ob
tained by applying the Gram-Schmidt orthogonalization process to the sequence 
of linearly independent functions {1, x, x2, x3, ••• }. 

Proof. We shall prove first that 

Span{1, x, x2, ... , x") =Span{ Po, P1, P2, ... , P,} 

holds for each n. For n = 0, the claim is obvious. So, assume that (*) is true 
for some n and let P be a polynomial of degree n + 1. Since Pn+l is a non
zero polynomial of degree n + 1, there exists some non-zero scalar c,+I such that 
P -a,+ I Pn+l is a polynomial of degree less than or equal ton, i.e., P -Cn+l Pn+l E 

Span{1, x, x2, ... , x"}. So, from(*), we can write P -c,+IPn+I = L.7=0 c;P;, or 

P = 'L-7~~ c;P;. This shows that 

Since the reverse inclusion is obvious, the validity of (*) for n + 1 follows. 
Thus, (*) is true for each n. Now, a glance at Theorem 32.11 guarantees that 
(aside of scalar factors) the sequence of polynomials Po, PI, P2, ... is the one 
obtained by applying the Gram-Schmidt orthogonalization process to the sequence 
{1,x,x2, ••• }. 

Finally, in order establish that Po, P1, P2, ... is a complete sequence, it suffices 
to show that the linear subspace M generated by {1, x, x 2, ... } is dense in L2(p). 
To see this, note first that M s;; C[a, b] s;; L2(P) and that M (by Corollary 11.6) 
is dense with respect to the sup nonn in C[a, b]. This implies (how?) that C[a, b] 
is dense in the nonn induced by the inner product in L2(p ). Next, notice that 
Theorem 31.11 guarantees (how?) tliat C[a, b] is dense in L2(p ), and so M is 
dense in L2(P ). This shows that Po, PI, P2, ... is a complete orthogonal sequence 
in L2(p). • 

The following example illustrates the preceding theorem: 
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Example 33.13. Let L2([-l, I]) be the Hilbert. space of all square integrable functions 
on the closed interval [ -1, I] equipped with the Lebesgue measure. Then the functions 
1, x, x 2 , ... are linearly independent. If the Gram-Schmidt orthogonalization process is 
applied to these polynomials, then the polynomials of the resulting orthogonal sequence 
are known as Legendre6 polynomials. We claim that, aside of scalar factors, the Legendre 
polynomials are given by the formula :.; .. (x2 - I )2, the nth-order derivative of the polyno
mial (x2 - I )11 • It is a custom to normalize the polynomials at 1, in which case the Legendre 
polynomials are given by 

I d" , 
Pn(x} = ---- (:c- 1)11 • 

211 n! dx 11 

Clearly, each Legendre polynomial P11 is of degree 11 (since it is the 11th-order derivative of 
a polynomial of degree 2n) and satisfies the condition P11 (I) = I. 

By Theorem 33.12, in order to prove that the Legendre polynomials result from the Gram
Schmidt orthogonalization process, we need only to show they are mutually orthogonal. 
Pick n and m such that 11 > m. To verify that P11 is orthogonal to P,, it suffices show that 
J~ 1 x~ P11 (x) dx = 0 for all k < n. 

The proof of this claim is based upon the observation that the function (x2 - 1)11 = 
(x - 1)11 {x + 1}11 and all of its derivatives of order less than or equal ton - I vanish at 
the points ±1. So, integrating by parts k times (where k < n) and using the preceding 
observation, we get 

f 1 xk P11 (x) dx 
-I 

= -- xk- (x2 -1)11 dx I ! 1 d" 
2"n! -1 dx 11 

--- --- (x2 - 1)11 dx 
(-l)~k! j' d11 -~ 

2"n! -1 dx"-k 

(-l)kk! dll-k-1 , I' 
--- (c -1)11 -0 2"n! dxll-k-1 . -1 - . 

Therefore P11 .l P111 holds for all n =F m. By Theorem 33.12, (P11 } is a complete orthogonal 
sequence in the Hilbert space L2([-I, I]). 

Finally, it is not difficult to see that the norms of the Legendre polynomials are given by 

IIP11 II = J 211~ 1 • Therefore, the sequence of polynomials Qo, Q 1, Q2, ... , where 

I ~n+ldn , 11 
QII(X} = -211 I -2- -d II (.C - 1) ' 

II. X 

is a complete orthonormal sequence of the Hilbert space L2([ -1, 1 ]). • 
6 Adrien-Marie Legendre (1752-1833), a French mathematician. His major contribution was on 

elliptic integrals that provided the analytical tools for modem mathematical physics. He spent over 40 
years of his life attempting to prove Euclid's parallel postulate. 
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EXERCISES 

1. Verify that the inner product space L2(p) of Example 33 is a Hilbert space. 
2. Show that the Hilbert space L2[0, oo) is separable. 
3. Let { 1/111 I be an orthonormal sequence of functions in the Hilbert space L2[a, b] which 

is also uniformly bounded. If {a, I is a sequence of scalars such that a, 1/111 ---+ 0 a.e., 
then show that lim a, = 0. 

4. Let { rjl, I be an orthonormal sequence of functions in the Hilbert space L 2 [ -1, 1]. 
Show that the sequence of functions {1/111 1. where 

( 2 )4 ( 2 ( b+a)) 1/J,{x) = b- a rPn b- a x- -2- ' 

is an orthonormal sequence in the Hilbert space L2[a, b). 
5. Show that the function(·,·): X x X ---+ C defined in Theorem 33.5 is a well-defined 

inner product on X that induces the norm of X. 
6. Show that the closed unit ball of t2 is not a norm compact set. 
7. Show that the Hilbert cube (the set of ail x = (XI, x2, .•. ) E £.2 such ihat lxn I :::=: t 

holds for all n) is a compact subset of t2. 
8. Show that every subspace M of a Hilbert space satisfies M = M·u.. 
9. For two arbitrary vector subspaces M and N of a Hilbert space, establish the following: 

a. (M + N).l = M.L n N.l, and 
b. if M and N are both closed, then (M n N).l = M.l + N.l. · 

10. Let X be an inner product space such that M = M J..J.. holds for every closed subspace 
M. Show that X is a Hilbert space. 

11. Consider the linear operator V: L2[a, b]---+ L2[a, b) defined by 

Vf(x) = L'"f(t)dt. 

Show that the norm of the operator satisfies II V II ~ b - a. 
12. Let {x, I be a norm bounded sequence of vectors in the Hilbert space t2, where 

x, = (x;', xi, xj, ... ). If for each coordinate k we have lim11-oc xf: = 0, then show 
that 

lim (x11 , y) = 0 
11-+00 

holds for each vector y E t2. 
13. Let H be a Hilbert space and let {x, I be a sequence satisfying 

lim (x,, y) = (x, y) 
11-+00 

for each y E H. Show that there exists a subsequence {xk. I of {x, I such that 

lim II x - ~ ~ Xk·ll = 0. 11-+00 It~ I 

1=1 
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14. Let p: [a, b] --+ (0, oo) be a measurable and essentially bounded function and for each 
n = 0, 1, 2, ... let P,. be a non-zero polyno~ial of degree 11. Assume that 

1bp(x)P11 (x)Pm(x)dx = 0 for n "# m. 

Show that each P,. has n distinct real roots all lying in the open interval (a, b). 
15. In Example 33 we defined the sequence Po, P1, P2 •... of Legendre polynomials by 

the formulas 

1 d" 
P (x) = ---- (x 2 - 1)11 • 

" 2"n! dx" 

We also proved that these are (aside of scalar factors) the polynomials obtained by 
applying the Gram-Schmidt orthogonalization process to the sequence of linearly 
independent functions {1, x, x 2, ••• 1 in the Hilbert space L2([ -1, 1]). Show that for 
each n we have 

P,.(l)=l and IIP,.II=/ 211 ~ 1 . 
16. Let {Ta laeA be a family of linear continuous operators from a complex Hilbert space 

X into another complex Hilbert space Y. Assume that for each x E X and each y E Y, 
the set of complex numbers {(Ta(x), y): ex E A I is bounded. Show that the family 
of operators {Ta laeA is uniformly norm bounded, i.e., show that there exists some 
constant M > 0 satisfying II Ta II ::; M for all ex E A. 

17. Let { cp11 1 be an orthonormal sequence in a Hilbert space H and consider the operator 
T: H --+ H defined by 

00 

T(x) = L:ex,.(x, tPn)t/Jn. 
11=1 

where (ex,. 1 is a sequence of scalars satisfying lim ex,. = 0. Show that T is a compact 
operator. 

18. Assume that T, T*: H--+ Hare two functions on a Hilbert space satisfying 

(Tx, y) = (x, T*y) 

for all x, y E H. Show that T and T • are both bounded linear operators satisfying 

IITII = IIT*II and IITT*II = IITII2. 

19. Show that if T: H --+ H is a bounded linear operator on a Hilbert space, then there 
exists a unique bounded operator T*: H --+ H (called the adjoint operator ofT) 
satisfying 

(Tx, y) = (x, T*y) 

for all x, y E H. Moreover, show that II T II = II P II-
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34. ORTHONORMAL BASES 

Recall that an orthogonal setS in an inner product space is said to be orthonormal 
if lis II = 1 holds for each s e S. A complete orthonormal set is a maximal 
orthonormal set. By Theorem 33.11, we know that every inner product space has 
a complete orthonormal set. 

Definition 34.1. A complete orthonormal set in a Hilbert space is known as 
an orthonormal basis. An orthonormal basis will be denoted by { ei} i el. 

That is, a family of vectors {ei lie/ of a Hilbert space is an orthonormal basis if 
and only if 

1. (ei, ej) = 8ij, where 8ii is Kronecker's7 delta (defined by 8ii = 1 if i = j 
and 8ij = 0 if i =f. j); and 

2. (x, ei) = 0 for all i implies x = 0. 

The orthonormal sets that are bases are characterized as follows: 

Theorem 34.2. For an orthonormal family {ei lie/ of vectors in a Hilbert 
space the following statements are equivalent. 

1. The family {ei lie/ is an orthonormal basis. 
2. If x ..L ei for each i E I, then x = 0. 
3. For each vector x we have (x, e1) =f. Ofor at-most countably many indices 

i and x = Lie/ (x, ei )ei, where the series converges in the norm. 
4. For each pair of vectors x and y we have (x, e1) =f. 0 and (y, e j) =f. 0 for 

at-most countably many indices and (x, y) = Lief (x, ei )(y, ei ). 
5. (Parseval's8 Identity) For each vector x we have llx 11 2 = Lie/ i(x, e; )1 2 . 

Proof. ( 1) ==> (2) This is an immediate consequence of the definition of the 
orthonormal basis. 

(2) ==> (3) Fix some vector x. By Bessel's inequality (Theorem 32.10), we 
know that (x, e;) =f. 0 for at most countably many indices i. Let i 1, i2, ... be an 
enumeration of the indices for which (x, e;) =f. 0. (Here we consider the case where 
the set of indices {i E I: (x, e1) =f. OJ is countable; the finite case can be dealt in a 
similar manner.) From Bessel's inequality, it also follows that L~t i(x, e1Ji2.:::: 
llxll 2 < oo. 

7 Leopold Kronecker (1823-1891}, a Gennan mathematician. He made imponant contributions to 
the theory of equations and to the theory of algebraic numbers. Due to his belief that mathematics 
should deal only with "finite numbers," he vigorously opposed Cantor's introduction of set theory. He 
is also famous for the quotation "God created the integers, all else is the work of man." 

8 Marc-Antoine Parseval des Chenes (1755-1836}, a French mathematician. He published very little 
and he is only known for this identity. He was a royalist who was imprisoned in 1792 for publishing 
poetry against Napoleon's regime. 
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Now, the Pythagorean Theorem 32.7 guar11ntees 

for all nand m. This shows that the sequence C~=~= 1 (x, eiJeitl is a Cauchy 
sequence, and thus the series I:~ 1 (x, eh )eh = Lie/ (x, ei )ei is norm convergent. 
Let y = x- I:~ 1 (x, ei1 )ei1 • Since (x-I:~!~ ex, eh)eil' ei.,) = 0 for all m :::. 1, 
it follows from the continuity of the inner product that (y, ei.) = 0 for all n. 
Consequently, (y, ei) = 0 for each i e I, and so, by our hypothesis, y = 0 or 
x = Liel(x, ei)ei. 

(3) ==> (4) Let x = Liel(x, ei)ei andy = Ljel(y, ej)ej. Since there are 
only at most a countable number of non-zero terms in each sum and the two series 
converge in norm to x andy, respectively, it follows from the joint continuity of 
the inner product that 

(x, y) = ( ~)x, ei)ei. l:)y, ej)ej) 
ie/ je/ 

= L L:cx. ei)(y, ej)(ei, ej) 
ie/ jeJ 

= L:cx,ei)(y,ej). 
ie/ 

(4) ==> (5) The desired identity follows immediately by letting y = x. 
(5) ==> (1) Suppose that [ei lie/ is not an orthonormal basis. This means that 

[ei lie/ is not a maximal orthonorm~l set. Thus, there exists a non-zero vector y that 
is orthogonal to each ei. Butthen, our hypothesis implies llyll 2 = Lie/ l(y, ei)l2 = 
0 contrary to the fact that y is a non-zero vector. Therefore, [ei lie/ is an orthonor
mal basis, and the proof of the theorem is finished. • 

Definition 34.3. If [ei lie/ is an orthonormal basis in a Hilbert space and x 
is an arbitrmy vector, then the family of scalars {(x, ei)lie/ is referred to as the 
family ofFourier9 coefficients of x relative to the orthonormal basis [e;}ie/· 

The Hilbert spaces with countable orthonormal bases are precisely the infinite
dimensional separable Hilbert spaces. 

9 Jean Baptiste Joseph Fourier ( 1768-1830), a French mathematician. He is the founder of Fourier 
analysis. In his 1807 memoir, On the Propagation of Heat in Solid Bodies, he introduced the idea of 
expanding functions as trigonometric series. Although this was a controversial revolutionary idea at 
that time, today it is the basis of modem "Fourier analysis." 
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Theorem 34.4. An infinite-dimensional Hilbert space H is separable if and 
only if it has a countable orthonormal basis. Moreover, in this case, eve1y 
orthonormal basis of H is countable. 

Proof. Let {e1, e2, ... } be a countable orthonormal basis in a Hilbert space 
H. Then the set of all finite linear combinations of the e, with rational coefficients 
(call a complex number rational if its real and imaginary parts are both rational) 
is a countable dense subset of H. Therefore, H is a separable Hilbert space. 

Fortheconverse, assume that H is a separable Hilbert space and let {XJ, x2, ... } 
be a countable dense subset of H. We claim that there exists a strictly increasing 
sequence of natural numbers k1 < k2 < k3 · · · such that {xk1 , Xk2 , ••• } is a linearly 
independent sequence satisfying 

for each n. We shall establish the existence of such a sequence by induction. 
Start by observing that we can assume x, =1= 0 for each n. Let k1 = I. For the 

induction step, assume that we selected natural numbers k1 < k2 < · · · < kn such 
that the vectors {xkl' Xk2 , ••• , xk.} are linearly independent and 

Span{xk 1 ,Xk2 , ••• ,xk,} = Span{xl,x2,X3, ... ,xk.}· 

If every vector x; with i > kn lies in the linear span of {Xk 1 , Xk2 , ••• , xk..J, then 
the set {x1, x2, ••• } spans a finite dimensional vector subspace, and so it cannot 
be dense in the infinite dimensional Hilbert space H, a contradiction. Hence, 
there exists some vector x; with i > k, which does not lie in the linear span of 
{xk 1 , Xk 2 , ••• , xk. }. Let 

k,+ 1 = min{i E IN: X; is not in the linear span of {Xk 1 , Xk2 , ••• , xkJ }. 

Clearly, 

This completes the induction and the proof of the existence of the sequence {xk.}. 
Since {x1,x2, ... } is dense in H, it follows that the linear span of {xk.} is 

also dense in H. So, if we apply the Gram-Schmidt orthogonalization process 
to the sequence {xk.}, we get a complete orthogonal sequence. Normalizing this 
orthogonal sequence yields a countable orhonormal basis for H. 
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For last part, assume that [b1, h2 •... } is a countable orthononnal basis of a 
Hilbert space H and that [e; };er is another mthononnal basis of H. For each n let 

I"= {i E 1: l(e;,b")l > ~}· 

From Parseval's identity 1 = llb11 11 2 = L;e; l(b11 , e; )1 2, it follows that 111 is a finite 
set. On the other hand, if i E I, then using Parseval's identity once more, we see 
that 1 = lle;f = L:, l(e;, b11 )1 2• and so (e;, b11 ) =f. 0 for some n. Therefore, 
I = u:, 111 • This shows that I is at most countable-and hence, a countable 
~t. • 

In Example 33.13, we saw that the sequence of nonnalized Legendre polyno
mials Qo. Q,, Q2, ... , where 

I 1¥-n + I d" 2 11 r = -- ----- r - 1 Qll(. ) 211 I 2 d ·II (. ) ' 
ll. X 

is an orthononnal basis of the Hilbert space L2([ -I, 1]). We now present two more 
examples of orthononnal bases in some classical Hilbert spaces. The first example 
exhibits an orthononnal basis in the Hilbert space L2([0, oo)). 

Example 34.5. Let us denote the differential operator by D, i.e., D f = f' and Dk f = 
t<kl, the kth derivative of f. The Laguerre10 polynomials are defined by the formulas 

for n = 0, 1, 2, .... Clearly, each Laguerre polynomial L 11 (x} is of degree n. Next, we 
define the Laguerre functions r/Jo, ¢1. ¢2 •... by 

1 ' r/Jn(X) = -e-!L 11 (x), II= 0,1, 2, .... 
n! 

We claim that {r/>o. ¢2. ¢3, ... } is an orthonormal basis in the Hilbert space L2([0, oo)} of 
all square integrable functions on the interval [0, oo) equipped with the Lebesgue measure. 
This claim will be established by steps. 

STEP I: Tlze sequence {r/>o. r/>2. ¢3, ... } is orthogonal. 

Let m < 11. Then we need to show that J000 L 111 (x)L11 (x}e-.t dx = 0. Since L111 (x} is a 
polynomial of degree m, it suffices to verify that for all k < n we have 

·, 

10Edmond Nicolas Laguerre (183+-1886), a French mathematician. He worked in geometry and on 
approximation methods in analysis. 
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To establish(*}, integrate by parts k times to get 

Therefore, the Laguerre functions are mutually orthogonal. 

STEP II: The sequence {¢o, ¢2. ¢3, ... } is orthonormal. 

Taking into account(*} and integrating by parts n times, we get 

1 100 . 1 100 . = --? (-l)"x"D"(x"e-x)dx=--(n!) x"e-·tdx 
(n!)- o (n!)2 o 

1 = --2 (n!)(n!) = 1. 
(n!) 

STEP III: The sequence {¢o, ¢2. ¢3, ... } is complete. 

Assume that a function f E L2([0, oo)) satisfies f .l ¢, for each 11, i.e., 

fooo f(x)e-! L,(x) dx = 0 for 11 = 0, 1, 2, .... 

We must show f =0 a.e. To this end,letg(x} = f(x)e-f and note J0
00 g(x)xL,(x) dx = 0 

holds for all n = 0, 1, .... This implies 

fooo x" g(x) d x = 0, for n = 0, I, 2, .... 

To show that f = 0 a.e., it suffices to prove that g = 0 a.e. 
To see this, start by considering the complex valued function 

F(s) = fooo e-s.r g(x) dx 

define for all complex numbers s with real part Res > 0. Next, fix a complex number so 
with Reso > 0. Then there exist some neighborhood V of so and some 01 > 0 such that 
Res > 01 holds for all s E V. This implies that there exists some M > 0 such that 

I ae-sx g(x) I I I as = "-xe-sx g(x) ::; Mlg(x}l 

holds for all s E V and all x E [0, oo). Now, a glance at Theorem 24.5 (and the discussion 
afteritsproof) guarantees that F is differentiable at so and that F'(so) = - J0

00xe-sx g(x) dx. 
In other words, F is an analytic function. 
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Next, observe that for each n, Holder's inequality implies 

In particular, for each s ::: 0 and each n, we have 

-lx"g(x}ldx ~ 11/II-J(2n)! =a,. looo s" s" 
o n! n! 

Since lim, .... 00 a~:· = 2s, it follows that the series :L::;.o a11 converges for all 0 < s < ! . 
But then, Theorem 22.9 (see also Exercise 10 of Section 22) implies that the series 
L~o( -1)11 <s;~,>" g(x) = e-sx g(x} defines an integrable function and that 

loco . co s" looo 
F(s) = e-s·'g(x}dx = L(-1)11 ! x"g(x)dx 

0 11=0 ll. 0 

holds for all 0 < s < !·Now, a glance at(**) yields 

F(s) = e-S!g(x)dx = 0, for 0 < s < -. loco . 1 

0 2 

Since F is an analytic function, the identity theorem for analytic functions implies F(s} = 0 
for all complex numbers s with Res > 0; see for instance [2, Theorem 16.25, p. 462]. That 
is, the Laplace transform of g equals zero and so g = 0 a.e. (see Example 30.12}, and the 
proofs of our claims are finished. • 

Example 34.6. Consider the weighted Hilbert space L2(p} with the weight p(x} = e- 4·'2 

defined over the whole real line ( -oo, oo). The functions 

1, x, x 2 , x 3 , ..• 

belong to L2(p} and they are clearly linearly independent. We claim that the linear span 
of this sequence i~ dense in L2(p}. To see this, assume that a function f E L2(p) satisfies 
f::'cof(x)x 11 e-4x· dx = 0 for each n = 0, 1, 2, .... Now, consider the function g(x} = 
f(x}e- ~x2 • Since the functions h(x} = f(x)e-±x2 and B(x) = e- ± r2 belong to L2(IR), it 
follows that g = hB E L 1 (IR) and 

!co x"g(x}dx = 0, n = 0, 1, 2, .... 
-co 

We must show that f = 0 a.e. or, equivalently, that g = 0 a. e. 
To see this, we introduce the complex-valued function G: C--+ C by 
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It should be clear that this (complex) integral is well defined and that (as in the previous 
example) G is differentiable at each point (and so G is an entire function). At z = 0, we have 

for each 11 = 0, l, 2, .... Therefore, G(z) = 0 for each z E C, and consequently 

1co f(x)e-i·t2 e-'sx dx = 1co g(x}e-'sx dx = 0 
-co -co 

for all -oo < s < oo. In other words, the "Fourier transform" of g is zero, and this 
guarantees that g = 0 a.e.; see, for instance [15, p. 408] or [26, p. 187]. 

We now claim that if we apply the Gram-Schmidt orthogonalization process to the 
sequence of functions 1, x, x2 , ••. , then the members of the resulting complete orthogonal 
sequence { H, I (aside of scalar factors) are the Hermite 1 1 polynomials which are defined by 

n" ( • ' , 1 ,, -! x2 D" I -- !x2 \ 
II A)=\-} t:- \"- )• 

where D denotes the differentiation operator. Clearly, each H,(x) is a polynomial of degree 
11. Now, if k < 11, then-integrating by parts k times-yields 

This implies 

1co , 
(Hm. H,) = Hm(x)H11 (x)e-f dx = 0 

-co 

for 11 # m. Finally, a glance at Theorem 32. I 1 guarantees that (aside of scalar factors) the 
sequence {H, I is indeed the one obtained by applying the Gram-Schmidt orthogonalization 
process to the sequence of linearly independent functions 1, x, x2, x3 , .•.• Normalizing 
the sequence of functions { H, I we get to a complete orthonormal basis for L2 (p ). • 

Next, we shall use Theorem 34.2 to present a concrete realization of an arbitrary 
Hilbert space. To do this, we need some preliminary discussion. 

Recall that a linear operator T: X ~ Y between two nonned spaces is called 
norm preserving (or an isometry) if. liT x II = llx II holds for all x E X. Similarly, 
a linear operator L: H1 ~ H2 between two Hilbert spaces is said to be inner 
product preserving if (Lx, Ly) = (x, y) holds true for all x, y E H1• 

11 Charles Hermite (1822-1901), a French mathematician. He worked in the theory of functions. He 
was the first to prove (in 1873) that I! is a transcendental number. 
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From Theorem 32.6 the following result should be immediate: 

Lemma 34.7. A linear operator L: H1 --+ Hz between two Hilbert spaces is 
norm preserving if and only if it is inner product preserving. 

Now, let Q be an arbitrary nonempty set. If x: Q --+ Cis an arbitrary complex
valued function (which it will also be denoted as a family [x(q))qeQ). then its 
lz-norm is defined by 

I 

llxllz = ( l:)x(q)l2 )
2 

qeQ 

A complex-valued function x: Q --+ C is said to be square summable if llx liz < 
oo. This is, of course, equivalent to saying that x(q) =f:. 0 for at most countably 
many q and if q 1, q2, ... is an enumeration of the set [q E Q: x(q) =f:. 0), then L::1 lx(q11 )lz < oo. It should be clear that the collection lz(Q) of all square 
summable functions with the pointwise algebraic operations and the l 2-norm is a 
normed vector space. In actuality, it can be easily shown that l 2( Q) is a Hilbert 
space. 

Lemma 34.8. The vector space l 2( Q) of all square summable complex-valued 
functions defined on a nonempty set Q under the inner product 

(x, y) = L:x(q)y(q) 
qeQ 

is a Hilbert space. 

We are now ready to establish that every Hilbert space is linearly isometric to a 
concrete l 2(Q) Hilbert space. 

Theorem 34.9. Every Hilbert space His Linearly isometric to a Hilbert space 
of the form l2(Q). Specifically, if [e; };e/ is an orthonormal basis of H, then 
the Linear operator L: H --+ lz(l), defined by 

L(x) = {(x, e;)};e/. 

is a surjective linear isometry. 

Proof. Clearly, L is linear and by Parseval 's Identity (Theorem 34.2(5)) it is 
also an isometry. We leave it as an exercise for the reader to show that L is also a 
surjective linear operator. • 
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Corollary 34.10. An infinite dimensional Hilbert space H is separable if and 
only if it is linearly isometric to lz. 

EXERCISES 

1. Let {ei lie/ and {/j }jeJ be two orthononnal bases of a Hilbert space. Show that I 
and J have the same cardinality. 

2. Let lei lie/ be an orthononnal basis in a Hilbert space H. If Dis a dense subset of H, 
then show that the cardinality of D is at least as large as that of I. Use this conclusion to 
provide an alternate proof of Theorem 34.4 by proving that for an infinite-dimensional 
Hilbert space H the following statements are equivalent: 

a. H has a countable orthononnal basis. 
b. H is separable. 
c. H is linearly isometric to lz. 

3. Let I be an arbitrary nonernpty set, and for each i E I iet ei = X!il· Show that the 
family of functions {edie/ is an orthononnal basis for the Hilbert space lz(l ). 

4. Let {ei liei be an orthononnal basis in a Hilbert space and let x be a unit vector, i.e, 
llxll = l. Show that for each k EN the set {i E 1: l(x, ei)l ;:: t} has at most k2 

elements. 
5. Let M be a closed vector subspace of a Hilbert space H and let {ei lie/ be an or

thononnal basis of M; where M is now considered as a Hilbert space in its own right 
under the induced operations. If x E H, then show that the unique vector of M closest 
to x (which is guaranteed by Theorem 33.6) is the vector y = Lief (x, ei )ei. 

6. Let {en } be an orthononnal basis of a separable Hilbert space. For each n, let f, = 
en+ 1 - e,. Show that the vector subspace generated by the sequence {/,} is dense. 

7. Prove Lemma 34.7. 
8. Prove Lemma 34.8. 
9. Complete the details of the proof of Theorem 34.9. 

10. Let {e,} be an orthononnal sequence of vectors in the Hilbert space Lz[O, 271"]. Sup
pose that for each continuous function fin L2[0, 271"] we have f = }:~ 1 (/, e")e,. 
Show that {e, I is an orthononnal basis. 

11. Let{¢,} be an orthononnal sequence of vectors in the Hilbert space Lz[O, 271"]. Sup
posethatforeachcontinuousfunction f inLz[O, 271"] we have 11/112 = L~Ji(f, ¢,W 
Show that { ¢,} is an orthononnal basis. 

12. Let {¢J, ¢2 •... I be an orthononnal basis ofthe Hilbert space Lz(IJ.), where f.J. is a finite 
measure. Fix a function f E L2(1J.) and let {aJ, a2 •... } be its sequence of Fourier 
coefficients relative to {¢, }, i.e., a, = J f ¢, d IJ.. Show that (although the series 
}:;::1 a,¢, need not converge pointwise almost everywhere to f) the Fourier series 
}:;::1 a 11¢, can be integrated tenn-by-tenn in the sense that for every measurable set 
Ewe have 
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[HINT: If s11 = L:Z=l rx11 r/>11 , then the Cauchy-Schwarz inequality implies 

ILfdJL- Ls,.dJLI2 ~(Lif-s,.ldJL)2 ~llf-s,.II2JL*(E).] 
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13. Establish the following "perturbation" property of orthonormal bases. If ( e; l; e 1 is an 
orthonormal basis and {f; lie/ is an orthonormal family satisfying 

L lie;- /;11 2 < oo, 
ie/ 

then (/;lie/ is also an orthonormal basis. 

35. FOURIER ANALYSIS 

In this section, we shall study some basic properties of periodic functions. Recall 
that a function f: JR ~ C is said to be periodic if there exists some p > 0 such 
that f(x + p) = f(x) for each x E JR. The positive number p > 0 is called 
a period of f. In essence, a periodic function is completely determined by its 
values on the closed interval [0, p]. Any function f: [0, p] ~ C that satisfies 
f(O) = f(p) gives rise to a periodic function via the formula f(x + p) = f(x) 
for each x E JR. Notice that if f: JR ~ C is a periodic function, then the function 
g: JR ~ C, defined by g(x) = f(.frrx), is a periodic function with period 2rr. 

From now on, unless otherwise stated, all periodic functions encountered in 
this section will be assumed to have period 2rr. As a matter of fact, they will 
be defined only on [0, 2rr] (and they will be tacitly assumed defined on all of JR. 
via the formula f(x + 2rr) = f(x)). That is, a periodic function is any function 
f: [0, 2rr] ~ C satisfying /(0) = /(2rr). 

The closed interval [0, 2rr] will always be considered equipped with the Lebesgue 
measure; we shall write dx instead of dA.(x). The Hilbert space L2 [0, 2rr] is as
sumed equipped with the inner product 

121t 

(/,g)= 
0 

f(x)g(x)dx, 

and so it induces the standard L2-norm 

2rr ~ 

11/112 = JU. f)= ( folt(x)l2 dx)-. 

A straightforward computation shows that 

e'"·' e-'"1.1 dx = 121t . . { 0 

o 2rr 
if n =f. m 
if n = m. 
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This means that the countable collection of functions 

e'"x = cosnx + 1 sinnx, 17 = 0, ±I, ±2, ±3, ... , 

is an orthogonal subset of L2[0, 2rr]. Therefore, the collection 

{ I .,,,. } 
..firr e ·: n = 0, ±I, ±2, ±3, ... 

is an orthonormal set of functions in L2[0, 2rr]. However, for historical reasons, 
these functions are normally used in their non-normalized form. We shall establish 
here that the orthogonal set 

{e"'x: 17 = 0, ±I, ±2, ... } 

is, in fact, a complete orthogonal set-and so { .Jke'".r: n = 0, ±I, ±2, ... } is an 
orthonormal basis for the Hilbert space L 2 [0, 2rr]. 

A trigonometric polynomial is any periodic function P of the form 

I m 

P(x) = 2ao + I)a,. cosnx + b11 sinnx) 
11=1 

(1) 

where ao, a 1, ••• , a,. and b1, ••• , b,. are complex numbers. From e" = cos x + 
1 sin x it follows that 

ei/IX _ e-1/IX 

sinnx = --:----
21 

and cos nx = 
2 

and so every trigonometric polynomial P can also be written in the form 

Ill 

P(x) = L c,.e"'x 
n=-m 

(2) 

for appropriate complex coefficients c,.. Similarly, using the identities e•nx = 
cos nx + 1 sin nx, cos( -nx) = cos nx, and sin( -nx) = -sin nx, we see that every 
expression P(x) as in (2) can be written as in (1). Thus, we have shown that every 
trigonometric polynomial P can be written in the following two ways: 

I m . m 

P(x) = 2ao + L(a,. cos nx + b,. sin nx) = L c11 e111x, 
n=l n=-m 

where the coefficients are related by the identities 



Section 35: FOURIER ANALYSIS 309 

and 

Now, taking the inner product of a trigonometric polynomial P with the function 
e'k", it follows from the orthogonality properties that 

1 1
211' 

-IIIX c, =- P(x)e dx, n = 0, ±1, ±2 ... , ±m. 
2rr 0 

Next, assume that f E L 1 [0, 2rr] (nothing precludes f from being also complex
valued). Then the inequality lf(x)e"'xl .:=:: lf(x)l coupled with Theorem 22.6 
guarantees that f(x)e"'x E L 1 [0, 2rr] for each integer n. This observation will be 
used in the next definition. 

Definition 35.1. The Fourier coefficients of a function f E L 1 [0, 2rr] are 
thetermsofthedoublesequenceofcomplexnumbers ... , c_2 , c1, co. c1, c2 , .•• 

defined by 

1 {211' . 
Cn = 2rr Jo f(x)e-"'·' dx 

for each n = 0, ± 1, ±2, .... The Fourier series of a function f E L 1 [0, 2rr] 
is the formal series 

00 2: c,e•nx. 
n=-oo 

An important consequence of the Riemann-Lebesgue lemma (Theorem 25.4) 
is that the Fourier coefficients of an integrable function converge to zero. 

Theorem 35.2. Iff E L1 [0, 2rr], then its Fourier coefficients satisfy 

lim c, = lim c_, = 0. 
11-+00 11-+00 

Proof. Let f E L 1 [0, 2rr ]. Then, by the Riemann-Lebesgue lemma (Theo
rem 25.4), we have 

1 211' 1211' 
lim f(x)sinnxdx = lim f(x)cosnxdx = 0. 

11-->00 0 /1-->00 0 
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So, from the identity 

1 121r 1 12lt c,. = - f(x)e-•nx dx = -2 f(x)[cos nx- 1 sin nx] dx 
2rro rro 

1 121r 1 12rr =- f(x)cosnxdx--2 f(x)sinnxdx, 
2rr o rr o 

it easily follows that Cn -+ 0 and c_,. -+ 0. • 
Using that the set of functions {e'nx: n = 0, ±1, ±2, ... } is orthogonal and the 

formulas 

cosnx= ----
2 

we see that the functions 

and 
e'".l'- e-rnx 

sin nx = ----
21 

!· cosx, sinx, cos 2x, sin 2x, ... , cos nx, sin nx, ... 

are mutually orthogonal in L 2[0, 2rr ]. With respect to this orthogonal set of func
tions, the Fourier series of any function f e L 1 [0, 2rr] can also be written as 

co I co 
""' IIIX _ ""' , b ' . ~cne - 2ao+~(a,.cosnx+ ,.smnx). 

11=-co n=l 

where the coefficients ao, a 1, a2, ... and b1, h2, ... are given by 

ao = 2co =..!.. (
2
" f(x) dx, 

rr lo 
an = Cn + C-n = ..!_ r:br f(x) COS llX dx, and 

rr lo 
bn = I(Cn -C-n)=..!.. r2

rrf(x)sinnxdx. 
rr lo 

If we express the Fourier series of a function in terms of the cosine and sine 
functions, then we shall also refer to the coefficients a0 , a 1, a2, ... and b1, b2, ... 
as the Fourier coefficients of f. 

We are now ready to establish a result that will guarantee that the set of orthog
onal functions {e"'x: n = 0, ±I, ±2, ... } is complete in L 2[0, 2rr]. 
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Theorem 35.3. A Lebesgue integrable fi.mction over [0, 2rr] whose Fourier 
coefficients all vanish is almost everywhere zero. 

Proof. Let f E L 1 [0, 2rr] be a function satisfying 

(" Jo f(x)e"'x dx = 0 

for all n = 0, ±I, ±2, .... Assume at the beginning that f is also real valued. We 
shall establish that f = 0 a. e. holds true by considering two cases. First, we shall 
assume that f is also continuous and then we shall consider f to be an arbitrary 
integrable function. 

CASE 1: Assume that f is a continuousfwzction satisfying (t)for all integers n. 

Assume by way of contradiction that f =f. 0. This implies that there exists 
some x0 E (0, 2rr) satisfying f(xo) =f. 0. Replacing f by - f (if necessary), we 
can assume that f(xo) > 0. Choose some constant C > 0 and some 0 < E < 
min{ I, xo, 2rr- xo} such that f(x) > C holds for all x E I= (x0 - E, x0 +E). 

Now, we need a trigonometric polynomial that is greater than one on the interval 
(x0 - E, x0 +E) and less than one on the complement 1c = [0, 2rr] \I. The reader 
should verify that the trigonometric polynomial 

I + cos(x - xo) 
P(x) = . 

I+ COSE 

satisfies P(x) > I for all x E I and 0 :::: P(x) :::: I on I c. From (t), it follows that 

1 f(x)[P(x)]" dx + 1 J(x)[P(x)]" dx = ( 2
" J(x)[P(x)]" dx = 0 

1 I< lo 

for n = 0, I, 2, 3, .... Therefore, 

1 f(x)[P(x)]" dx = -1 f(x)[P(x)r dx 
I I< 

holds for all n = 0, I, 2, 3, .... 
We claim that the right-hand side of equation(*) is bounded while the left-hand 

side is unbounded. To see this, first observe that since 0 :::: P(x) :::: I holds for 
each x E lc, we have 

I L f(x)[P(x)]" dx I :::: L lf(x)[P(x)]"l dx :::: 12
" I f(x)l dx. 
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Thus, the right-hand side of(*) is bounded. On the other hand, let J be a closed 
subinterval of /. Since P is strictly greater than one on the open interval /, it 
follows that there exists some a > I satisfying P(x) ~ a > I for each x E J. 
Therefore, for each n we have 

[ f(x)[P(x)t dx ~ [ f(x)[P(x)]" dx ~ CanJ...(J). 

This shows that the left-hand side of equation (*) is unbounded, a contradiction. 
This contradiction establishes that f = 0. 

CASE II: Assume that f E L 1 [0, 2Jr] satisfies (t) for all integers n. 

Consider the function F: [0, 27r]-+ lR defined by 

F(x) = (t(t) dt. 
"U 

Clearly, F is a continuous function and from F(O) = 0 and F(2Jr) = J0
2rr f(t) 

dt = 0, it also follows that F is a periodic function. We claim that F .l e•nx holds 
for all n =f:. 0. To see this, apply the integration by parts formula (see Exercise I2 
of Section 3I) to get 

,~ ,~ 

0 = Jo e-wxf(x)dx = e_.,,_, F(x) l~rr- Jo (-tn)e-"'..-F(x)dx 

f2;r 
= F(O)- F(27r)- tn Jo F(x)e- 111x dx 

{27C 
= -111 Jo F(x)e-"'x dx. 

Therefore, 

(7C Jo F(x)e-"'x dx = 0 for n =±I, ±2, .... 

Next, let C = 2~ Jgrr F(x) dx, and consider the continuous function G: 
[0, 2Jr] -+ lR defined by 

G(x) = F(x)- C. 

Since 1 .l e"'.r, it follows that G is perpendicular to e'".r for all n =f:. 0. Any easy 
inspection also shows that G(x) .l 1 holds. That is, G .l e"'x holds for all integers 
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n = 0, ±1, ±2, ±3, .... But then, by CASE I, G(x) = 0 for all x E [0, 2rr]. This 
implies F(x) = for f(t) dt = C for all x E [0, 2rr]. Since F(O) = 0, it follows 
that C = 0, and so fo< f(t) dt = 0 for all x E [0, 2rr]. This implies that f = 0 a.e. 
(see Exercise 19 of Section 22), and the proof of CASE II is complete. 

Finally, consider the complex case. That is, assume that f = g + 1 h is an inte
grable function whose Fourier coefficients all vanish. Then, it easily follows that 
both g and h have their Fourier coefficients all equal to zero. Therefore, by the 
preceding conclusion, g = h = 0 a.e. This implies f = 0 a.e., and the proof of 
the theorem is complete. • 

Corollary 35.4. The two sets of orthogonal functions 

1. [e111.r: n = 0, ±1, ±2, ... }, and 
2. { t, cos x, sin x, cos 2x, sin 2x, ... , cos nx, sin nx, ... } 

are both complete in the Hilbert space L 2[0, 2rr]. 

Proof. By Theorem 34.2, it suffices to show that iff E L2[0, 2rr] is perpen
dicular to e'"x for each integer n, then f = 0. So, assume that f E L 2[0, 2rr] 
satisfies f ..L e111x for each integer n, i.e., assume that the Fourier coefficients off 
are all zero. Since L 2 [0, 2rr] ~ L 1 [0, 2rr] holds, it follows from Theorem 35.3 that 
f = 0. Therefore, the set of functions [e"'x: n = 0, ±1, ±2, ... } is a complete 
orthogonal subset of the Hilbert space L2 [0, 2rr ], and the proof is complete. • 

Parseval's identity for the complete sequence of orthogonal functions { e-111x} 
takes the following form: 

Corollary 35.5. Iff E L2[0, 2rr], then its Fourier series L::-oo c,e-wx is 
norm convergent to f in L 2 [0, 2rr] and 

1 12" 1 00 - lf(x)l-dx = L lc,l2 • 
2rr o 11=-oo 

Proof. From Corollary 35.4, we know that the collection of functions 

{ 1 -Ill X. } .../2iie . n = 0, ±1, ±2, ... 

is an orthonormal basis for the Hilbert space L2[0, 2rr]. The conclusions now 
follow from Theorem 34.2. • 

Corollary 35.6. Iff belongs to L2[0, 2rr], then its Fourier series 

oo -lllr ao oo . L c,e · = '2 + L(a, cosnx + b, smnx) 
11=-00 11=1 
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can be integrated term-by-term in any closed subinterval [u, v] of[O, 2rr] in the 
sense that 

l
v 1 oo lv 
f(x) dx = 2ao(v- u) + L (a, cos nx + b, sin nx) dx. 

II n=( II 

Proof. Let sn(x) = !!j- + L:Z=1(a11 coskx + b, sinkx). From Theorem 34.2, 
we also know that II f - s, II ~ 0. Now, if [u, v] is a closed subinterval of [0, 2rr ], 
then 

I rf(x)dx- rSn(X)dxl :'S rif(x)-Sn(X)idx lu }, lu 
I I 

:::: (J.vlf<x>-sn<x>i 2 dxr (/.UI2dxr 
= l!j- snii.JV=U. 

This implies 

l n lv lv lv -ao(v - u) + L (a, cos nx + b, sin nx) dx = s,(x) dx --+ f(x) dx, 
2 ~=( II II II 

and the desired conclusion follows. • 
The fact that the Fourier series of a function f e L 2[0, 2rr] is norm convergent 

in the Hilbert space L2[0, 2rr] should not be interpreted to mean that the partial 
sums of the Fourier series converge pointwise to f almost everywhere. Pointwise 
convergence of the Fourier series is a much more difficult and delicate problem. The 
study of the convergence of the Fourier series is the subject of inquiry of the field 
of Fourier analysis with special emphasis on the following two basic problems: 

1. The Convergence Problem: When does the Fourier series converge at a 
given point x (or at each point of a given set)? 

2. The Representation Problem: If the Fourier series converges at some 
point x, what is the relationship between the sum oft he series and the value 
of the function f(x) at the point x? 

We remark that it is possible for the Fourier series to diverge at every point and, 
moreover, there exist continuous functions whose Fourier series diverge on an 
uncountable set. It is even possible to construct examples of continuous peri
odic functions whose Fourier series diverge at a countable number of points in 
the interval [0, 2rr]; see also Example 35.1 I at the end of this section. The most 
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striking result concerning the pointwise con\!ergence of the Fourier series was es
tablished by the Swedish mathematician Lennart Carleson in 1966. He proved that 
the Fourier series of any function in L2[0, 2rr] converges almost everywhere. 12 

The unpleasant situation regarding the pointwise convergence of the Fourier 
series can be corrected by considering the sequence of arithmetic means of the 
partial sums of the Fourier series. Our final objective in this section is to prove 
that the sequence of arithmetic means of the partial sums of the Fourier series 
of a periodic function f converges to the value of the function at every point of 
continuity. To do this, we need some preliminary discussion. 

For the rest of our discussion, f: [0, 2rr] ~ C is a fixed periodic integrable 
function which will also be assumed defined on all of lR via the formula 
f(x + 2rr) = f(x). Its Fourier series is 

::>C 00 

'\""" _ 111 .- ao '\"""( b . ) L.... clle = 2 + L.... a11 cosnx + 11 smnx. 
11=-00 11=1 

The nth partial sum of the Fourier series is 

1 II 

sll(x) = 2ao + L (a~ cos kx + bk sin kx) 
k=l 

= ? - - f(t) dt + L - - f(t) cos(kt) dt cos kx 1 [ 1 1'rr J II [ 1 1'rr J 
- 1r 0 k=l 1r 0 

II [ 1 12rr J + L - f(t)sin(kt)dt sinh 
k=l 1r 0 

1 12rr [ 1 11 J = - f(t) - + I:ccos kx cos kt +sin kx sin kt) dt 
1r 0 2 k=l 

1 12rr [ 1 11 J = - f(t) - + L cos k(x - t) dt 
1r 0 2 k=l 

1 12rr = - f(t)D,(x- t)dt, 
rr o 

where 

1 II 

D,(t) = "2 + L:coskt. 
k=l 

120n the convergence and growth of partial sums of Fourier series, Acta Matl!ematica 116(1966), 
135-157 
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The trigonometric polynomial D11 is called the Dirichlet kernel of order n. The 
Dirichlet kernel can be expressed in a closed form. 

Lemma 35.7. The Dirichlet kernel satisfies 

sin (n + !)r 
Dll(t) = 2 . I • 

sm 2 

Proof. Notice that 

1 II 1 II • l 211 • 

Dn(t) = 2 + L cos kt = 2 L e'kr = 2e-'nr L e'kr 
k=l ~=-n ~=0 

1 [el(2ll+llr _ I] e'("+llr _ e-1nr 
= -e-lllf = I I I 

2 e11 - l 2e':!(e':!- e-'i) 

e'("+tJr - e-'("+tJt 
= ----,---:---

2(e'~ - e-'~) 

sin (n + i)t 
= --'----:-~ 

2sin ~ 

as desired. • 
We now consider the sequence {a11 (x)} of the arithmetic means of the partial 

sums of the Fourier series of the function f. That is, so(x) = !ao and 

( ·) _ so(x) + St (x) + sz(x) + · · · + S 11 (x) r _ 0 1 2 a11 .x - , •OT n- , , .... 
n+l 

Using the Dirichlet kernel and some algebraic simplifications, we see that 

1 [ l 1271' l 1271' a11 (X) = -- - f(t)Do(X- t)dt +- f(t)Dt(X- t)dt + · · · 
n+l rr o rr o 

l [271' J · · · + ; Jo f(t)D 11(x- t)dt 

= - f(t) --L D~(x- t) dt l 1271' [ l II • J 
rr o n + l ~=O 

1 1211' = - f(t)K"(x - t) dt, 
T( 0 
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where the expression 

l 11 l 11 
( l) K,(t) = --1 LDk(t) = 2( I) . 1 I: sin k + -2 t 

n + ~=O n + sm 2 k=O 

is now called the Fejer13 kernel of order n. Thus, the sequence {a,} of means of 
the partial sums of the Fourier series off are given by the formula 

1 121T a,(x) =- f(t)K,(x- t)dt. 
T( 0 

It is not difficult to express the Fejer kernel in a close form. Multiplying the 
numerator and the denominator of K, (t) by 2 sin ~ and using the trigonometric 

identity 2 sin(k + tt) sin ~t =cos kt - cos(k + l)t~ we get 

I - cos(n + l)t I [ sin(n +I)~ ] 2 

K,(t)= = ---
4(n + I) sin2 ~ 2(n + I) sin ~ 

This formula shows that the Fejer kernel is a positive even function. If, as usual, 
we put K,(2krr) = "i', then K, is a continuous function on all of lR. A simple 
computation (see Exercise 2 at the end of this section) also shows that 

211T - K,(t)dt =I. 
T( 0 

Now, let us take another look at the nth arithmetic mean of the partial sums of 
the Fourier series. By the preceding discussion, we have 

1 121T I 1x+IT 
a11 (X) = - f(t)K"(x- t)dt =- f(x + u)K11 (u)du 

T( 0 T( X-IT 

l liT = - f(x + u)K,(u) du. 
T( -IT 

Taking into account that K 11 (-u) = K 11 (u), it easily follows that 

1° f(x + u)K11 (u)du = r f(x- u)K,(u)du, 
-IT lo 

13 Leopold Fejer (I 880-1959), a Hungarian mathematician. He worked mainly on Fourier series and 
their singularities. 
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and consequently, 

a"(x) = ~ 1rr [ f(x + u); f(x- u)] Kn(u)du. (**) 

Next, we introduce a new function a 1 defined by the formula 

( ) l . f(x + u) + f(x - u) 
af x = 1m . 

11-+0+ 2 

The function a 1 is, of course, defined at those points for which the preceding limit 
exists. For instance, iff is continuous at some point x, then a f(x) = f(x) and if 
f has a jump discontinuity at xo, then a 1(x0 ) = JC~o+l1 f(xo-l. 

We are now ready to state and proof the following remarkable result of L. Fejer 
concerning the convergence of the sequence of arithmetic means {a11 }. 

Theorem 35.8 (Fejer). Let f: [0, 2rr] ---+ C be aperiodic integrable function. 
Then, the sequence {an} of arithmetic means of the partial sums of the Fourier 
series off satisfies 

. . f(x + u) + f(x - u) hm a,(x) = a1(x) = hm :::.....;. __ ;__...:__..:...__..:.. 
11-+00 11-+0+ 2 

at every point x for which af(x) exists. Moreover, iff is continuous on some 
closed subinterval [a, b] of [0, 2rr], then {an} converges uniformly to f on 
[a, b]. 

Proof. Assume that a 1(x) exists at some point x E [0, 2rr]. Then there exists 
some 0 < 8 < rr such that 

I f(x + u) + f(x - u) I 
2 -a1(x) <E 

for all 0 < u < 8. Notice that the 8 depends upon the E and the point x. Iff is con
tinuous on [a, b], then notice that (in view of the uniform continuity of f) we can 
select the 8 to be independent of x E [a, b]. Now, from(*) and(**), it follows that 
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Now, observe that 

21& I f(x + u) + f(x - u) I - -af(x)K,.(u)du 
rr 0 2 

21& 21" :::::- EK,.(t)dt:::::- EK,.(t)dt =E. 
rr o rr o 

Moreover, since K,.(t) ::;:: 2<n+1:,in2 ~ for each 8 ::;:: x ::;:: rr, it follows that 

21" I f(x + u) + f(x- u) I - - af(x) K,.(u)du 
1r & 2 

1 1"1f(x+u)+f(x-u) I C < , - af(x) du < --, 
- (n + 1 )rr sin- ~ o 2 - n + 1 

where theconstantC = ~ f0
2"1 f<x+u>~f<x-u> -af(x)i du is independentofx. 

Finally, notice that if~"e hoose some no such that 11~1 < E, then the pre
ceding estimates show that 

holds true for alln ::: no (and all x E [a, b] if f is continuous on [a, b ]). This 
completes the proof of the theorem. • 

The following consequence of the preceding theorem plays an important role in 
applications. 

Corollary 35.9. Let f: [0, 2rr] --* C be a periodic integrable function. As
sume that the Fourier series off converges at some point x and that af(X) 
exists, then 

00 00 

( ·) _ " -wx _ ao "< . b . ) a! .t - ~ c,.e - 2 +~a,. cosnx + ,. smnx. 
11=-00 11=1 

In particular. if the Fourier series converges at some point of continuity x off, 
then 

00 00 

f(x) = L c,.e-"'x = ~ + L(a,. cosnx + b,. sinnx). 
n=-oo 11=1 

Proof. Assume that s,.(x)--* s holds and that a1(x) exists. By Theorem 35.8, 
we know thata,.(x) --* a f(X). Since [a,. (x)j is also convergent to s (see Exercise 11 
of Section 4), it follows that s = a f(x), and we are done. • 
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Here is· an example that demonstrates the far-reaching implications of Corol
lary 35.9. 

Example 35.10. Consider the periodic function f: [0, 2n] -+ JR. defined by 

{
I if 0 <X< 1l" 

f(x) = 0 if 1r :;; x < 2n 
I if X =211". 

A direct computation shows that the Fourier coefficients of f are given by 

ao =.!.. ( 2"/(.x)dx=.!.. r1dx=1, 
1r lo 1r lo 

an = .!.. ( 2
" f(x) cos nx dx = .!.. r cos nx dx = 0, and 

1r lo 1r lo 
1 r2rr 1 Ia" I - cos nn 

bn = .::.. I f(x)sinnxdx =- sinnxdx = 
nh 1l" o nn 

I- (-I)" 

1111" 

Thus, the Fourier coefficients satisfy ao = 1, a11 = 0 for each n, b, = ,;; for 11 odd and 
b11 = 0 for n even. Therefore, the Fourier series of f is given by 

I 2 (sin x sin 3x sin 5x sin 7 x ) -+- -+--+--+--+ .... 
2 1r I 3 5 7 

This series converges at each x; see Example 9.7. By Corollary 35.9, this Fourier series 
converges to f(.x} at the points x of continuity of f. More precisely, we have 

-+- -+--+--+--+ ... = I 2(sinx sin3x sin5x sin7x ) {/(x) ifxE(0,n}U(n,2n), 

2 1l" 1 3 5 7 t if X = 0, 1l", 211". 

This conclusion is typical and very powerful for applications. • 
Finally, we close the section with an example that guarantees the existence of a 

continuous periodic function whose Fourier series diverges on a given countable 
set. 

Example 35.11. This example demonstrates the existence of a continuous periodic func
tion whose Fourier series diverges on a countable set of points. Consider the Banach space 
C [0, 2n] of all continuous real-valued functions with the sup norm. Let X be the subspace of 
C[O, 2n] consisting of all continuous periodic real-valued functions. Clearly, X is a closed 
subspace of C [0, 2n], and hence, it is a Banach space in its own right. 

Next, fix a point x E [0, 2n] and define the linear functional S,: X -+ JR. by the nth 
partial sum of the Fourier series of the given function evaluated at the point x. That is, for 
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each f E X we let 

II . I {27C 
S"(f) = L qe-•~·' =- Jo f(t)D 11(x- t)dt. 

k=-11 1f 0 

It should be clear that this formula defines a bounded linear functional on X whose norm 
(according to Exercise 3 at the end of the section) is given by the formula 

1 la2rr liS" II=- !D"(x- t)!dt. 
1f 0 

Next, we estimate this norm. Since the Dirichlet kernel D11 is periodic, it follows that 

{27C {27C 
lo !D"(x-t)!dt= lo !D11 (t)!dt. 

So, using the inequality !sin u! :::: lui and changing the variable, we get 

la2rr la2rr sin (n + !) t larr lsin(2n + l)ul 
!D11 (t)! dt = . 1 dt = . du 

o o 2 sm 2 o Ism ul 

larr !sin(2n + l)ul la(2"+1)rr lsinul 
> du = -- du 
- o lui o lui 

2" 1(k+l)rr lsinul =1: --du 
k=O krr lui 

211 [ l 1(~+1)rr J 211 2 
> L !sinu!du = L . 
- k=O (k + l)1r krr k=O (k + l)1r 

This implies 

2 211 1 

liS/Ill:::: 1f2 L k + 1. 
k=O 

and consequent! y lim II S11 11 = oo independent! y of the point x. 
Now, let {.q, x2. x3 • .•. ) be a (possibly dense) countable subset of the interval [0, 21r ]. 

Let S11 ,111 be the bounded linear functional (defined as above) on X whose value at f E X 
is the 11th partial sum of the Fourier series of f evaluated at the point Xm. From the above 
discussion, for each fixed m we have 

lim IIS11,m II = oo. ,__..00 
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Therefore, by the Principle of Condensation of Singularities (Theorem 28.11 ), there exists 
some f E X (i.e., a continuous periodic real-valued function f on [0. 21!"]) satisfying 

lim sup !S11 ,m (f) I = lim sup I t qe-•kx., I = oo 
11-+00 11-+-00 k=-11 

for each m. This implies that the Fourier series off diverges at each point Xm. • 

EXERCISES 

1. Show that sin" x is a linear combination of 

{1, sinx, cosx, sin 2x, cos 2x, sin3x, cos 3x, ... , sinnx, cos nx }. 

Furthermore, show that the coefficients of the cosine terms are zero when n is an odd 
integer, and the coefficients of the sine terms are zero when 11 is an even integer. 

2. Show that the Dirichlet kernel Dn and the Fejer kernel K, satisfy 

11" 11" - D,(t)dt =- K,(t)dt =I. 
1f -:n: 1f -:n: 

3. Show that the norm of the linear functional S, defined in Example 35 satisfies 

!IS, II=..!_ { 2
" !D,(x- t)l dt. 

1r lo 
4. Show that the sequence of functions 

{ ( ~) 4 , ( ~) 4 cos x, ( ~) ~ cos 2x, ( ~) \os 3x , ( ~) t cos 4x, ... } 

is an orthonormal basis in L2[0, 1r]. Also show that the preceding sequence is an 
orthogonal sequence of functions in L2[0, 21!"] which is not complete. 

5. Show that the sequence of functions 

{
2t 2t 24 2t } 

(:;) sinx, (:;) sin2x, (:;) sin3x, (:;) sin4x, ... 

is an orthonormal basis of L2[0,1r]. Also prove that this set of functions is an orthog
onal set of functions in L2[0, 21f] which is not complete. 

6. The original Weierstrass approximation theorem showed that every continuous func
tion of period 21!" can be uniformly approximated by trigonometric polynomials. 
Establish this result. 

7. Find the Fourier coefficients of the function 

f(x) = - 2 { 
1 if 0 <X < Z!. 

0 if ~ ::::X < 21!". 



Section 35: FOURIER ANALYSIS 

8. Find the Fourier series of the function 

f(x) = { s~nx 
-sm.r 

if 0:::: x < rr 

if rr ::::; x < 2rr. 

9. Show that for each 0 < x < 2rr we have 

10. Show that 

00 • 

'"""' sm nx 
x=rr-2~---

ll=t 11 

x 2 rr 2 00 cosn.r - = rrx-- + 2'"""' --1 -2 3 ~ n-
11=1 

holds for all 0 :::: x :::: 2rr. (The value x = 0 yields L~ 1 ~ = ~2 
.) 

11. Show that 

1 4 1 ~(cosn.r rr sinn.r) 
x-=-rr-+4~ ------

3 11=1 n2 n 

holds for each 0 < x < 2rr. 
12. Consider the "integral" operator T: L2[0, rr] -+ L2[0, rr] defined by 

Tf(x)= fo" K(x,t)f(t)dt, 

where the kernel K: [0, rr] x [0, rr]-+ IR is given by 

K . _ ~ [sin(n + l).r] sin nt 
(.{, t)-~ 1 • 

11=! n-

Show that the norm of the operator T satisfies II T II = rr /2. 
[HINT: Use the basis described in Exercise 5.] 
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CHAPTER 7 _____________ _ 

SPECIAL TOPICS IN 
INTEGRATION 

The powerful techniques of measure and integration theory are utilized in many 
scientific contexts. However, in a number of applications, set functions that are not 
measures appear naturally. For this reason a study of more general set functions 
promises to be very fruitful. In this chapter the set functions known as "signed 
measures" will be investigated. 

Loosely speaking, a signed measure is an extended real-valued a-additive func
tion on a a -algebra of sets. The first section of the chapter deals with the algebraic 
and lattice structures of signed measures, while the following adheres to compar
ison properties of signed measures. The most important comparison properties 
are those of "absolute continuity" and "singularity." Regarding absolute continu
ity, the far-reaching classical Radon-Nikodym theorem is proven here: If a finite 
signed measure v on a a-algebra :E is absolutely continuous with respect to a 
a-finite measure J.L, then there exists a (unique) J.L-integrable function f such 
that 

v(A) = if dJ.L 

holds for all A E L This powerful theorem is used to show that L;(J.L) = Lq(J.L) 
holds for each 1 < p < oo. 

After comparing signed measures, our attention is turned to regular Borel mea
sures on a Hausdorff locally compact topological space X. Another classical result, 
known as the "Riesz Representation Theorem," is proved: If F is a positive linear 
functional on Cc(X), then there exists a unique regular Borel measure J.L such that 

F(f) = If dJ.L 

holds for all f E Cc(X). As an application of this theorem, the norm dual ofCc(X) 
will be characterized in terms of regular Borel measures. 

325 
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The last two sections of this book deal with differentiation and integration 
in !Rn. First, the study focuses on the differentiation of Borel signed measures 
on IR". It will be shown that every Borel signed measure is differentiable al
most everywhere. This basic theorem will then be used effectively to derive the 
classical results about ordinary derivatives of functions of bounded variation. 
Finally, a detailed proof of the familiar "change of variables formula" will be 
presented. 

36. SIGNED MEASURES 

Throughout this section, :E will be a fixed a -algebra of subsets of a set X, and the 
measures considered will be assumed defined on :E. Since a variety of measures will 
be studied, it is a custom (for simplicity) to caii the members of :E the measurable 
subsets of X. 

Let /.L and v be two measures, and let a 2: 0. Then the two set functions 11. + v 
a..nd a tt defined by 

(/.L + v)(A) = /.L(A) + v(A), 

(a/1-)(A) = a/.L(A) 

for each A E :E are obviously measures. That is, the coiiection of ali measures 
on :E is closed under addition and also by multiplication by nonnegative scalars. 
Clearly, this coiiection cannot be a vector space since multiplication by -1 yields 
negative-valued set functions. 

An order relation :::; can be introduced among measures by letting /.L :::; v 
whenever /1-(A) :::; v(A) holds for each A E :E. The reader should stop and check 
that :::; is indeed an order relation. Remarkably, the coiiection of all measures 
under this ordering is a lattice. That is, for every pair /.L and v of measures, the 
least upper bound 11. v v and the greatest lower bound 11. A v exist. The details are 
included in the next theorem. 

Theorem 36.1. The collection of all measures on :E forms a lattice, wherefor 
each pair of measures 11. and v the lattice operations are gil·en by 

/.L v v(A) = sup{/.L(B) + v(A \B): B E :E and B ~ A}, and 

11. A v(A) = inf{/.L(B) + v(A \B): B E :E and B ~A} 

for each A E :E. Moreover, 

/1. A v + f1. V v = /.L + v. 
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Proof. Let /.L and v be a pair of measur~s on L For each A E I: define 

w(A) = sup{/.L(B) + v(A \B): B E I: and B ~A}. 

First, we shall verify that w is a measure, and then, that it is the least upper bound 
of /.Land v. 

Clearly, w(A) :::: 0 holds for each A E I: and w(0) = 0. It remains to be shown 
that w is a-additive. To this end, let {An} be a disjoint sequence of I: and put 
A=U:1A,.. 

If B E I: satisfies B ~ A, then 

!.L(B) + v(A \B) = i.L ( Q A,. n B) + v ( Q(A,. \B)) 

00 

= l)!.L(A,. n B)+ v(A,. \(A,. n B))] 
n=1 

00 

~ _Lw(An), 
11=1 

and so, w(A) ~ L::1 w(A,.) holds. 
For the reverse inequality, note that if w(A) = oo, then w(A) = L::1 w(A,.) = 

oo is clearly true. Hence, assume w(A) < oo, and let E > 0; clearly, w(A,.) ~ 
w(A) < oo holds for all n. Thus, for each n there exists some B,. E I: with 
B,. ~A,. and /.L(B,.) + v(A,. \ B,.) > w(A,.)- r=2-n. Obviously, {Bnl is a disjoint 
sequence of I:, and if B = U:1 B,. ~A, then U:1(A,. \B,.) =A \B holds. 
Moreover, 

w(A) :;:: /.L(B) + v(A \B) = i.L ( Q B,.) + v ( Q A,. \ B,.) 

00 00 

= L[ /.L(B,.) + v(A,. \ B,.)] :;:: _L[w(A,.)- E2-"] 
11=1 11=1 

00 

= _Lw(A,.)- E 

11=1 

holds for each E > 0. That is, w(A) :::: L::1 w(A,.) and so w(A) = L::1 w(A,.), 
as required. 
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It should be clear that J.L :::: w and v :::: w both hold. Now, assume that another 
measure rr satisfies J.L :::: rr and v :::: rr. Let A E I:. If B E I: satisfies B ~ A, then 

JJ.(B) + v(A \B) :::: rr(B) + rr(A \B) = rr(B U (A\ B)) = rr(A), 

and so, w(A):::: rr(A) holds for each A E :E. That is, w:::: rr, and therefore, w is 
the lest upper bound of J.L and v. That is, w = J.L v v. The proof of the infimum 
parallels the preceding one and is left for the reader. 

To see that J.L 1\ v + J.L v v = J.L + v holds, let A E I:. Then for every B E I: 
with B ~ A we have 

J.L(B) + v(A \B)+ J.L v v(A) :::: J.L(B) + v(A \B)+ J.L(A \B)+ v(B) 

= J.L(A) + v(A), 

J.L 1\ v(A) + J.L(B) + v(A \B) :::: J.L(A \B)+ v(B) + J.L(B) + v(A \B) 

= J.L(A) + v(A). 

By taking the inf and sup over all measurable subsets B contained in A, the 
preceding inequalities yield J.L 1\ v(A) + J.L v v(A) = J.L(A) + v(A), and the proof 
is complete. • 

The formula J.L 1\ v + J.L v v = J.L + v is reminiscent of the familiar identity in 
vector lattices. 

The next result describes an order completeness property of the lattice of all 
measures. 

Theorem 36.2. /fa sequence {J.Ln) of measures satisfies J.L 11 t (i.e., J.Ln ::=: J.Ln+l 
for each 11), then the set function J.L: I: ~ [0, oo] defined by JJ.(A) = lim J.L,(A) 
for each A E I: is a measure. Moreover, J.L 11 t J.L holds; that is, J.L is the least 
upper bound of the sequence {J.L11 }. 

Proof. Clearly, 0 :::: J.L(A) :::: oo for each A E I: and J.L(0) = 0 hold. Also, if 
A ~ B, then J.L(A) :::: J.L(B) is obviously true. 

For the a-additivity, let {A,) be a disjoint sequence of :E. Let A = U:1 A,. 
In view of J.Lk(A) = L::1 J.L~(A 11 ) :::: L:: 1 J.L(A,) for each k, it follows that 
J.L(A) :::: L::1 J.L(A,). On the other hand, for each k we have 

~ k . (k ) 
~ J.L(A;) = lim ~ J.L 11 (A;) = lim J.Ln U A; :S lim J.L 11 (A) = J.L(A), 
~ 11_,.00 ~ n-+oo n-+OC 
i=l i=l i=l 

and so, L:;:1 J.L(A;):::: J.L(A) also holds. Thus, J.L(A) = L::1 J.L(A,), as required. 
The verification of J.L 11 t J.L is straightforward. • 



Section 36: SIGNED MEASURES 329 

As mentioned before, multiplication of a measure by -1 yields a negative-valued 
set function. For this reason, it is desirable to' consider a -additive set functions that 
also assume extended negative values. However, if we do this, we run immediately 
into trouble. Suppose that a set function w ~ -+ JR* satisfies J.L(A) = oo and 
J.L(B) = -oo, with A n B = (/). If J.L is to be additive, then J.L(A U B) = J.L(A) + 
J.L(B) = oo- oc must hold, and we face the problem of having to give a meaning 
to the expression oo - oo. 

The preceding difficulty can be avoided by excluding from the range of the 
set function at least one of the infinite values. If this is assumed, then the form 
oo - oo does not appear, and the additivity property does not cause problems. To 
be distinguished from a measure, such a a-additive set function is usually referred 
to as a signed measure. Its precise definition follows. 

Definition 36.3. A set function w ~ -+ IR* is said to be a signed measure if 
it satisfies the following properties: 

a. J.L assumes at most one of the values oo and -oo, 
b. J.L(0) = 0, and 
c. J.L is a-additive, that is, if {A,} is a disjoint sequence of members of~, 

then /1( U~1 A,)= I::1 J.L(A,) holds. 

If J.L is a signed measure, and a disjoint sequence {A,} of~ satisfies IJ.L( U:1 A,)l 
< oo, then (since every permutation of {A,} has the same union as the original 
sequence) it follows from (c) of the preceding definition that I::1 J.L(A,) is re
arrangement invariant. Thus, I::1 IJ.L(A,)I is convergent in IR (see Exercise 7 of 
Section 5). 

Clearly, every measure is a signed measure. Also, (b) and (c) of Definition 36 
together show that every signed measure is finitely additive. The next few results 
will reveal that signed measures behave in a manner similar to measures. The first 
one informs us that a signed measure is always subtractive. 

Theorem 36.4. Let J.L be a signed measure on ~. and let A E ~be such that 
IJ.L(A)I < oo.lf B E ~satisfies B £; A, then IJ.L(B)i < oo and 

J.L(A \B) = J.L(A) - J.L(B). 

Proof. The identity A = (A\ B) U B combined with the additivity of J.L imply 
J.L(A) = J.L(A \B)+ J.L(B). Since J.L(A) is a real number and J.L assumes at most 
one of the values oo and -oo, it follows that both J.L(A \B) and J.L(B) are real 
numbers. Now. the identity J.L(A \ B) = J.L(A) - J.L(B) should be obvious. • 

An immediate and useful conclusion of the preceding theorem is the following: 
If a set A E ~ has a measurable subset of infinite signed measure, then A itself 
has infinite signed measure. 
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The usual continuity properties of measures are inherited by signed measures. 

Theorem 36.5. For a signed measure /.L and a sequence { A11 } of :E, the fol
lowing statements hold: 

a. If A11 t A, then lim /.L(An) = /.L(A). 
b. If A11 .j.. A and /.L(A~) is a real number for at least one k, then 

Proof. Repeat the proof of Theorem 15.4 taking into consideration the con-
clusion of Theorem 36.4. • 

A measurable set A is said to be a positive set with respect to a signed measure 
/.L. in symbols A ::: 0, whenever /.L(E nA) ::: 0 holds for each E E :E. Equivalently, 
A set A E :E is a positive set whenever /.L(E) ::: 0 holds true for all E E :E with 
E ~A. 

Obviously, the empty set is a positive set. Also, it should be clear that any 
measurable subset of a positive set is likewise a positive set. In addition, any 
countable union of positive sets is a positive set. To see this, let {An} be a sequence 

of positive sets and let A= U:1 A11. Now, let Bt =At. B.,+ I = A11+l \ U;'=t A; 
for n ::: 1, and note that {Bn} is a disjoint sequence such that A = U:1 B11 . Since 
B 11 ~ A, holds for all n, it follows that each B n is a positive set. Therefore, for each 
measurable set E wehave/.L(EnA) = i.LCU:1 EnBII) = I::1 !.L(EnBII)::: 0, 
so that A is a positive set. 

Similarly, a set A is called a negative set for a signed measure /.L. in symbols 
A :::: 0, whenever /.L(A n E) :::: 0 holds for each E E :E. As before, measurable 
subsets of negative sets are negative, and countable unions of negative sets are 
likewise negative sets. 

The next lemma is a basic result for this section and guarantees the existence of 
nonempty positive sets. 

Lemma 36.6. Let /.L be a signed measure on :E, and let E E :E with /.L(E) > 0. 
Then there exists a positive set A such that A ~ E and /.L(A) > 0. 

Proof. If for every measurable subset B of E we have /.L(B) ::: 0, then E is 
itself a positive set and there is nothing to prove. Thus, assume that there exists 
some B E :E with B ~ E and /.L(B) < 0. 

By Zorn's lemma (how?) there exists a maximal collection C of mutually dis
joint measurable subsets of E such that /.L(C) < 0 holds for each C E C. We 
claim that Cis at-most countable. To see this, note first that C = U:1 C11 , where 
ell = {C E C: /.L(C) < - ~ }. On the other hand, if some Cn is not finite, then it 
must contain a countable subset of C, say {C1, C2, ... }. But then, the measurable 
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set C = u:. C; satisfies C ~ E, and J.L(C) = L::1 J.L(C;) = -oo. This implies 
J.L(E) = J.L(E \C)+ J.L(C) = -oo, which is a contradiction. Thus, each C11 is finite, 
and so C is at most countable. 

Hence, the set D = Ucec C belongs to :E, and we claim that A = E \Dis a 
positive set satisfying J.L(A) > 0. Indeed, since 0 < J.L(E) = J.L(A) + J.L(D) and 
J.L(D) < 0, it is easy to see that J.L(A) > 0 holds. On the other hand, if J.L(F) < 0 
holds for some measurable subset F of A, then we can incorporate F into C and 
violate the maximality property of C. Thus, A is a positive set, and the proof is 
finished. • 

If J.L is a signed measure on :E and two disjoint sets A and B satisfy A =:: 0, B ~ 0, 
and AU B =X, then the pair (A, B) is referred to as a Hahn decomposition of 
X with respect to J.L. Loosely speaking, a Hahn decomposition is a splitting of the 
space X into two pieces, where J.L is positive on one of the pieces and negative on 
the other. Such a splitting always exists and is "essentially" unique, as the next 
theorem shows. 

Theorem 36.7. Let J.L be a signed measure on :E. Then X has a Hahn decom
position with respect to J.L. That is, there exist a positive set A and a negative 
set B such that X = A U B and A n B = rt;. 

Moreover, if(A, B) and (A1, B1) are two Hahn decompositions of X with 
respect to J.L, then 

a. J.L(A~A 1 ) = J.L(B~B 1 ) = 0, 
b. J.L(E n A)= J.L(E n A1), and 
c. J.L(E n B)= J.L(E n B1) 

hold for each E E :E. 

Proof. We can assume without loss of generality that J.L(E) =f:. oo holds for 
each E E :E (otherwise, replace J.L by -J.L). 

Put a = sup{J.L(E): E =:: 0} and note that a =:: 0. Choose a sequence {A,} of 
positive sets such that lim J.L(An) = a. Then A = u:,. A11 is a positive set, and 
since J.L(A,) ~ J.L(A) ~a, it follows that a = J.L(A) < oo. 

Now, we claim that B = X \ A is a negative set for J.L. To see this, assume by way 
of contradiction that there exists some measurable subset C of B with J.L(C) > 0. 
Then, by Lemma 36.5, there exists a positive set E with E ~ C and J.L(E) > 0. It 
follows that A U E =:: 0 and 

a + J.L(E) = J.L(A) + J.L(E) = J.L(A U E) ~ a < oo, 

which is impossible. Thus, (A, B) is a Hahn decomposition of X with respect to J.L. 
For the "uniqueness" of the Hahn decomposition, let (A 1, B1) be another Hahn 

decomposition of X. Since A\ A1 ~A and A\ A1 =An A~= An B1 ~ B1, it 



332 Chapter 7: SPECIAL TOPICS IN INTEGRATION 

follows that fl(A \ A 1) :::=: 0 and fl(A \ A 1) =::: 0, that is, fl(A \A 1) = 0. Similarly, 
fl(A 1 \A)= 0, and so 

Now, if E E I:, then 

fl(EnA) = fl(En[(A\A 1)U(AnA 1)]) 

= fl(En(A\A 1))+fl(EnAnA1) 

= fl(E nAn A1) = fl(E n (AI \A))+ fl(E nAn A1) 

= fl(E n [(A • \A) u (A • n A)]) = fl(E n A • ). 

By the symmetry of the situation, the corresponding formulas for B and B1 are 
aiso true, and the proof is finished. • 

If (A, B) is a Hahn decomposition of X with respect to a signed measure fl, 
then fl and -fl restricted to A and B, respectively, are in actuality measures. As 
we shall see, these two measures determine the structure of fl. 

Definition 36.8. Let fl be a signed measure on I:, and Let (A, B) be a Hahn 
decomposition of X with respect to fl. Then the three set functions 

fl+(E) = fl(.E n A), 

fl-(E) = -fl(E n B), and 

ifli(E) = fl(E n A)- fl(E n B)= fl+(E) + fl-(E), 

for each E E I: are called the positive variation, the negative variation, and 
the total variation of fl, respectively. 

A glance at Theorem 36.7 guarantees that the values of fl+,fl-, and lfll are 
independent of the chosen Hahn decomposition. Also, it should be clear that fl +, 

fl-, and IJL I are measures on :E. 
A signed measure fl is said to be a finite signed measure if fl(A) E lR holds 

for each A E :E. Note that in view of·Theorem 36.4, a signed measure fl is finite 
if and only if lfl(X)I < oo holds. Similarly the expression "fl is a finite measure" 
means that 0 =::: fl(A) =::: fl(X) < oo holds for all A E :E. Finally, let us say (as 
usual) that a signed measure is a-finite if there exists a disjoint sequence {An} of 
I: with X = U:1 An and fl(An) E lR for each n. 
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From Definition 36.8 it follows that 

holds. This identity is known as the Jordan 1 decomposition of the signed measure 
p.. Moreover, if (A, B) is a Hahn decomposition, then in view of the inequalities 
p.+(E) ::;:: p.(A) and p.-(E) ::;:: -p.(B) for each E E :E, it follows that at least 
one of the measures p. + and p.- is a finite measure. Thus, after all, the Jordan 
decomposition shows that each signed measure is the difference of two measures, 
at least one of which is a finite measure. 

Some other useful expressions for the different variations of a signed measure 
are presented next. 

Theorem 36.9. Let p. be a signed measure on :E. Then for every E E :E the 
following formulas hold: 

l. p.+(£) = sup(p.(F): F E :E and F s; £}. 
2. p.-(E) = sup(-p.(F): FE :E and F s; £}. 
3. IP.I(E) = sup(L lp.(F;)I: (F;} s; :E is finite and disjoint with U F; s; £}. 

Proof. Let (A, B) be a Hahn decomposition of X with respect to p., and let 
E E :E. 

(I) Clearly, p.+(£) = p.(E n A)::;:: sup{p.(F): F E :E and F s; E} holds. On 
the other hand, if F E ~ satisfies F s; E, then 

p.(F) = p.(F n A)+ p.(F n B) ::;:: p.(F n A) ::;:: p.(E n A)= p.+(E), 

so that sup{p.(F): F E ~ and F s; E} ::;:: p.+(£). Therefore, the identity in (I) 
holds. 

(2) This follows from (I) by observing that p.- = ( -p.)+. 
(3) Let 

v(E) = 

sup {L lp.(F;)I: (F;} is a finite disjoint collection of~ with U F; s; E }· 

Then, 

IP.I(E) = p.+(E) + p.-(E) = p.(E n A)- p.(E n B) 

= lp.(E n A)l + lp.(E n B)l ::;:: v(E). 

1 Camille Jordan ( 1838-1921 ), an eminent French mathematician. He was considered a "universal" 
mathematician because he published papers in virtually all areas of mathematics of his time. His main 
contributions were in group theory. 
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Now, let { F1, ••• , F,.} be a finite disjoint collection of I: such that U;'=• F; 5:;; E. 
Then 

II II II 

L IJ.L(F;)I = L IJ.L+(F;)- J.L-(F;)I.::: L [J.L+(F;) + J.L-(F;)] 
i=l i=l i=l 

n ( " ) = 61J.LI(F;) = IJ.LI ~ F; .::: IJ.LI(E). 

This implies v(E) _::: IJ.Li(E). Thus, IJ.Li(E) = v(E) holds, and the proof of the 
theorem is complete. • 

It is easy to establish, but important to observe, the following inequality regard
ing the total variation: 

IJ.L(A)I .:=: IJ.LI(A) for each A E I:. 

Summarizing, the different variations of a signed measure J.L satisfy the following 
identities: 

a. J.L = J.L+- J.L- and IJ.LI = J.L+ + J.L-. 
b. Jl+ 1\ Jl- = 0. 
c. Jl- = (-J,L)+. 

They are, of course, reminiscent of the usual identities of vector lattices. Fur
thermore, they suggest that the set of all signed measures forms a vector lattice. 
Unfortunately, this is not the case. Although the (pointwise) sum of two measures 
is always defined, the sum of two signed measures may fail to exist for the very 
simple reason that by adding the signed measures pointwise one might encounter 
the expression oo - oo. 

However, if we restrict ourselves to the collection M(:E) of all finite signed 
measures, then we obtain a vector lattice. Note first that a signed measure J.L 
satisfies J.L E M(I:) if and only if IJ.LI(X) < oo. Indeed, if IJ.LI(X) < oo, then clearly, 
J.L E M(:E). On the other hand, if J.L E M(I:), then the identity J.L = J.L+ - J.L
with either J.L+ or J.L- finite shows that J.L + and J.L- are both finite, and so IJ.LI(X) = 
J.L+(X) + J.L-(X) < oo. (Because of the last statement, the finite signed measures 
are also known as the signed measures of finite total variation.) 

Clearly, if J.L, v E M(I:), then J.L + vand aJ.L belong to M(:E), where, of course, 
(J.L + v)(A) = J.L(A) + v(A) and (aJ.L)(A) = CiJ.L(A) for each A E :E and a E JR. 
That is, M(:E) is a vector space. Now, if J.L _::: v means J.L(A) _::: v(A) for each 
A E :E, then _::: is an order relation under which M (:E) is a vector lattice. Its lattice 
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operations are given by 

f..L v v(A) = sup{J.L(B) + v(A \B): B E :E and B £;;;A}, and 

f..L A v(A) = inf[J.L(B) + v(A \B): B E :E and B £;;;A). 

335 

The preceding formulas, combined with Theorem 36.9, show that f..L+ = f..L v 0, 
f..L- = ( -J.L) v 0, and IJ.LI = f..L v ( -J.L) in M(:E) are precisely the positive, negative, 
and total variations of f..L as given by Definition 36.8. 

The next thing to observe is that IIJ.LII = IJ.LI(X) defines a norm on M(:E). 
Indeed, 

a. IJ.LI(X) 2':: 0 holds, and since IJ.L(A)I .::: IJ.LI(A) .::: IJ.LI(X) = IIJ.LII for each 
A E :E, we have IIJ.LII = 0 if and only if f..L = 0. 

b. llaJ.LII = laJ.LI(X) = lal · IJ.LI(X) = lal · (IJ.LI(X)) = lal · IIJ.LII. 
c. IIJ.L +vii= IJ.L + vi(X).::: (IJ.LI + lvi)(X) = IJ.LI(X) + lvi(X) = IIJ.LII +II vii. 

It is also true that 11·11 is a lattice norm on M(:E). Indeed, if IJ.LI .::: lvl holds, then 
IIJ.LII = IJ.LI(X).::: lvi(X) =II vii. Therefore, M(:E) is anormed vector lattice which 
is actually a Banach lattice, as the next result shows. 

Theorem 36.10. The collection of all finite signed measures on a a-algebra 
is a Banach lattice. 

Proof. According to the preceding discussion, it remains to be shown that 
M(:E) is a Banach space. To this end, let {f.J-11 } be a Cauchy sequence of M(:E). We 
have to show that there exists some f..L E M(:E) such that 

lim IIJ.Ln-f.J-11 =0. 
11-+00 

Let E > 0. Choose some k such that llf.J- 11 - f..Lm II < E for all m, n 2':: k. The 
inequalities 

show that {J.L11 (A)} is a Cauchy sequence of real numbers for each A E :E. Let 
J.L(A) = Iimf..L11 (A), so that f..L is a real-valued set function. From(*) it follows 
that 

IJ.Ln(A)- J.L(A)I .::: E for each A E :E and n 2':: k. (**) 
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Clearly, J.L((/J) = lim J.L 11 ((/J) = 0. For the a-additivity of J.L, Jet {A,} be a disjoint 
sequence of :E, and let A= U:1 A,. Then 

It [J.L~(A;)- J.L,(A;)] I ::=: t IJ.Lk(A;)- J.Ln(A;)I ::=: IJ.L~- J.L,I(A) 

::=: IIJ.Lk- J.Lnll < E 

holds for all p and n 2:: k. Hence, 1:Lf=1 [J.L~ (A;) - J.L(A; )]I :::: E holds for each p. 
Now, choose no such that IJ.Lk(A)- :Lf=1 J.Lk(A; )I < E for all p > no, and note that 

I J.L(A)- t J.L(A;) I :::: IJ.L(A) - J.Lk(A)I + I J.Lk(A) - t J.L~ (A;) I 

+It [J.Lk(A;)- J.L(A;)] I < 3E 

holds for all p 2:: no. Therefore, J.L(A) = 2:::1 J.L(A,), and so J.L E M(:E). 
Finally, combining(**) with Theorem 36.9, we get 

(J.Ln - J.L)+(X) = sup{J.L,(A)- J.L(A): A E :E) :;:: E 

and (J.Ln - J.L)-(X) :::: E for all 11 2:: k. Hence, 

holds for ail n 2:: k. That is, lim IIJ.L, - J.LII = 0, as required. 

EXERCISES 

• 

1. Give an example of a signed measure and two Hahn decompositions {A, B) and 
(A 1 , B 1) of X with respect to the signed measure such that A =/= A 1 and B =/= B 1. 

2. If J1. is a signed measure, then show that J1. + 1\ J1.- = 0. 
3. If J1. is a signed measure, then show that for each A E :E we have 

IJ.ti(A) =sup { ~ IJ.t(A,)I: (A,} is a disjoint sequence of :E with 0 An= A}. 
n=l 

4. Verify that if J1. and v are two finite signed measures, then the least upper bound J1. v v 
and the greatest lower bound J1. 1\ v in M(:E) are given by 

J1. v v(A) = sup(J.t(B) + v(A \B): B E :E and B £ A), and 

J1. 1\ v(A) = inf{J.t(B} + v(A \B): B E :E and B £ A} 

for each A E :E. 
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5. Let A be the Lebesgue measure on the Lebesgue measurable subsets of JR. If J1. is the 
Dirac measure, defined by J.t(A) = 0 if 0 rt A and J.t(A) = I if 0 E A, describe A v J1. 
andAAJ.I.. 

6. Show that the collection of all a-finite measures forms a distributive lattice. That is, 
show that if J.l., v, and ware three a-finite measures, then 

(J.I. v v) A w = (J.I. A w) v (v A w) and (J.I. A v) v w = (J.t v w) A (v v w). 

[HINT: Every vector lattice is a distributive lattice.] 
7. If E is a a-algebra of subsets of a set X and J.t: E -+ IR* is a signed measure, then 

show that 

AIL+ nAIL- = AIILI· 

8. Let J1. and v be two measures on a a-algebra E with at least one of them finite. Assume 
also that Sis a semiring such that S ~ E, X E S, and that the a-algebra generated 
by S equals E. Then show that J1. = von E if and only if J1. = von S. 
[HINT: See Theorem 15.10; see also Exercise 11 of Section 20.] 

9. Let (X, S, J.t) be a measure space and let f E L 1 (J.t). Then show that 

v(A) = ifdJ.t 

for each A E AIL defines a finite signed measure on AIL. Also, show that 

v+(A) = i r dJ.t, v-(A) = i r dJ.t and lvi(A) = i If I dJ.t 

hold for each A E AIL. 
[HINT: Use Theorem 15.11.] 

10. Let v be a signed measure on E. A function f: X -+ IRis said to be v-integrable iff 
is simultaneously v+- and v- -integrable (in this case, we write J f dv = J f dv+ -
J f dv-). Show that a function f is v-integrable if and only iff E L 1 (I vi). 

11. Show that the Jordan decomposition is unique in the following sense: If v is a signed 
measure, and J.l.l and J.l.2 are two measures such that v = J.l.l - J.l.2 and J.l.l A J.l.2 = 0, 
then J.l.l = v+ and J.l.2 = v-. 

12. In a vector lattice x11 .j, x means that x,.+l ~ x11 for each n and that x is the greatest 
lower bound of the sequence (x,. }. A normed vector lattice is said to have a-order 
continuous norm if x11 .j, 0 implies limllx11 II = 0. 

a. Show that every L p(J.t) with 1 ~ p < oo has a-order continuous norm. 
b. Show that L00 ([0, 1]) does not have a-order continuous norm. 
c. Let E be a a-algebra of sets, and let (J.t11 } be a sequence of M(E) such that 

J1. 11 .j, J.l.. Show that limJ.t11 (A) = J.t(A) holds for all A E E. 
d. Show that the Banach lattice M(E) has a-order continuous norm. 

13. Prove the following additivity property of the Banach lattice M(E): If J.l.. v E M(E) 
aredisjoint(i.e., IJ.tl A lvl = 0}, then IIJ.t +vii= IIJ.tll +II vii holds. 
[HINT: In a vector lattice lxl A IYI = 0 implies lx + yl = lxl + IYI· Reason: 

lx + yl :::. llxi-IYII = lxl v IYI -lxll'l IYI = lxl v IYI = lxl + IYI :::. lx + Yl-l 

1-1. Let E be a a-algebra of subsets of a set X and let (J.t11 } be a disjoint sequence of 
M(E). If the sequence of signed measures (J.t11 } is order bounded, then show that 
limiiJ.t,.ll =0. 
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37. COMPARING MEASURES AND THE 
RADON-NIKODYM THEOREM 

Again, in this section, :E will be a fixed a-algebra of subsets of a nonempty set X 
and all set functions will be assumed defined on :E. 

Two important comparison notions for signed measures will be introduced here. 
Both notions will be defined in terms of measure properties. The first one is referred 
to as the "concept of absolute continuity." 

Definition 37.1. A signed measure vis said to be absolutely continuous with 
respect to another signed measure iJ-, in symbols v « 1-L or J1. » v, whenever 
A E :E and 1!-LI(A) = 0 imply v(A) = 0. 

Some characterizations of absolute continuity in terms of variations are included 
in the next result. 

Theorem 37.2. For a pair of signed measures J1. and v, the following state
ments are equivalent: 

a. v « Jl.. 
b. v+ « 11-LI and v- « 11-LI· 
c. lvl « IJJ.I. 

Proof. (a)===> (b) Let A e :E satisfy IJJ.I(A) = 0. If B e :E satisfies B f; A, 
then 11-LI(B) = 0, and so by our hypothesis v(B) = 0. Thus, 

v+(A) = sup{v(B): B e :E and B f; A}= 0. 

Similarly, v-(A) = 0, and so, both v+ « 11-LI and v- « 11-LI hold. 
(b)===> (c) If 1!-LI(A) = 0, then by hypothesis v+(A) = v-(A) = 0. Since 

I vi= v+ + v-, it follows that lvi(A) = 0, and thus I vi« I i-Ll· 
(c)===> (a) It follows from the inequality lv(A)I :::: lvi(A). • 

If a measure vis absolutely continuous with respect to another measure iJ-, then it 
is natural to expect some relationship between the iJ--measurable and v-measurable 
sets. The following theorem tells us the precise relationship: 

Theorem 37.3. For two measures 1-L and v on a a-algebra :E we have the 
following: 

a. If v « 1-L and a subset E of X satisfies 1-L *(E) = 0, then v*(E) = 0. 
b. lfv « 1-L and 1-L is a-finite, then All- f; Au holds. In particular, in this case 

every iJ--measurable function is also v-measurable. 
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Proof. (a) Assume t-L *(E) = 0. By Theqrem 15.11, there exists some A E :E 
such that E £;; A and t-L(A) = t-L *(E). From v « 1-L it follows that v(A) = 0. 
Therefore, 0 ~ v*(E) ~ v(A) = 0, so that v*(E) = 0. 

(b) Assume E is t-L-measurable such that t-L*(E) < oo. By Theorem 15.11, there 
exists some A E :E withE£;; A and t-L(A) = t-L*(E) < oo. But then t-L*(A \E)= 
0, and by (a) we have v*(A \E)= 0. Therefore, A\ E is v-measurable. The v
measurability of E now follows from the identity E =A \(A \E). Finally, the 
preceding conclusion, coupled with the a-finiteness of /-L. easily implies that Al-L £;; 
Av holds. • 

Now, let 1-L and v be two measures. If v ~ /-L, then it should be clear that v « t-L 
also holds. The converse of the latter is false. For instance, 2t-L « t-L holds for each 
measure /-L. and 2t-L ~ t-L is true only if t-L = 0. However, if v « t-L holds, then (up 
to a multiplication factor) t-L and v are "locally" comparable in 'the order sense. 
The exact details follow. 

Theorem 37.4. Let v be a finite nonzero measure, and let 1-L be a a-finite 
measure. If v is absolutely continuous with respect to /-L. then there exist some 
E > 0 and some A E :E with 0 < t-L(A) < oo such that 

Et-L(B) ~ v(B) 

holds for all B E :E with B £;; A. 

Proof. Let {En} be a disjoint sequence of :E such that X = U:, E,. and 
t-L(E,) < oo for each n. Since v is a nonzero measure, there exists some k with 
v(Ek) > 0. Choose some E > 0 so that 

By Lemma 36.6 there exists a measurable subset A of Ek that is a positive set for 
the signed measure v- E/-L satisfying (v- E t-L)(A) > 0. Clearly, t-L(A) < oo holds. 
Now observe that t-L(A) > 0. Indeed, if t-L(A) = 0 holds, then the last inequality 
yields v(A) > 0, contradicting the absolute continuity of v with respect to 1-L· On 
the other hand, the inequality (v - E/-L)(B) ~ 0 for each B E :E with B £;; A 
implies Et-L(B) ~ v(B), and the proof of the theorem is finished. • 

The opposite notion to absolute continuity is that of singularity. Two signed 
measures 1-L and v are said to be singular (or orthogonal), in symbols t-L .l v, if 
there existtwodisjointsets A and B of:E with AUB =X and lt-LI(A) = lvi(B) = 0. 

If 1-L is a signed measure, then Theorem 36.7 shows that 1-L + and 1-L- are two 
singular measures. The singularity concept is characterized in terms of lattice 
properties as follows. 
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Theorem 37.5. Two signed measures t-L and v are singular if and only if 
lt-LI/\ lvl = 0. 

Proof. Assume that 1-L .l v. Choose two disjoint sets A and B of :E with 
AU B =X and lt-LI(A) = ivi(B) = 0. Then 

0 ~ lt-LI" lvi(X) = lt-LI" lvi(A) + lt-LI" lvi(B) ~ lt-LI(A) + lvi(B) = 0, 

so that II-LlA I vi = 0. 
Conversely, assume that lt-LIA I vi= 0. By Theorem 36.1, for each n there exists 

some E, E :E such that lt-LI(En) + lvi(E~) ~ 2-". Let A,= U~n E;, and then let 
A= n:1 A, and B = Ac. Note that 

holds for alln, and thus, lt-LI(A) = 0. 
Now, observe that lvi(A~) = I vi( n~n E{) ~ 2-i for all i 2:. n implies 

lvi(A~) = 0 for each n. Therefore, since B = Ac = U::':1 A~, it follows that 
lvi(B) = 0. Hence, X = AU B and lt-LI(A) = lvi(B) = 0 hold, proving that 
1-L _l v. • 

The following list of statements presents a number of useful relationships be
tween absolute continuity and singularity. The set functions /-L. v, and ware signed 
measures on a common a-algebra :E. 

l. If 1-L «wand v « w, then lt-LI +I vi « w. 
2. If J1. .l wand v .l w, then lt-LI +I vi .l w. 
3. If t-L «wand I vi ~ lt-LI. then v « w. 
4. If t-L .l wand I vi~ lt-LI. then v .l w. 
5. If v « 1-L and v .l /-L. then v = 0. 

Their proofs are straightforward applications of the definitions and Theorems 
37.2 and 37.5. For instance, the proof of (5) goes as follows: Since v .l /-L. 
there exists some A E :E such that lvi(A) = lt-LI(Ac) = 0. From v « 1-L and 
Theorem 37.2, lvi(Ac) = 0, and so, lvi(X) = lvi(A)+ lvi(Ac) = 0. That is, I vi = 0, 
so that v = 0. 

Now, let 1-L be a a-finite measure. A classical result of H. Lebesgue asserts that 
any other a-finite measure v can be decomposed as a sum of two measures v1 and 
v2 such that v1 « t-L and v2 .l 1-L· Its proof will be based upon the following simple 
property of vector lattices: 

Lemma 37.6. In a vector lattice x, t x implies Xn 1\ y t x 1\ y for each y. 
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Proof. Note first that x11 1\ y t .::: x 1\ y h_olds. On the other hand, if x, 1\ y .::: z 
holds for each n and some z, then Theorem 30.1 (5) shows that 

(x 1\ y- ;)+ ,::: (x 1\ Y- X11 1\ y)+ .::: lx 1\ y- X11 1\ Yi .::: x - Xn. 

Hence, x11 .::: x - (x 1\ y - z)+ .::: x holds for each n. But then x11 t x implies 
(x 1\ y - z)+ = 0, and so, x 1\ y .::: z. That is, x 1\ y is the least upper bound of 
{x11 1\ y), so that X 11 1\ y t x 1\ y holds, as claimed. • 

We are now ready to state and prove the Lebesgue decomposition theorem. 

Theorem 37.7 (Lebesgue). Let f.L and v be two a-finite measures on :E. Then 
there exist Mo unique measures v1 and v2 such that 

Proof. Assume first that both f.L and v are finite measures. Then the formula 

v1(A) = sup{(v 1\ nJ.L)(A): n = I, 2, ... } .::: v(A) 

defines a finite measure on :E (Theorem 36.2). Moreover, if J.L(A) = 0, then 
clearly (v 1\ nJ.L)(A) = 0 for each 11. Thus, v1 (A) = 0, that is, v1 « f.L. Now, let 
v2 = v - v1, and note that v2 is a finite measure such that v1 + v2 = v. Next, 
observe that v 1\ llf.L t v, implies (J.L + v) 1\ (n + l)f.L = f.L + v 1\ nJ.L t f.L + v" 
and so, by Lemma 37.6, 

v 1\ (n + l)f.L = v 1\ (J.L + v) 1\ (n + l)f.L t v 1\ (f.L + v1). 

On the other hand, v 1\ (n + l )J.L t v1 implies v1 = v 1\ (f.L + v1 ). Thus, 

and hence, by Theorem 37.5, v2 j_ f.L. 
For the uniqueness of the decomposition, note first that v1 j_ ~- Indeed, since 

v2 j_ f.L, there exist two disjoint measurable sets A and B with X = A U B 
and v2(A) = J.L(B) = 0. Then v, « f.L implies v1 (B)= 0, so that v, j_ v2. Now, 
assume that another pair of measures Wt and ClJ2 satisfies w1 « f.L, w2 j_ f.L, and 
v = w1 + w2• Clearly, v, - Wt = w2 - v2 holds, and on one hand v, - w, « f.L, 
and on the other w2 - v2 j_ f.L. It follows that v, - w1 = w2 - v2 = 0, so that 
Vt = Wt and v2 = w2. 

For the general case, choose a disjoint sequence { A11 } of :E with v(A11 ) < oo, 
J.L(A11 ) < oo, and X= U:::, A11. Let v11(A) = v(A n A11 ) and f.L11 (A) = J.L(A n A11 ) 
for each A E :E. Then V11 and f.J- 11 are finite measures on :E. By the previous case, 
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for each n there exists a unique pair of measures (v(', v2) such that v(' « f.J- 11 , 

v(' j_ f.J- 11 , and v, = v(' + v2. Now, define 

00 00 

v1(A) = L v('(A) and v2(A) = L v~(A) 
11=1 11=1 

for each A E :E. It is a routine matter to verify that v1 « Jl, v2 j_ f..L, and 
v = v1 + v2. The uniqueness of VJ and v2 follows easily from the uniqueness of 
the decomposition of each V11 • • 

The identity v = v 1 + v2 provided by the preceding theorem (where v 1 « f..L 
and v2 j_ f..L), is called the Lebesgue decomposition of v with respect to f..L. 

Now, assume that f..L is a measure and f E L 1 (J.L). Then the formula 

for each A E :E defines a (typical) finite signed measure that is absolutely con
tinuous with respect to f..L. Sometimes formula(*) is referred to as the indefinite 
integral of f. A direct verification shows that 

hold for each A E :E. 
It is natural to ask whether the converse of the preceding statement is true. That 

is to say, whenever v is absolutely continuous with respect to Jl. does there exist 
some f E L 1 (f..L) such that v is given by ( * )? In general, the answer is negative; 
see Exercise 7 at the end of the section. On the other hand, whenever f..L is a-finite 
and v is finite, the answer is yes. This result is of great importance because of 
its wide range of applications. It is known as the Radon-Nikodym theorem. It 
was established first by J. Radon2 (in 1913) for the Euclidean spaces with the 
Lebesgue measure, and later (in 1930) 0. Nikodym3 extended it to the general 
case. 

Theorem 37.8 (Radon-Nikodym). Let v be a finite signed measure which is 
absolutely continuous with respect to a a-finite measure f..L. Then there exists a 

2Johann Radon (1887-1956), an Austrian ~athematician. He is well known for his contributions 
to analysis and especially to the calculus of variations. 

30uon Martin Nikodym (1889-1974), a Polish mathematician. He contributed to Boolean algebras, 
measure theory, and mathematical physics. 
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unique fwzction f in L 1 (JL) such that 

v(A) =it dJL 

holds for all A E ~. 

Proof. (Uniqueness.) This part is straightforward and is left for the reader; 
see Exercise 6 at the end of this section. (The function f is, of course, unique 
JL-a.e.) 

(Existence.) Clearly, v+ and v- are finite measures, both are absolutely contin
uous with respect to JL, and v = v+ - v- holds. This shows that we can assume 
without Joss of generality that v is itself a finite measure. By Theorem 37.3, we 
have ~ ~ AJJ. ~ A.,. 

Now, let 

C = { g E L1(11): g::: 0 JL-a.e. and i g dJL.::: v*(A) for all A E AJJ. }· 

Observe that C is closed under finite suprema. Indeed, if f, g E C and A E AJJ., 
then the two sets 

E = {x E A: f(x) ::: g(x)} and F = {x E A: g(x) > f(x)J 

are JL-measurable (and hence, v-measurable) and disjoint, and E U F =A. 
Therefore, 

itvgdJL = lfvgdJL+ lfvgdJL= ltdJL+ lgdJL 

.::: v~(E) + v*(F) = v*(E U F)= v*(A), 

so that f v g E C. 
Since 0 E C, the set Cis nonempty. Let 

a =sup { Jg dw g E C} .::: v(X) < oo. 

Choose a sequence {g,} of C with lim J g, dJL = a. Define f,, = g1 v · · · v g,. 
for each n, and note that {f,,} is a sequence of C with 0.::: f,, t and lim J f,, dJL = 
a < oo. By Levi's theorem (Theorem 22.8) there exists some f E L 1 (JL) such 
that f,, t f and J f dJL = a. In view of 0 .::: f,XA t !XA. J J,,v. dJL = 
JAin dJL .::: v*(A), and the Lebesgue dominated convergence theorem, it follows 
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that fAt dJL ~ v*(A) for each A E AJJ.; that is, t E C. To finish the proof, we 
show next that v(A) =fAt dJL holds for all A E ~-

Clearly, w(A) = v*(A)- fAt dJL for A E AJJ. defines a finite measure on AJJ. 
which is absolutely continuous with respect to JL *.Assume by way of contradiction 
that w i= 0. Then, by Theorem 37.4, there exists some € > 0 and some B E 

AJJ. such that 0 < JL*(B) < oo and EJL*(E) ~ w(E) for each E E AJJ. with 
E £; B. Moreover, the function g = t + € xs 2: 0 belongs to L 1 (JL ), and since 
a = J t dJL < J g dJL, the function g does not belong to C. On the other hand, if 
A E A 11 , then 

igdJL = i(f+EXs)dJL= itdJL+EJL*(BnA)~ itdJL+w(BnA) 

= { t dJL + v*(B n A)- { t dJL = { t d11 + v*(B n A) 
}A lsnA JA\B 

~ v.,.(A \B)+ v"'(B n A)= v"(A), 

and therefore g E C, which is a contradiction. The proof of the theorem is now 
complete. • 

The unique (JL-a.e.) function t determined by the Radon-Nikodym theorem is 
called the Radon-Nikodym derivative of v with respect to 11, in symbols 

dv 
- = t or dv = t d JL. 
dJL 

The function t is also referred to as the density function of v with respect to JL. 
In Section 31 it was shown that if (X, S, JL) is a measure space and l < p < oo, 

then for each g E Lq(JL), where;+~ = I, the function 

(**) 

for t E L p(JL) defines a continuous linear functional on L p(/1) such that IIF.r: II = 
llgllq· Also, in the same section we proved that the mapping g t-? F11 from Lq(JL) 
to L ;<JL) was a lattice isometry and promised the reader to establish that this 
lattice isometry is also onto. That is (according to F. Riesz), every member of 
L ;<JL) can be obtained from a function of Lq(JL) as in (**). With the help of the 
Radon-Nik.odym theorem, we are now in the position to establish this claim. 

Theorem 37.9 (F. Riesz). Let (X, S, JL) be a measure space, l < p < oo, 
and let F be a continuous lineartunctional on L p(JL). Then there exists a unique 
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g E L"(p.), where .!. + .!. = I, such that 
' p q • 

F(f) =I fg dp. 

holds for all f E Lp(IJ.). Moreover, IIFII = llgll,r 

Proof. The uniqueness of g has been discussed before. The proof of the "ex
istence" of g has two steps. 

Step I. Assume that (X, S, p.) is afmite measure space. 

Define v: All- ~ lR by v(A) = F(XA) for each A E Aw Clearly, v(0) = 0. 
Also, if [A,. I is a disjoint sequence of measurable sets and A= U:1 A,., then 

II t XA, - XA II = [p.*(A)- t p.*(A;)];. ~ 0. 
1-l p 1-l 

Therefore, by the continuity ofF, we have 

II II ( II ) 8 v(A;) = 8 F(XA) = F 8 XA; ~ F(XA) = v(A). 

That is, v(A) = .L::1 v(A,.) holds, and hence, vis a finite signed measure on Aw 
Moreover, if A E All- satisfies p. *(A)= 0, then XA = 0; therefore, v(A) = F(XA) = 
F (0) = 0, so that v is absolutely continuous with respect to p. *. 

By the Radon-Nikodym theorem, there exists a unique function g in L 1(p.) 
such that v(A) =JAg dp. holds for all A E Aw Thus, for every A E All- we have 
F(XA) = J XAg dp.. By linearity, it follows that F(¢) = J ¢g dp. for every step 
function ¢. Now let 

A = [x E X: g(x) :;:: 01 and B = [x EX: g(x) < 0}, 

and letO :::: f E Lp(IJ.). Choose a sequence of step functions[¢,. I withO:::: ¢n t f. 
Then ¢ 11 XAg = ¢,.g+ t Jg+ and limii¢11 XA- !XAIIp = 0. By the continuity 
ofF we have limf¢,.g+ dp. =lim F(¢11 XA) = FCfXA) < oo, and so, by Levi's 
theorem Jg+ E LJ(/J.) and F(fXA) = J Jg+ dp.. Similarly, fg- E LI(P.) and 
F(fxs) = - J fg- dp.. Thus, for every f E Lp(/J.) we have fg E LJ(P.) and 
F(f) = J fg dp.. To complete the proof of this case, it remains to be shown that 
g E Lq(IJ.). 

Tothisend,let£,. = [x EX: lg(x)l:::: nl,andthendefine/,1 = lglq-l XE.Sgng. 
Since each /,1 is essentially bounded, [f,, I s; L p(P.) holds, and moreover, we have 
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I 

jlglqXE., d!J. = J fngd!J. = F{f,l);:::: IIFII· (jiJ,IP d!J.);; 

I 

= IIFII· (JiglqXE .. d!J. r. 
from which it follows that <Jiglq XE. d!J.)~ ;:::: IIFII < oo for each 11. Levi's theorem 
now implies that g E Lq(!J.). 

Step II. The general case. 

For each A E AJJ. write Lp(A) = {f E Lp(/J-): f = 0 on Ac}, and note that 
Lp(A) = UxA: f E Lp{!J.)}. Also, let 

C = {A E A11 : !L*(A) < oo}. 

By the preceding case, it should be obvious that for each A E C there exists a 
unique gA E Lq(A) such that 

holds for all f E L p(!J.). Moreover, 

holds. Let a= sup{llgAIIq: A E C);:::: IIFII < oo. 
Now, observe that if A, B E C satisfy A £;; B, then gA = gs on A; therefore, 

!gAl ;:::: lgsl. and so, llgAIIq ;:::: llgsllq· It follows that there exists an increasing 
sequence {A,} ofC such that llgAJq t a< oo. The latter, combined with Levi's 
theorem, shows that the function g defined by g(x) = lim g A., (x) for each x E X 
belongs to Lq(IJ.). Clearly, g vanishes outside of the set A = U~1 A,. 

Next, we claim that F vanishes on L p(A c). Indeed, if F is not zero on L p(A c), 
then in view of the norm denseness of the step functions there exists some B E C 
with B £;; Ac, so that F does not vanish on Lp(B). Thus, g8 :;=!=0, and since 
B n An = 0 for alln, it follows that for each n 

holds. Since limllgA., llq =a, it follows that llgs llq = 0, which is impossible. Hence, 
F vanishes on Lp(Ac). 
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Now, let f E Lp(J.L). Note first that sinc.e g E Lq(J.L), we have fg E L 1(J.L). 
Thus, from fgA. ~ fg, lfgA.I :::: lfgl. and the Lebesgue dominated con
vergence theorem, it follows that lim J f g A. d J.L = J f g d J.L. Similarly, it fol
lows that limllfXA.- fXAIIp =0, and so, by the continuity ofF we must have 
lim F(/XA.,) = FUXA)· Therefore, 

F(J) = F<JXA + fXA') = F<JXA) + F<JXA') = F<JXA) 

= lim F<JxA.,) = lim jtgA., dJ.L = jtg dJ.L, 
11-+00 n-oo 

as required. 
The equality IIFII = llgllq was established in Theorem 31.16. The proof of the 

theorem is now complete. • 

The conjugate space of L 1 (J.L) will be considered next. If we assume that 
(X, S, J.L) is a a-finite measure space, then the norm dual of L 1 (J.L) is lattice iso
morphic to L00 (J.L). For a general measure space this may not be the case (see 
Exercise 16 of Section 31 ). 

Theorem 37.10. Let (X, S, J.L) be a a-finite measure space, and let F be a 
continuous linear functional on L 1 (J.L). Then there exists a unique g E L00 (J.L) 
such that 

F(J) =I Jg dJ.L 

holds for all f E LI(J.L). Moreover, IIFII = llgll 00 .ln other words, 

Proof. First consider a finite measure space (X, S, J.L). Then the arguments of 
Step I in the proof of Theorem 37.9 also apply here and show that there exists a 
unique function g E L 1 (J.L) such that F (f) = J f g d J.L holds for all f E L 1 (J.L ). 
Next, we show g E Loo(J.L) and II F II = llg lloo· 

Indeed, if E > 0, and A= {x EX: IIFII + E < ig(x)l}, then 

(IIFII+E)J.L*(A):::: iigldJ.L= igSgngdJ.L=F(XASgng) 

:::: IIFII · llxASgnglll = IIFII · J.L*(A) 

holds. Thus, J.L*(A) = 0, and so, ig(x)l :::: IIFII + E for almost all x. This shows 
that g E Loo(J.L) and that llglloo :::; IIFII +E. Since E > 0 is arbitrary, llglloo :::; IIFII 
holds. On the other hand, II Fll :::; llglloo holds trivially, and thus, II Fll = llglloo· 
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To extend the theorem to the a-finite case, let {X,.) be a disjoint sequence of 
measurable satisfying X = U: 1 X, and /.L * (X,.) < oo for each n. By the preceding 
case, for each n there exists a unique g, E L00 (/.L) which vanishes off X,., with 
llg,.lloo :5 IIFII and satisfying F(fxx.) = ffg,d/.L for each f E LI(/.L). Let g 
be the function that equals g, on each X,.. Clearly, g is measurable, and since 
llg lloo :5 IIF II, it follows that g E L00 (/.L). 

We leave now the details for the reader to verify that F(f) = J fg di.L holds for 
all f E L 1 (/.L). • 

As an application of Theorem 37.9 we shall establish that every Lp-space with 
1 < p < oo is a reflexive Banach space. Recall that a Banach space is said to be 
reflexive if the natural embedding of the space to its second dual is onto. 

Theorem 37.11. Let (X, S, /.L) be a measure space./f 1 < p < oo, then L p(/.L) 
is a reflexive Banach lattice. 

Proof. Let 4> E L ;*(/.L). Then 1/t(g) = tj>(F11 ) for g E Lq(/.L) defines a bounded 
linear functional on Lq(/.L), since 

11/t(g)l = 14>(F11 )1:::: 114>11 · IIF11 11 = 114>11 · llgllq· 

By Theorem 37.9, there exists some f E Lp(/.L) such that 1/t(g) = J gf di.L holds 
for all g E Lq(/.L). On the other hand, JCF.~) = F11 (f) = J gf di.L = 1/t(g) =At/>(F11 ) 
holds for all g E Lq(/.L), and this (by Theorem 37.9) guarantees that 4> = f. That 
is, the natural embedding of L p(/.L) to its second dual L ;*(/.L) is onto, and hence, 
L p(/.L) is a reflexive Banach lattice. • 

EXERCISES 

1. Verify the following propenies of signed measures: 

a. IJ. « IJ.. 
b. v « IJ. and IJ. « w imply v « w. 
c. If 0 :::: v :::: JJ., then v « IJ.. 
d. If 1J. « 0, then IJ. = 0. 

2. Verify statements (I) through (5) following Theorem 37.5. 
3. Let IJ. and v be two measures on a a-algebra E. If v is a finite measure, then show 

that the following statements are equivalent: 

a. v « 1J. holds. 
b. For each sequence {A,} of E with limJJ..(A,) = 0, we have lim v(A,) = 0. 
c. For each E > 0 there exists some 8 > 0 (depending on E) such that whenever 

A E E satisfies JJ.(A) < 8, then v(A) < E holds. 
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[HINT: If (a) does not imply (b), then there exists some E > 0 and a sequence {An I 
of :E such that J.L(A 11 ) < z-11 and v(A 11 ) > €. Let A= n~1 Ui:, A;, and note that 
J.L(A) = 0, while v(A) :=: E.] 

4. Let J.L be a finite measure and let { v11 I be a sequence of finite measures (all on :E) such 
that v11 « J.L holds for each n. Furthermore, assume that lim v11 (A) exists in lR for each 
A E :E. Then show that: 

a. For each E > 0 there exists some 8 > 0 such that whenever A E :E satisfies 
J.L(A) < 8, then v11 (A) < E holds for each n. 

b. The set function v: :E -+ [0, oo], defined by v(A) = lim v11 (A) for each A E :E, 
is a measure such that v « J.L· 

[HINT: Consider :E equipped with the distance d(A, B)= J.L(At:.B), where A and B 
are identified if J.L(At:.B) = 0. Then (:E, d) is a complete metric space; see Exercise 3 
of Section 31. Next, use v11 « J.L to verify that each v11 is a well-defined continuous 
function on :E. Furthermore, if E > 0, then each ck = {A E :E: lvii(A)- v,(A)I :::: 
E for n, m :::: kl is a closed set, and :E = u~l ck holds. By Theorem 6.18, some ck 
has an interior point. Use this and the preceding exercise to establish (a). Statement 
(b) follows from (a}.] 

5. Let {v11 I be a sequence of nonzero finite measures such that lim v11 (A) exists in lR for 
each A E :E. Show that v(A) =lim v11 (A) for A E :Eisa finite measure. 
[HINT: Consider the finite measure J.L(A) = L~l 2-11 [v11 (A)/v11 (X)], and then apply 
the conclusion of the preceding exercise.] 

6. Verify the uniqueness of the Radon-Nikodym derivative by proving the following 
statement: If (X. S, J.L) is a measure space and f E L 1 (J.L) satisfies fA f d J.L = 0 for 
all A E S, then f = 0 a.e. 

7. This exercise shows that the hypothesis of a-finiteness of J.L in the Radon-Nikodym 
theorem cannot be omitted. Consider X = [0, 1), :E the a-algebra of all Lebesgue 
measurable subsets of[O, I), v the Lebesgue measure on :E and J.L the measure defined 
by J.L(ClJ) = 0 and J.L(A) = oo if A # rtJ. (Incidentally, J.L is the largest measure on :E.) 
Show that: 

a. v is a finite measure, J.L is not a-finite, and v « J.L. 
b. There is no function f E L 1 (J.L} such that v(A) = fA! d J.L holds for all A E :E. 

8. Let J.L be a finite signed measure on :E. Show that there exists a unique function 

f E L 1 (IJ.Lil such that 

J.L(A) = if diJ.LI 

holds for all A E :E. 
9. Assume that v is a finite measure and J.L is a a-finite measure such that v « J.L. Let 

g = dvfdJ.L E L 1 (J.L) be the Radon-Nikodym derivative of v with respect to J.L. Then 
show that: 

a. IfY = {x EX: g(x) > O),thenYnAisaJ.L-measurablesetforeachv-measurable 
set A. 

b. Iff E L1(v}, then fg E LI(J.L) and J f dv = J fgdJ.L holds. 
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[HINT: Note first that :E ~ AJ.L ~ Au holds, and then(byTheorem 15.10) that v*(A) = 
JAg dJJ. must hold for each A E AJ.L; hence, v*(Yc) = 0. For (a) use Theorem 37.3 
and the fact that :Eisa a-algebra. Now, if¢ = L:i'=l a; XA; is a v-step function, then 

f¢dv = ta;v*(A;) = ta;v*(A; nY) = ta; f gdJJ. = f¢gdJJ., 
i=l i=l i=l jA;nY 

and so, ¢g E Lt(JJ.). Now, ifO :5 f E L1(v), then pick a sequence(¢,) of v-step 
functions such that 0 :5 ¢,(x) t f(x) for all x EX. To finish the proof, observe that 
0:5 ¢,g t fg and f¢,gdv = f¢11 dv t J f dv < oo.] 

10. Establish the chain rule for Radon-Nikodym derivatives: If w is a a-finite measure and 
v and JJ. are two finite measures (all on :E) such that v « JJ. and JJ. « w, then v « wand 

dv dv dJJ. 
dw = d JJ. · dw ' w-a.e., 

holds. 
[HINT: Use the preceding exercise.] 

11. All measures considered here will be assumed defined on a fixed a-algebra :E. 

a. Call two measures JJ. and v equivalent (in symbols, JJ. = v) if JJ. « v and v « JJ. 
both hold. Show that= is an equivalence relation among the measures on :E. 

b. If JJ. and v are two equivalent a-finite measures, then show that All = A11 • 

c. Show that if JJ. and v are two equivalent finite measures, then 

dJJ. dv 
dv · dJJ. = I a.e. holds. 

d. If JJ. and v are two equivalent finite measures, then show that f r+ f · !f/f,, 
from L 1 (JJ.) to L 1 (v), is an onto lattice isometry. Thus, under this identification, 
LI(JJ.) = Lt(v) holds. 

e. Generalize (d) to equivalent a-finite measures. That is, if JJ. and v are two equiv
alent a-finite measures, then show that the Banach lattices L 1 (JJ.) and L 1 (v) are 
lattice isometric. 

f. Show that if JJ. and v are two equivalent a-finite measures, then the Banach lattices 
L P (JJ.) and L P ( v) are lattice isometric for each I :5 p :5 oo. 

12. Let JJ. be a a-finite measure, and let AC(JJ.) be the collection of all finite signed 
measures that are absolutely continuous with respect to JJ.; that is, 

AC(JJ.) = [v E M(:E): v « JJ.). 

a. Show that AC(JJ.) is a norm closed ideal of M(:E) (and hence, AC(JJ.) with the 
norm II vii= lvi(X), is a Banach lattice in its own right). 

b. For each f E Lt(JJ.), let IJ.J be the finite signed measure defined by JJ.J(A) = 
fA f d JJ. for each A E :E. Then show that f t-+ JJ. f is a lattice isometry from 
LI(JJ.) onto AC(JJ.). 

13. Let :E be a a-algebra of subsets of a set X and JJ. a measure on :E. Assume also that 
:E* is a a-algebra of subsets of a set Y and that T: X --+ Y has the property that 
r- 1 (A) E :E for each A E :E*. 



Section 37: COMPARING MEASURES AND THE RADON-NIKODYM THEOREM 351 

a. Show that v(A) = J.L(T- 1 (A)) for each A E E* is a measure on E*. 
b. If f E L 1 ( v ), then show that f o T E L 1 (J.L) and 

frt dv = fxt o T dJ.L. 

c. If J.L is finite and w is a a-finite measure on E* such that v « w, then show that 
there exists a function g E L 1 (w) such that 

fxtoTdJ.L= ifgdw 

holds for each f E L1(v). 

14. Let (X, S, J.L) be a a-finite measure space, and let g be a measurable function. Show 
that if for some 1 .:=: p < oo we have f g E L 1 (J.L) for all f E L p(J.L), then g E Lq (J.L), 
w~ere j, + ~ = I. Also, show by a counterexample that for 1 < p < oo, the a
fimteness of J.L cannot be dropped. 
[HINT: We can assume that g ::: 0 (why?). Then F(f) = J fgdJ.L for f E Lp(J.L) 
defines a positive linear functional on Lp(J.L). By Theorem 30.10, F is continu
ous. Now, by Theorems 37.9 and 37.10 there exists some h E Lq(J.L) such that 
J fg dJ.L = J fh dJ.L for each f E Lp(J.L). Show that g = h a.e. holds.] 

15. Let (X, S, J.L) be a a-finite measure space, g a measurable function, and 1 .::: p < 
oo. Assume that there exists some real number M > 0 such that cpg E L 1 (J.L) and 
J cpg dJ.L.::: Mil¢ lip holds for every step function¢. Then show that: 

a. g E Lq(J.L), where t + ~ = 1, and 
b. J fg dJ.L .::: M 11/llq holds for all f E L p(J.L). 

16. Let J.L be a Borel measure on JR.k and suppose that there exists a constant c > 0 such 
that whenever a Borel set E satisfies A.(£) = c, then J.L(E) = c. Show that J.L coincides 
with >.., i.e., show that J.L = >... 

17. Let J.L and v be two a-finite measures on a a-algebra E of subsets of a set X such that 
v « J.L and v # 0. Show that there exist a set E E E and an integer n such that 

a. v(E) > 0; and 
b. A E E and A ~ E imply ~J.L(A).::: v(A).::: nJ.L(A). 

18. Let J.L be a finite Borel measure on [ 1, oo) such that 

a. J.L «>..,and 
b. J.L(B) = aJ.L(aB) for each a::: 1 and each Borel subset B of [l,oo), where 

aB = {ab: b E B). 

If the Radon-Nikodym derivative dJ.Lfd>.. is a continuous function, then show that 
there exists a constant c ::: 0 such that [dJ.L/dA.](x) = c/x2 for each x ::: I. 

19. Let J.L be a finite Borel measure on (0, oo) such that 

a. J.L «>..,and 
b. J.L(aB) = J.L(B) for each a > 0 and each Borel subset B of (0, oo). 

If the Radon-Nikodym derivative is a continuous function, then show that there exists 
a constant c::: 0 such that [dJ.L/dA.](x) = cfx for each x > 0. 
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38. THE RIESZ REPRESENTATION THEOREM 

In this section, X will denote a Hausdorff locally compact topological space. 
Recall that Cc(X) denotes the vector lattice of all real-valued continuous functions 
defined on X having compact support. That is, f: X ~ 1R belongs to Cc(X) if 
and only iff is continuous and vanishes off a compact set. The main purpose of 
our discussion here is to characterize the positive linear functionals on Cc(X). As 
usual, a linear functional F on Cc(X) is said to be positive if 0 ;:::: F(f) holds 
whenever 0 ;:::: f E Cc(X). 

Clearly, every continuous function on X is Borel measurable. Thus, if 1-L is a 
Borel measure on X (i.e., 1-L is a measure on the a-algebra B generated by the open 
sets and satisfies t-L(K) < oo for each compact set K), then the formula 

F(f) = J f dt-L, f E Cc(X), 

defines a positive linear functional on Cc(X). In general, ifF is a positive linear 
functional on Cc(X) and a Borel measure t-L on X satisfies F(f) = J f dt-L for each 
f E Cc(X), then t-L is called a representing measure for F (or that 1-L represents 
F). The following basic result (known as the Riesz representation theorem) will 
be obtained: Every positive linear functional on Cc(X) is represented by a unique 
regular Borel measure. 

Recall that a Borel measure t-L on X is called a regular Borel measure (see 
Definition 18.4) if t-L satisfies the following two extra properties: 

a. t-L(B) = inf{t-L(V): V open and B ~ VJ for each Borel set B; and 
b. t-L(V) = sup{t-L(K): K compact and K ~ V} for each open set V. 

Of course, the preceding two conditions are enough to ensure that whenever a 
Borel set B has finite measure, then 

t-L(B) = sup{t-L(K): K compact and K ~B) 

holds; see Lemma I 8.5. 
Let us start by introducing some standard notation. Let V be an open set, and let 

f E Cc(X). The symbol f -< V means that 0 ;:::: f(x) ;:::: I holds for each x E X 
and Supp f ~ V. Similarly, for a compact set K and a function f E Cc(X), the 
notation K -< f means that 0 ;:::: f (x) ;:::: I holds for all x E X, and f (x) = I for 
all x E K. The notation K -< f -< V simply means that K -< f and f -< V both 
hold. In this terminology, for instance, Theorem 10.9 can be stated as follows: If 
K ~ U7= 1 V; holds with K compact ~nd each V; open, then there exist functions 
/1, ... , fn E Cc(X) such that/; -< V; for each i and L7=l /; = 1 on K. 

Now, let F be a positive linear functional on Cc(X). For each open subset V of 
X, define 

t-L(V) = sup{F(f): f-< VJ. 
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Clearly, 0 :::;: iJ.(V) :::;: oo holds for each open set V. It is easily seen that 
iJ.(V) :::;: /.l(W) holds for every pair of open sets with V ~ W (since f -< V 
implies f -< W). This observation allows us to extend the set function iJ. from the 
open sets to all subsets A of X by defining 

/.l(A) = inf{IJ.(V): V open and A ~ VJ. 

As expected, the set function iJ. is an outer measure. 

Theorem 38.1. Let F be a positive linear functional on Cc(X). Then the set 
function iJ. (previously defined) is an outer measure on X. 

Proof. Clearly, 0 :::;: iJ.(A) :5 oo holds for every subset A of X. Since f -< C/J 

if and only iff = 0, it follows that iJ.(C/J) = 0. Also, it should be obvious that if 
A ~ B, then /.l(A):::;: iJ.{B) holds. To complete the proof, it remains to be shown 
that iJ. is a-subadditive. 

To this end, let { A11 } be a sequence of subsets of X. Let A = U::C: 1 A 11 • If 
:L::C:1 /.l(A 11 ) = oo, then iJ.{A) :::;: :L::C:1 iJ.{A 11 ) is obvious. Hence, assume :L::C:1 

/.l(A 11 ) < oo. Let E > 0. For each n, choose an open set Vn such that A11 ~ V11 

and iJ.{V11 ) < /.l(A 11 ) + e2-". Put V = U::C: 1 Vn. Now, iff -< V holds, then K = 
Supp f ~ U::C: 1 V,, and in view of the compactness of K there exists some m such 
that K ~ U7.'=1 V11 • By Theorem 10.9, there exist functions /1, ... , fm E Cc{X) 
such that J,, -< V11 for n = I, ... , m and :L7.'=1 J,, = 1 on K. Clearly, f :::;: I:::·= I J,, 
holds, and by the positivity of F it follows that 

m m oo oo 

F(f):::;: L F(J,,):::;: L iJ.(V11 ):::;: L iJ.{Vn):::;: L /.l(A 11 ) +E. 

11=1 n=l 11=1 

Thus, since the latter holds for each f -< V, it follows thatiJ.{V) :5 :L::C:1 /.l(A 11 )+E. 

Now, notice that A ~ V implies iJ.(A):::;: iJ.{V) :::;: :L::C: 1 /.l(A 11 ) + E for all E > 0, 
from which it follows that 

/.l(A) = iJ. ( ,Q A11 ) :::;: ~ /.l(A 11 ). 

The proof of the theorem is now complete. • 
The outer measure iJ. determined by the positive linear functional F is called 

the outer measure induced by F (or the outer measure associated with F). The 
next goal is to show that iJ. is a regular Borel measure on B. 

Theorem 38.2. Let F be a positive linear functional on Cc(X), and let iJ. be 
its induced outer measure. Then every Borel set is IJ.-measurable (i.e., T3 ~ AJ.L), 
and iJ. restricted to T3 is a regular Borel measure. 
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Proof. The proof goes by steps. 

Step I. For each compact set K, we have J.L(K) < oo. 

Let K be a compact set. Choose an open set V with compact closure such that 
K ~ V. By Theorem 10.9, there exists a function g E Cc(X) such that V -< g. 
Now, iff-< V holds, then f.::::: g, and so F(f)::;: F(g). Hence, 

J.L(K)::;: J.L(V) = sup{F(f): f -< V} ::;: F(g) < oo. 

Step II. If K1 and K2 are disjoint compact sets, then J.L(KI UK2)=J.L(K 1HJ.L(K2). 

In view of the a -subadditivity of J.L, it suffices to show J1. (K 1) + J.L(K 2) .::::: 
J.L(K 1 UK2). 

Since K 1 ~ K1_ holds, there exists (by Lemma 10.7) an open set V1 with compact 
closure such that Kl ~VI ~VI ~ Ki. Thus, K2 ~ (VI)C holds. Let v2 = (VI)c, 
and note that V1 and V2 are two disjoint open sets. 

No\~', lett > 0. Choose an open set~' such that K 1 U K2 s; V and J.L(V') < 
J.L(KIUK2)+E;clearly,KI ~ VnVI andK2 ~ VnV2.Next,selecttwocontinuous 
functions f and g such that f-< V n V1, g -< V n V2, J.L(V n V1) < F(f) + E, 
and J.L(V n V2) < F(g) +E. From VI n v2 = 0. it follows that f + g -< v. Now, 
note that 

J.L(KJ) + J.L(K2) ::;: J.L(V n VI)+ J.L(V n V2) < F(f) + F(g) + 2E 

= F(f +g)+ 2E.::::: J.L(V) + 2E < JJ.(KI u K2) + 3E, 

holds for all E > 0. Therefore, J.L(K 1) + J.L(K2) .::::: J.L(K 1 U K2), as claimed. 

Step III. For every subset A of X we have J.L(A)= inf{J.L(V): V open and A~ V}. 

This is precisely the definition of J.L. 

Step IV. For every open set V, J.L(V) = sup{J.L(K): K compact and K ~ V}. 

To see this, let V be an open set and let r E IR satisfy r < J.L(V). Choose a 
continuous function f -< V with r < F(f), and let K = Supp f. Now if W is 
an open set such that K ~ W, then f -< W holds, and so r < F(f) .:::;:: J.L(W). 
Therefore, 

J.L(V) ~ J.L(K) = inf{J.L(W): W open and K ~ W} ~ F(f) > r 

holds for every r E IR with r < J.L(V)," and the desired identity follows. 

Step V. Every Borel set is J.L-measurable, that is, l3 ~ Aw 

Note first that if K is a compact set and V is an open set disjoint from K, then 
J.L(K) + J.L(V) = J.L(K U V) holds. Indeed, by Step II, for every compact subset K 1 
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of V we have 

and the claim follows from the identity of Step IV. 
Since A J1. is a a -algebra, it is enough to show that A J1. contains every open set. To 

establish this, let V be an open set. We must show thatJ.L(AnV)+J.L(AnVc) .::: J.L(A) 
holds for each A £;; X. If J.L(A) = oo, then the inequality is obvious. Thus, we can 
consider only the case J.L(A) < oo. 

Assume at the beginning that A is also an open set. Let K be a compact set 
such that K £;; A n V. Then the open set W = A \ K satisfies K n W = (/) and 
An vc £;; W £;; A. Thus, by what was observed previously, 

J.L(K) + J.L(A n Vc) .::: J.L(K) + J.L(W) = J.L(K U W) .::: J.L(A) 

holds for all compact sets K with K £;; A n V. From the identity of Step IV the 
desired inequality follows easily. 

Assume now that A is an arbitrary set. If W is an open set such that A £;; W, 
then by the preceding case 

J.L(A n V) + J.L(A n Vc) .::: J.L(W n V) + J.L(W n Vc) .::: J.L(W) 

holds. Thus, by the identity of Step Ill, we get 

J.L(A n V) + J.L(A n Vc) .::: J.L(A), 

and the proof is finished. • 
Now, we come to the main result of this section. Namely: The regular Borel 

measure, induced by a positive linear functional F on Cc(X), is the only regular 
Borel measure that represents F. 

Theorem 38.3 (The Riesz Representation Theorem). For every positive Li
nearfunctional FOil Cc(X), there exists a unique regular Borel measure J.L such 
that 

F(f) = f f dJ.L 

holds for every f E Cc(X). Moreover, the representing measure is the regular 
Borel measure induced by F Oil X. 

Proof. (Uniqueness.) Let J.L and v be two regular Borel measures on X such 
that J f dJ.L = J f dv holds for each f E Cc(X). We shall show that J.L(A) = v(A) 
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holds for each Borel set A. In view of the regularity properties of J.L and v, it is 
enough to establish that J.L(K) = v(K) holds for each compact set K. 

To this end, let K be a compact set. Given E > 0, choose an open set V such 
that K ~ V and J.L~V) < J.L(K) +E. By Theorem 10.9, there exists a function f E Cc(X) such that K -< f -< V. But then, since XK :::: f :;:: XI', we have 

v(K) = lxK dv:::: If dv =If dJ.L:::: lxv dJ.L = J.L(V) < J.L(K) + E 

for all E > 0. That is, v(K) :::: J.L(K). By the symmetry of the situation, J.L(K) :;:: 
v(K), and so J.L(K) = v(K), as desired. 

(Existence.) Let F be a positive linear functional on Cc(X), and let J.L be its 
induced outer measure. By Theorem 38.2, J.L restricted to the Borel sets of X 
is a regular Borel measure. We shall show that F(f) = J f dJ.L holds for each 
f E Cc(X). 

To this end, iet f E Cc(X). Fix an open set V such that K = Supp f ~ V and 
J.L(V) < oo. Also, choose c > 0 satisfying lf(x)l < c for all x EX. 

Given E > 0, pick n such that 2cjn < E, and let y; = -c + i(2c/n) fori = 
0, 1, ... , n; that is, {yo, Yt, ... , y,} is the partition of[ -c, c] with y;-Yi-1 = 2c/n 
fori= I, ... ,n. For each 1:::: i:::: n let A;= {x E K: Yi-1 < f(x):::: y;}, and 
note that the open set W; = {x E V: y;- E < f(x) < y; + E} satisfies A; ~ W;. 
Notice that the Borel sets A 1, ... , A, are pairwise disjoint and U~=l A; = K. 

By the regularity of J.L, for each I :::: i :::: n there exists an open set V; satisfying 
A; ~ V; ~ W; and J.L(V;)- J.L(A;) < E/n; clearly, K ~ U:'=1 V; ~ V holds. 
By Theorem 10.9 there exist functions g1, ... , g, E Cc(X) such that g; -< V; for 
i = 1, ... , 11 and L:;'=1 g;(x) = 1 for each x E K. Note that fg; :::: (y; + E)g; 
holds for each i and f = L:;'=1 fg;. Therefore, 

F(f)- If dJ.L = tF(fg;)- t 1 f dJ.L 
i=l i=l A, 

11 n 

:::: .L:<Yi + E)F(g;)- .L:<Yi- E)J.L(A;) 
i=l i=l 

n n 

:::: .L:<Yi + E)J.L(V;)- .L:<Yi- E)J.L(A;) 
i=l i=l 

n n 

= L(Y; + ~)[J.L(V;)- J.L(A;)] + 2E LJ.L(A;) 
i=l i=l 

n E 
:;:: L(c +E)- + 2EJ.L(K) = E[c + E + 2J.L(K)]. 

i=l 11 
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Since E > 0 is arbitrary, F(f)- J f df.L ::: O·holds for all f E Cc(X). Replacing 
f by - f, we get F(f) - J f df.L ~ 0. Thus, F(f) = J f df.L holds for each 
f E Cc(X), and the proof of the theorem is complete. • 

Any Borel measure that fails to be a regular Borel measure can be considered 
as a "pathological" case. The next result reveals that nonregular Borel measures 
cannot appear with "good" topological spaces. Recall that a subset of a topological 
space is called a-compact if it is the union of a countable collection of compact 
sets. 

Theorem 38.4. Let X be a Hausdorff Locally compact topological space whose 
open sets are a-compact (jor instance, each Euclidean space IR.n has this 
property). Then every Borel measure on X is a regular Borel measure. 

Proof. Let v be a Borel measure on X, i.e., v ( K) < oo holds for each compact 
set K. Then every continuous function with compact support is v-integrable, and 
so, F(f) = J f dv, f E Cc(X), defines a positive linear functional on Cc(X). By 
the Riesz representation theorem, there exists a regular Borel measure f.1. such that 
F(f) = J f df.L holds for each f E Cc(X). To complete the proof, we shall show 
that v = f.L. 

If K is compact. and V open with K ~ V, then there exists a function f E Cc(X) 
with K -< f -< V. Therefore, 

and so, by the regularity of f.1. it follows that v(K) ::: f.L(K) holds for each compact 
set K. 

Now, let CJ be an open set. Since (by hypothesis) CJ is a-compact, there exists 
a sequence {Kn }·of compact sets with K, t CJ. But then the inequalities v(Kn) ::: 
f.L(K,) imply v(CJ) =lim v(Kn) ::: limf.L(K,) = f.L(CJ). On the other hand, for 
each n there exists some fn E Cc(X) with K, -< f, -< CJ, and so, 

holds for each n. It follows that f.L(CJ) ::: v(CJ), and thus, v(CJ) = f.L(CJ) for each 
open set CJ. 

Next, let K be a compact set. Choose an open set CJ with K ~ CJ and v(CJ) = 
f.L(CJ) < oo. Then f.L(CJ)- f.L(K) = f.L(CJ \ K) = v(CJ \ K) = v(CJ)- v(K), and 
so, v(K) = f.L(K) for each compact set K. 
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Finally, if B is an arbitrary Borel set, K a compact set, and 0 an open set such 
that K ~ B ~ 0, then the inequalities 

t-L(K) = v(K) ::; v(B) ::: v(O) = t-L(O), 

coupled with the regularity of /-L, imply v(B) = t-L(B). The proof of the theorem is 
now complete. • 

With the usual algebraic and lattice operations and the sup norm, Cc(X) is a 
normed vector lattice. Our next objective is to describe the norm dual of Cc(X). 
To do this, we need some algebraic and lattice properties of the regular Borel 
measures. 

Theorem 38.5. For two regular Borel measures t-L and v on X, we have the 
following: 

1. t-L + v and CY.t-Lfor a. ::=: 0 are regular Borel measures. 
2. 1-L v v is a regular Borel measure. 

3. If t-L and v are both a-finite, then 1-L 1\ vis also a regular Borel measure. 

Proof. (1) Obvious. 
(2) We start the proof of this part by recalling that 

t-L v v(A) = sup{t-L(B) + v(A \B): B E T3 and B ~ A} 

holds for each A E B. The proof now goes by steps. 
(a) Let K be a compact subset of X. Since 1-L v v(K) ::: t-L(K) + v(K) < oo 

holds, it follows that 1-L v v is a Borel measure. 
(b) Let A E T3 satisfy 1-L v v(A) < oo. Then t-L(A) < oo and v(A) < oo hold. 

Let a = sup{/-L v v(K): K compact and K ~ A}. • 
If B E T3 satisfies B ~ A, then by the regularity of 1-L and v there exist two 

compact sets K1 and K2 such that K1 ~ B, K2 ~A\ B, t-L(K 1) > t-L(B)- E, and 
v(K2) > v(A \B)- E, where, of course, E > 0 is given. Then, K1 n K2 =(/)and 

t-L V v(A) ::=: a ::=: t-L V v(K 1 UK 2) ::=: t-L(K 1) + v(K2) 

> t-L(B) - E + v(A \B) - E = t-L(B) + v(A \B) - 2E. 

This implies 1-L v v(A) ::=: a ::=: 1-L v v(A)- 2E for each E > 0. Hence, a = 1-L v v(A). 

Now, let A be an open set such that 1-L v v(A) = oo. Since 1-L v v ::: 1-L + v holds, 
it follows that either t-L(A) = oo or v(A) = oo. We can assume that t-L(A) = oo. 
Since 1-L::: 1-L v v and sup{t-L(K): K compact and K ~ A}= t-L(A) = oo, it easily 
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follows that 

sup{iJ. v v(K): K compact and K ~ A} = oo = iJ. v v(A). 

(c)LetA eBandputb=inf{iJ.Vv(V): V openand A~ V}.lfiJ.Vv(A)=oo, 
then b = iJ. v v(A) = oo is obvious. Hence, we can assume iJ. v v(A) < oo. Clearly, 
/.l(A) < oo and v(A) < oo both hold. Since iJ. and v are regular Borel measures, 
there exists an open set 0 such that A ~ 0, iJ.(O) < oo, and v(O) < oo. 

Now, let E > 0. By (a) there exists a compact set K such that K ~ 0 \ A and 
iJ. v v(K) > iJ. v v(O \A)- E; and so, iJ. v v(K) > iJ. v v(O)- iJ. v v(A)- E. 

Thus, the open set V = 0 \ K satisfies A ~ V and 

iJ. v v(A) + E > iJ. V v(O)- iJ. v v(K) = iJ. v v(O \ K) = iJ. v v(V) =:: iJ. V v(A). 

This implies that b = iJ. v v(A) holds, and thus, iJ. v v is a regular Borel measure. 
(3) Since iJ./\ v ::: iJ., it is easy to see that iJ. 1\ v is a Borel measure. Also, recall 

that 

iJ. 1\ v(A) = inf{~J.(B) + v(A \B): B E B and B ~ A} 

for each A E B. 
(a) Let A E B, put c = inf{IJ. 1\ v(V): V open and A ~ VJ, and let E > 0. 

Given B E B with B ~ A, choose two open sets V1 and V2 such that B ~ v •. 
A\ B ~ V2, iJ.(V1)::: iJ.(B) + E, and v(V2)::: v(A \B)+ E. Then 

iJ.I\ v(A) ::: c::: iJ./\ v(V1 U V2)::: iJ. 1\ v(Vl) + iJ. 1\ v(V2)::: iJ.(VI) + v(V2) 

::: iJ.(B) + E + v(A \B)+ E = iJ.(B) + v(A \B)+ 2E. 

Thus, iJ./\ v(A) ::: c ::: iJ./\ v(A) + 2E holds for each E > 0, and so, c = iJ.I\ v(A). 
(/3) Let A E B satisfy iJ. v v(A) < oo. Then the relation 

iJ. 1\ v(K) = iJ.(K) + v(K)- iJ. v v(K) 

for each compact set K ~ A and the regularity of iJ., v, and iJ. v v easily imply 
that 

iJ. 1\ v(A) = sup{iJ. 1\ v(K): K compact and K ~ A}. (*) 

On the other hand, using the preceding conclusion and that iJ. and v are both a
finite, it is easy to see that(*) holds for each open set A. (Note that this is the only 
place where the a-finiteness of iJ. and v is used.) Thus, iJ. 1\ v is a regular Borel 
measure, and the proof of the theorem is complete. • 
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Observe that if f..L and v are regular Borel measures, then f..L + v and ctf..L (for 
a ~ 0) satisfy 

for each f E Cc(X). 
In identifying the lattice isomorphisms among positive operators between two 

vector lattices, the following lemma is often very useful: 

Lemma 38.6. LetT: X ~ Y be a one-to-one, onto linear operator between 
two vector Lattices.lf T and r-1 are both positive, then T is a lattice isomor
phism. 

Proof. Let x, y E X. Since x .:::: x v y holds, it follows from the positivity of 
T that T(x) .:::: T(x v y). Similarly, T(y) .:::: T(x v y), and therefore, 

T(x) v T(y).:::: T(x v y). 

Reversing the roles of T, x, and y to those of T -I, T (x ), and T (y ), respectively, 
it follows from (**)that 

By applying T to the last inequality, we get T(x v y) .:::: T(x) v T(y). That is, 
T(x v y) = T(x) v T(y) holds, as required. • 

Next, the norm dual of C, (X) will be identified. We already know that c;(X) 
is a Banach lattice (Theorem 30.9), and so, every continuous linear functional on 
C, (X) can be written as a difference of two positive continuous linear functionals. 

Let us denote by Mb(X) the collection of all finite signed measures that can be 
written as a difference of two positive regular Borel measures. That is, 

Mb(X) = {f..L E M(B): 3 regular Borel measures f..LI, f.J-2 with f..L = f..LI - f.J-21· 

Clearly, Mb(X) is a vector subspace of M(B), the Banach lattice of all finite 
signed measures on B (see Theorem 36.10). Moreover, since f..L+ = (J.L 1 - f.J-2)+ = 
f..L 1 v f.J-2 - f.J-2 and (by Theorem 38.5) f..L 1 v f.J-2 is a finite regular Borel measure, 
it follows that f..L+ belongs to Mb(X). ·Therefore, Mb(X) is a vector sublattice of 
M (B). Thus, Mb(X) is a normed vector lattice having, of course, the total variation 
as its norm, that is, IIJ.LII = IJ.LI(X) for each f..L E Mb(X). 

Also, it is easy to see that if f..L 1 and f.J-2 are two finite regular Borel measures, 
then (J.L 1 - f.J-2)+ = f..LI v f.J-2- f.J-2 is likewise a finite regular Borel measure. This 
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implies that Mb(X) could be defined as follows: 

Mb(X) = Ill E M(B): fl+ and fl- are both finite regular Borel measures}. 

Now, assume that fl = f.L1 - f.Lz = v1 - vz holds with f.LI, f.L2 and v1, ~ finite 
regular Borel measures. Then Ill + v2 = v1 + f.L2, and so, J f d1L1 + J f dv2 = 
J f dv1 + J f d{lz holds for each f E Cc(X); therefore, 

holds for each f E C<(X). This shows that if fl = f.LI -{L2 E Mb(X), then 

defines a linear functional on Cc(X) which is independent of the representation of 
ll as a difference of two finite regular Borel measures. [It is also a custom to write 
J f d{l instead of F1...(J)]. Moreover, the estimate 

shows that FIL is a continuous linear functional, that is, FIL E c;(X). 
Thus, a mapping fL r+ FIL from Mb(X) to c;(X) can be established. Clearly, this 

mapping is linear, and as the next theorem shows it is onto and a lattice isometry. 

Theorem 38.7. The mapping fl r+ FIL (defined above) is a lattice isometry 
from Mb(X) onto c;(X). That is, c;(X) = Mb(X) holds. 

Proof. Note first that fL r+ FIL is one-to-one. Indeed, if ll = Ill - llz and 
FIL = 0, then J f dill = J f df.L2 holds for each f E Cc(X), and so, by the Riesz 
representation theorem, Ill = IL2· That is, ll =Ill - 1L2 = 0. 

Now, let F be a positive linear functional on Cc(X) and ll its representing regular 
Borel measure [i.e., F(J) = J f d{l for each f E Cc(X)]. Since 0 S f E Cc(X) 
satisfies 11/lloo S 1 if and only iff -< X, it follows that 

{l(X) = sup{F{f): J-< X}= sup{F(J): llflloo S 1} = IIFII. (t) 

Thus, F is continuous if and only if {L(X) < oo, i.e., if and only if ll E Mb(X). 
From this and the fact that every continuous linear functional can be written as a 
difference of two positive continuous linear functionals, it follows that ll r+ F IL is 
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onto. Moreover, it is easy to see that J.L ::::, 0 holds in Mb(X) if and only if FJ.L ::::, 0. 
Thus, by Lemma 38.6, J.L r+ F J.L is a lattice isomorphism from Mb(X) onto c;(X). 

Finally, since both c;(X) and Mb(X) are normed vector lattices, it follows from 
(t) that 

so that J.L r+ F J.L is a lattice isometry. • 
It should be noticed that Theorem 38.7 gives an indirect proof that Mb(X) is 

a Banach lattice. The members of Mb(X) are also referred to as (finite) regular 
Borel signed measures on X, and they are characterized as follows: A finite signed 
measure J.L on B belongs to Mb(X) if and only if for each A E B and E > 0 there 
exists a compact set K and an open set \1 with K ~ .4. ~ \1, so that IJL(B)l < E 

holds for all B E B with B f; V \ K; see Exercise 10 at the end of this section. 
Finally, it is a custom to call a signed measure J.L on B a Borel signed measure 

if J.L(K) E IR holds for every compact set K. This is, of course equivalent to saying 
that J.L + and J.L- are both Borel measures. Indeed, if this is the case, then in view 
of J.L = J.L + - J.L- we have J.L(K) E IR for each compact set K. On the other hand, 
if J.L is a Borel signed measure, then since at least one of the measures J.L + and J.L
is a finite measure, it follows that both J.L + and J.L- are Borel measures. 

We shall close the section with a brief introduction to the Haar4 integral which is 
associated with Hausdorff locally compact groups. To understand the Haar integral, 
we need some background. 

Recall that a group is a nonempty set G together with a function (x, y) r+ x * y 
(from G x G to G) which is associative (i.e., x * (y * z) = (x * y) * z for all 
x, y, z E G), has an identity element e (i.e., x * e = e * x = x for all x E G) and 
every element has an inverse (i.e., for each x E G there exists some x-• such that 
X*x- 1 = x-• *X =e). It is customary to writexy instead of X*Y· If xy = yx holds 
for all x, y E G, then G is called a commutative group. A topological group is 
a group G equipped with a topology under which the function (x, y) r+ xy-1 

(from G x G to G) is continuous. The Euclidean spaces IR" under addition are 
examples of commutative Hausdorff locally compact topological groups. 

Now, let G be a Hausdorff locally compact topological group. Iff E Cc(G), 
then the left and right translates of f by an element a E G are the functions fa 

4 Alfred Haar (I 885-1933), a Hungarian mathematician. He studied orthogonal systems of functions 
and partial differential equations and is best remembered for his introduction of the integral that bears 
his name on Hausdorff locally compact topological groups. 



Section 38: THE RIESZ REPRESENTATION THEOREM 363 

and r defined respectively by 

fa(X) = f(ax) and r(x) = f(xa) 

for each x E G. Note that fa and r both belong to Cc(G) and that fa = r 
holds if G is commutative. A linear functional F: Cc(G) -+ lR is said to be )eft
invariant (resp. right-invariant) if F(f) = F(/0 ) (resp. F(f) = F(r)) holds 
for all a E G. 

Here is the fundamental result regarding left-invariant linear functionals. 

Theorem 38.8 (Haar). lfG is a Hausdorff locally compact topological group, 
then there exists a unique (aside of scalar factors) non-zero positive linear 
functional H: Cc(G)-+ lR which is left-invariant. 

By the symmetry of the situation, there exists, of course, also a unique non-zero 
positive linear functional on Cc(G) which is right-invariant. The unique non-zero 
left-invariant positive linear functional H: Cc(G) -+ lR is called the left-Haar 
integral of G. If G is commutative, then the left- and right-Haar integrals coincide 
and the common integral is called the Haar integral of G. 

Now, let G be a Hausdorff locally compact topological group and let H: Cc(G) 
-+ lR be its unique left-Haar integral. By the Riesz Representation Theorem 38.3, 
there exists a unique (aside of scalar factors) regular Borel measure /.LG satisfying 

H(f) = fat(g)dt-LG(g). 

It is easy to prove that the left-Haar measure satisfies t-LGCaA) = t-LGCA) for each 
Borel set A. The measure /.LG is called the left Haar measure of G. Here are two 
examples of the Haar integral and the Haar measure on two familiar Hausdorff 
locally compact topological groups. 

l. Consider the additive Hausdorff locally compact topological group G = 
lR". Its Haar integral coincides with the Lebesgue integral and its Haar 
measure is the Lebesgue measure. 

2. Consider G = (0, oo) as a commutative group under the ordinary multipli
cation. Then the Haar integral H: G -+ lR is given by H (f) = J;" f~x> dx 
for each f E Cc(G) and the Haar measure satisfies t-LG(A) = JA ~r for 
each Borel subset A of G. 

For proofs and details regarding the Haar measure and Haar integral we refer 
the reader to [14, Chapter 6]. 
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EXERCISES 

Unless otherwise specified, in the exercises below X will denote a Hausdorff 
locally compact topological space. 

1. If X is a compact topological space, then show that a continuous linear functional F 
on C(X) is positive if and only if F(1) = IIFII holds. 

2. Let X be a compact topological space, and let F and G be two positive linear func
tionals on C(X). If F(1) + G(1) ~ IIF- Gil, then show that F 1\ G = 0. 
[HINT: Show that F v G(1) = IIF- Gil.] 

3. Let co(X) = (f E C(X): VIE > 0 3 K compact with if(x)i < IE V x rt Kj. Show 
that: 

a. co(X) equipped with the sup norm is a Banach lattice. 
b. The norm completion of Cc(X) is the Banach lattice co(X). 

4. Let F be a positive linear functional on C c(X), and let J.l. be the outer measure induced 
by F on X. Show that if J.l. * is the outer measure generated by the measure space 
(.¥, 13, Jl), then ,u.*(A) = J.L(A) holds for evei)' subset ..4 of Jy. 

5. Let J.l. and v be two regular Borel measures on X. Then show that J.l. :;: v holds if and 
only if J f dJ.l. 2: J f dv for each 0 ~ f E Cc(X). 

6. Fix a point x E X, and define F(f) = f(x) for each f E Cc(X). Show that F is a 
positive linear functional on Cc(X) and then describe the unique regular Borel measure 
J.l. that satisfies F(f) = J f dJ.l. for each f E Cc(X). What is the support of J.l.? 

7. Let X be a compact Hausdorff topological space. If J.l. and v are regular Borel measures, 
then show that the regular Borel measures J.l. v v and J.l. 1\ v satisfy 

a. Supp(J.l. v v) = Supp J.l. U Supp v, and 
b. Supp(J.l. A v) £ Supp J.l. n Supp v. 

Use (b) to show that if Supp J.l. n Supp v = (/), then J.l. .l v holds. Also, give an 
example for which Supp(J.l. 1\ v) =f:. Supp J.l. n Supp v. 

8. Characterize the positive linear functionals F on Cc(X) that are also lattice homomor
phisms, that is, F(f v g)= max{F(f), F(g)j holds for each pair f, g E Cc(X). 
[HINT: Let J.l. be the representing regular Borel measure for F. Show that Supp J.l. 
contains at most one point.] 

9. If X is an uncountable set, then show that 

a. c;(X) is not separable, and 
b. C[O, 1] (with the sup norm) is not a reflexive Banach space. 

[HINT: For every x E X define the positive linear functional Fx<f) = f(x). Show 
that II ft - Fy II = 2 if x =f:. y. For (b) combine (a) with Exercise 8 of Section 27 and 
Exercise 12 of Section 12.] 

10. For a finite signed measure J.l. on B, show that the following statements are equivalent: 

a. J.l. belongs to Mb(X). 
b. J.l. + and J.l.- are both finite regular Borel measures. 
c. For each A E B and IE > 0, there exist a compact set K and an open set V with 

K £A£ V such that IJ.l.(B)i < E holds for all B E B with B £ V \ K. 
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11. A sequence {xn} in a normed space is said {O converge weakly to some vector x if 
lim f(x11 ) = /(x) holds for every continuous linear functional f. 

a. Show that a sequence in a normed space can have at most one weak limit. 
b. Let X be a Hausdorff compact topological space. Then show that a sequence { / 11 J 

of C(X) converges weakly to some function f E C(X) if and only if Un} is norm 
bounded and lim /n(x) = f(x) holds for each x EX. 

[HINT: For (b) use Theorem 28.8 and the Riesz representation theorem.] 
12. Let /.1. be a regular Borel measure on X, and let f E L 1 (J.I.). Show that the finite signed 

measure v, defined by 

v(E) = lt dJ.I. 

for each Borel set E, is a (finite) regular Borel signed measure. In other words, show 
that v E Mb(X). 
[HINT: Use the fact that {x EX: f(x) i= OJ is a a-finite set.] 

13. Generalize part (3) of Theorem 38.5 as follows: If J.l. and v are two regular Borel mea
sures on a Hausdorff locally compact topological space and one of them is a-finite, 
then show that J.l. A v is also a regular Borel measure. 

14. Show that every finite Borel measure on a complete separable metric space is a regular 
Borel measure. Use this conclusion to present an alternate proof of the fact that the 
Lebesgue measure is a regular Borel measure. 

15. Let X be a Hausdorff compact topological space. If cp: X -+ X is a continuous func
tion, then show that there exists a regular Borel measure on X such that 

Jtot/JdJ.I.= JtdJ.I. 
holds for each f E C(X). 
[HINT: If £im is a Banach-Mazur limit (see Exercise 7 of Section 29) and w E X is 
a fixed point, then consider the positive linear functional F: C(X)-+ lR defined by 

F(/) = t:.im(/(t/J(w)), f(cp2(w)), f(cp3(w)), ... ).] 

16. This exercise gives an identification of the order dual c;(X) of Cc(X). Consider the 
collection M(X) of all formal expressions /.1.1 - /.1.2 with /.1.1 and /.1.2 regular Borel 
measures. That is, 

M(X} = {/.1.1 - /.1.2: /.1.1 and /.1.2 are regular Borel measures on X}. 

a. Define /.1.1- /.1.2 = v,- v2 in M(X) to mean J.l.l(A) + v2(A) = v,(A) + J.1.2(A) 
for all A E B. Show that = is an equivalence relation. 

b. Denote the collection of all equivalence classes by M(X) again. That is, /.1.1 - J.l.2 
and v, - v2 are considered to be identical if /.1.1 + v2 = v, + /.1.2 holds. In M(X) 
define the algebraic operations 

{ fXJ.I.( - fX/.1.2 
r:t{/.1.1- /.1.2) = (-r:t)/.1.2- (-r:t)/.1.1 

if rx ~ 0 
if rx < 0. 
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Show that these operations are well-defined (i.e., show that they depend only upon 
the equivalence classes) and that they make M(X) a vector space. 

c. Define an ordering in M(X) by 11-1 -11-2 ~ v1 - v2 whenever IJ.I{A) + V2(A) ~ 
v1 (A) + 11-2(A) holds for each A E B. Show that ~ is well defined and that it is 
an order relation on M(X) under which M(X) is a vector lattice. 

d. Consider the mapping 11- = 11-1 - 11-2 t-7 F11 , from M(X) to c;-(X), defined by 
F11 (f) = J f d11-1 - J f dJ.L2 for each f E Cc(X). Show that F11 is well-defined 
and that 11- t-7 F11 is a lattice isomorphism (Lemma 38.6 may be helpful here) 
from M(X) onto c;-(X). That is, show that c;-(X) = M(X) holds. 

17. This exercise shows that for a noncompact space X, in general c;(X) is a proper 
ideal of c;-(X). Let X be a Hausdorff locally compact topological space having a 
sequence {0,} of open sets such that 0, £ On+l and 0, i= On+l for each 11, and 
with X = U~1 0,. 

a. Show that if X is a-compact but not a compact space, then X admits a sequence 
{ 0,} of open sets with the above properties. 

b. Chnnse Xt E LJ1 a..nd xii E On\ On-l for n ~ 2. Then sho\v that 

00 

F(f) = L f(x,), for f E Cc(X), 
n=l 

defines a positive linear functional on Cc(X) that is not continuous. 
c. Determine the (unique) regular Borel measure 11- on X that represents F. What is 

the support of 11-? 

39. DIFFERENTIATION AND INTEGRATION 

In this section the differentiability properties of a Borel signed measure on IR~ 
wilJ be studied. The derivative of a measure wilJ always be taken with respect to 
the Lebesgue measure. For a differentiation theory of arbitrary set functions in a 
more general context, the interested reader is referred to Chapter 8 of [34]. The 
results obtained about differentiation of signed measures wilJ be used to derive the 
classical properties of functions of bounded variation. 

Throughout this section, the domain of all signed measures will be the a -algebra 
B of all Borel sets of IR~. Also, unless otherwise specified, the expression "al
most everywhere" wilJ be synonymous with "almost everywhere with respect to 
the Lebesgue measure." The main Borel sets considered for the purposes of dif
ferentiation will be the open balls. Recall that the open ball with center at x 
and radius r is the subset of IRk defined by {y E IRk: llx - yll < r}, where 

"k 2 I • 
llx- Yll = [~i=l(x;- Y;) p. 

Occasionally, measures defined on the Borel subsets of an open set V of IRk 
appear. By assigning the value zero to the Borel subsets of vc, it is easy to see that 
these measures can be assumed defined on all Borel sets of IRk. Therefore, theorems 
about Borel measures on IR~ can be applied equally well to such a situation. 
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Let /.L be a signed measure on the a-algebra of all Borel sets of IRk. For each 
x E IRk and r > 0, we define the following two extended real numbers: 

6.;(x) = sup { /.L(B): B is an open ball of radius < r and x E B}, and 
)..(B) -

6., (x) = inf { /.L(B): B is an open ball of radius < r and x E B}. 
)..(B) -

Observe that x is not required to be the center of the open balls B where the sup 
and inf are taken. Clearly, 

-oo .::: 6.,.(x) .::: 6.~(x) .::: oo 

holds for each x E IRk and all r > 0. 
Also, it should be obvious that ifO < r < s, then 6.;(x) .5 6.;(x), and 6.s(x) .5 

6., (x) both hold for each x. Therefore, the limits 

D* /.L(X) =lim 6.;(x) and D./.L(X) =lim 6.,(x) 
r ~0 r ~0 

exist in JR.*, and they satisfy -oo .::: D./.L(X).::: D*/.L(X) .5 oo for each x E IRk. 

The extended real numbers D*!.L(x) and D*/.L(x) are called the lower and upper 
derivatives of /.L (with respect to ).. ) at the point x. If they are real and equal, then 
this common value is called the derivative of /.L at x. 

Definition 39.1. Let /.L be a signed measure on B and x E IRk. If 

-00 < D*/.L(X) = D* /.L(X) < 00 

holds, then /.Lis said to be differentiable at the point x. The common value is 
called the derivative of /.L at x and is denoted by D /.L(X), that is, 

D!.L(X) = D./.L(X) = D*/.L(X). 

Here is a rephrasing of the preceding definition: A real number m satisfies 
m = D /.L(X) if for each E > 0, there exists some 8 > 0 such that I il!? - m I < E 

holds for each open ball B with x E B and with a radius less than 8. 
An alternative definition of the derivative using sequences is this: A signed 

measure /.L on B is differentiable at some point x E IRk if and only if there exists 
a real number m such that Jim il!;;? = m holds for every sequence {B,} of open 
balls containing x whose radii tend to zero. (The number m is, of course, the 
derivative D!.L(X).) 

The expression "D/.L(X) exists" is synonymous (as usual) with "/.Lis differen
tiable at x ." It is easy to see that if two signed measures /.L and v are differentiable 
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at some point x and their sum J.L + v defines a signed measure, then J.L + v is also 
differentiable at x and 

D(J.L + v)(x) = DJ.L(x) + Dv(x) 

holds. Similarly, if J.L - v defines a signed measure, then 

D(J.L- v)(x) = DJ.L(x)- Dv(x). 

Our first objective is to show that a finite signed Borel measure J.L that is ab
solutely continuous with respect to the Lebesgue measure is differentiable al
most everywhere and that the derivative D J.L coincides with the Radon-Nikodym 
derivative dJ.LfdA.. This wiii be the key differentiation result for this section. To 
prove this theorem, we need some preliminary discussion. 

The reader can verify easily the following property of the Lebesgue measure: 
if A is a subset of IR1 and r > 0, then the sei r A = ir x: x E Aj saiisfies 
A.(r A) = ,.~A.( A). 

This, combined with the fact that A. is translation invariant, shows that if B 
is an open ball with radius r and B* is another open ball with radius ar, then 
A.(B*) =akA.( B) holds. The latter wiiJ be used in the proof of the next lemma. 

Lemma 39.2. Let B1, ••• , B, be open balls in IRk. Then there exist pairwise 
disjoint open balls B~,, ... , B~ .. among the B1, ... , Bn such that 

Proof. Let r; be the radius of B;. Rearranging the balls, we can assume without 
Joss of generality that r1 ~ r2 ~ · · · ~ ~"n· 

Put k1 =I, and Jet k2 be the smallest integer (if there is any) such that B~2 is 
disjoint from Bk,· Letk3 be the smallest integer such that B~3 is disjoint from Bk, and 
Bkl" Continue this process until the finite set {B1, ••• , Bn} has been exhausted. This 
gives us the open balls Bk, ... , Bk.,. and we claim that they satisfy the property 
of the lemma. 

To see this, Jet Ak, be the open ball with the same center as Bk, and with radius 
three times that of B~,. Now, note that each B; must intersect some Bkr It follows 
that B; s; A~i must hold for that j. ~us, U7=1 B; s; Ui'=1 A~1 , and so, 

as claimed. • 
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Now, let 1-L be a signed measure on IRk. From the definition of 6;(x), it is easy 
to see that for each a E IR and r > 0 the set {x E IRk: 6;(x) >a} is an open set. 
Thus, if {r,} is a sequence of positive real numbers with r11 ,!. 0, then the identity 

0000{ 1} {x E IR~: D*t-L(X) >a}= u n X E IR~: 6;,(x) >a+-;;; 
m=lll=l 

shows that {x E IRk: D* t-L(x) > a} is a Borel set for each a E IR. This observation 
will be used in the next key lemma. 

Lemma 39.3. Let 1-L be a Borel measure on IRk, and let A be a Borel set such 
that t-L(A) = 0. Then Dt-L(X) = 0 holds for almost all points x in A. 

Proof. Let t-L be a Borel measure on IR~, and let A be a Borel set such that 
t-L(A) = 0. Since 1-L is a measure, 0 ::;:: D*t-L(x) ::;:: D*t-L(X) holds for each x. To 
establish the lemma it must be shown that A.({x E A: D* t-L(X) > 0}) = 0. For this, 
it is enough to show that A.({x E A: D*t-L(X) > E))= 0 for each E > 0. 

To this end, fixE > 0. Let E = {x E A: D*t-L(X) > E), and note that Eisa 
Borel set. Let K be an arbitrary compact subset of E and V an arbitrary open set 
such that A ~ V. Now, if x E K, then D* t-L(x) > E holds, and so, there exists 
an open ball B containing x with B ~ V and t-L(B) > EA.(B). In view of the 
compactness of K, there exists a finite number of such open balls B1, ••• , B, that 
cover K. Let Bk1 , ••• , Bk., be the disjoint open balls among B 1, ••• , B, that satisfy 
Lemma 39.2. Then 

Since 1-L is also regular Borel measure (Theorem 38.4), it follows that A.(K) = 0 
for every compact subset K of E. But then the regularity of A. implies A.(£) = 0, 
~~~~~ . 

Now, we come to the main differentiation theorem regarding Borel measures. 

Theorem 39.4. Eve1y finite signed Borel measure 1-L on IRk that is absolutely 
continuous with respect to the Lebesgue measure (i.e., t-L « A.), is differentiable 
almost eve1ywhere. 

Moreover, its derivative D 1-L coincides (a.e., of course) with the Radon
Nikodym derivative dt-LfdA.; that is, Dt-L = dt-LfdA. holds. 
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Proof. Let f = dtJ.jd).. E L 1(A) be the Radon-Nikodym derivative provided 
by Theorem 37.8. That is, tJ.(E) = JE! dA. holds for each Borel set E. 

Fix a real number r, and let A= {x E IRk: f(x) ~ r}. Clearly, A is Lebesgue 
measurable, and by Theorem 22.5, A.(A) < oo. Also, by Theorem 15.11, there 
exists a Borel set F such that A s; F and A.( F) = A.( A); clearly, A.(F \ A) = 0. 

Next, consider the Borel measure v on IRk defined by 

v(E) = { [f(x) - r] dA.(x) = { [f(x)- r] dA.(x) 
lFnE lAnE 

for each Borel set E. Note that if B is an open ball, then 

tJ.(B)- rA.(B) = { [f(x)- r] dA.(x) ~ { [f(x)- r] dA.(x) = v(B) 
Js lsnA 

tJ.(B) v(B) 
A.(B) ~ r + A.(B) 

holds for each open ball B, from which it follows that 

D* tJ.(x) ~ r + D*v(x) for each x E IRA. 

Since v(F") = 0, it follows from Lemma 39.3 that Dv(x) = 0 holds for almost 
all x E P. Thus,(*) implies D* tJ.(x) ~ r for almost all x E Fe, and consequently, 
D* tJ.(X) ~ r for almost all x E Ac. Since f(x) < r implies x E A c, it follows that 
the set 

E, = {x E IRA: f(x) < r < D*tJ.(x)J 

satisfies E, s; A c. Therefore, by the last conclusion, each E, has Lebesgue mea
sure zero. But then {x E IRk: D*tJ.(x) > f(x)J s; UreQ E,, where Q is the set of 
all rational numbers, shows that {x E IRA: D* tJ.(x) > f(x)J has Lebesgue measure 
zero. 

Applying the preceding arguments to -tJ., and taking into consideration that 
d(-tJ.)fdA. =- f and D*(-tJ.) = -D*tJ., we easily infer that the set 

has Lebesgue measure zero. In other words, 
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holds for almost all x E IRk. That is, DJ.J.(x) exists for almost all x and DJ.J. = f 
a.e. holds, as desired. • 

As a first application of the preceding theorem, let us establish a classical result. 

Theorem 39.5. If E is a Lebesgue measurable subset of!R, then 
l. IimE_.o+ J..C£n<x;:,E.x+E)) = l for almost all x in E, and 

2. IimE_.o+ J..c£n<x;:,E.x+E)) = 0 for almost all x in Ec. 

Proof. Without loss of generality, we can assume that A.(£) < oo. Consider 
the finite Borel measure J1. on IR defined by 

J.J.(A) = A.(E n A) = i XE dA.. 

Clearly, J1. «A. and dJ.J.fdA. = XE· By Theorem 39.4, DJ.J. = XE a.e. holds, and 
the formulas in (I) and (2) follow. • 

A point x of a Lebesgue measurable subset E of IR for which (l) in the pre
ceding theorem holds is referred to as a density point of E. In this terminology, 
Theorem 39.5(1) is usually stated as follows: If Eisa Lebesgue measurable subset 
of!R, then almost eve1y point of Eisa density point. 

Now, let J.l. be a signed Borel measure. If J.l. is singular with respect to the 
Lebesgue measure A., then we shall show that its derivative equals zero almost 
everywhere. This, coupled with Theorem 39.4, will yield the following important 
differentiation result. 

Theorem 39.6. Eve1y signed Borel measure J.l. on IRk is differentiable almost 
everywhere. Moreover, if J1. = J.l.l + J.J.2 is the Lebesgue decomposition of J1. 
(i.e., J.l.l «A. and J.J.2 ..LA.), then 

DJ.1.2 = 0 a.e. and 

Proof. Let J.l. be a Borel signed measure on IRk. By considering separately the 
positive and negative parts of J.l., we can assume without loss of generality that 
J1. is a Borel measure. Clearly, J1. is a-finite. Let J1. = J.l.l + J.J.2 be the Lebesgue 
decomposition of J1. (see Theorem 37.7), where J.l.l «A. and J.J.2 ..LA.. 

If 8 11 = {x E IRk: llxll < n}, then the set function defined by v,;(E) = 
J.l.l (E n 8 11 ) for each Borel set E is a finite Borel measure satisfying v11 «A.. 
Thus, by Theorem 39.4, v11 is differentiable for almost all points of 8 11 , and as a 
routine verification shows, DJ.J.l (x) = Dv11 (x) holds for almost all x E 8 11 • Since 
B11 t IRk, it follows that J.l.l is differentiable almost everywhere. 
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On the other hand, /J-2 ..L )... implies the existence of a Borel set A with /-L2(A) = 
)...(A c)= 0. But by Lemma 39.3, D1-L2(x) = 0 holds for almost all points x of A, 
and hence (since )...(Ac) = 0), D!-L2(x) = 0 for almost all points x of1R.k. Using 
Theorem 39.4, we see that 

holds for almost all x E IRk, and the proof is finished. • 
Having established the basic differentiation properties of measures, our attention 

is now turned to the relationship between measures and real valued functions 
defined on an interval. In the following discussion some of the deepest classical 
results of ordinary derivatives will be obtained. 

Recall that a function f: I --+ IR (where I is an interval) that satisfies f(x) :5 
f(y) whenever x :5 y is called an increasing function (and if f(x) 2: f(y) 

whenever x :5 y, then f is called decreasing). An increasing or a decreasing 
function is referred to as a monotone function. Likewise, if x > y implies f(x) > 
f(y), then f is called a strictly increasing function (and if f(x) < f(y) whenever 
x > y, then f is called strictly decreasing). A strictly increasing or a strictly 
decreasing function is known as a strictly monotone function. 

Every monotone function f has the property that both limits 

f(x-) = Jimf(t) = lim f(t) and f(x+) = Jimf(t) = Jim f(t) 
rt.• 1-+.1- r ~x r-..x+ 

exist in IR for each x. Moreover, the oscillation of f at any point x is given by 

WJ(X) = if(x+)- f(x-)1 < oo. 

Therefore, the discontinuities of a monotone function are jump discontinuities, 
and as the next result shows, they are at-most countably many. 

Theorem 39.7. The set of all discontinuities of a monotone function is at-most 
countable. 

Proof. Let f: I --+ IR be monotone. Replacing f by - f (if necessary), we 
can assume that f is increasing. Since the interior of the interval can be written as 
a countable union of open finite intervals, it suffices to show that f has at-most 
countably many discontinuities in each finite open interval. To this end, Jet (a, b) 
be a finite open subinterval of I. 

If A is the set of all discontinuities off in (a, b), then A = U:1 A,, where 
A,= {x E (a, b): f(x+)- f(x-) 2: ~}.Now, if a <Xt < ··· < x~ < bbelong 
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to some A 11 , then it is easy to see that 

k k - ~ L [J(x;+)- f(x;-)] ~ f(b)- f(a) < oo 
n i=l 

holds, which implies that each A 11 is finite. Hence, A is at-most countable, and the 
proof is finished. a 

An immediate and very useful consequence of the preceding theorem is that a 
monotone function has a point of continuity in every open interval. In applications 
this observation is translated as follows: Iff is a monotone function, then for every 
point x there exist sequences {x11 ) and {y11 ) such that x11 ,!. x, J 11 t x and with f 
continuous at each Xn and J11 • 

Recall that if a function f: IR ~ IR is increasing and left continuous (i.e., 
satisfying lim1tx f(t) = f(x) for each x), then a set function J.L J can be defined on 
the semiring S ={[a, b): a~ b) by J.LJ([a, b))= f(b)- f(a). In Example 13.6 
we verified that J.L f is indeed a measure. Clearly, every Borel set is J.L rmeasurable; 
therefore, the outer measure J.L j restricted to B is a Borel measure. For simplicity, 
the restriction of J.L j to B will be denoted by J.L 1 again, and it will be called the 
Borel measure induced by f. It is a routine matter to verify that J.LJ((a, b))= 
f(b)- f(a+) holds for each open interval (a, b). On the other hand, for a < b, 
the relation 

f(b)- f(a) = J.Lt([a, b))= J.LJ({a}) + J.LJ((a, b)) 

shows that f is continuous at some a E IR if and only if J.L 1 ({a}) = 0 holds. 
The first "differentiation" relation between f and J.L 1 is stated in the next impor

tant theorem. Keep in mind that the open balls of IR are precisely the finite open 
intervals. 

Theorem 39.8. Let f: IR --+ IR be an increasing Left continuous function, and 
Let xo be a real numbe1: Then the Borel measure J.L 1 is differentiable at x0 if and 
only if f is differentiable at xo. Moreover, in this case 

Proof. Assume first that f is differentiable at xo and let m = f' (x0 ). Given 
E > 0, choose 8 > 0 such that 

f(x)- f(xo) 
m-E< <m+e 

x -x0 
whenever 0 < Jx- xol < 8. 
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If an open interval (a, b) satisfies x0 E (a, b) and b - a < 8, then it is easy to see 
from(*) that m - E .5 f<h>;;_~a+l .5 m +E. This implies 

I /-LJ((a, b))- ml =I f(b)- f(a+)- ml < E 

A.((a, b)) b- a -

for each open interval(a, b) withxo E (a, b) andb-a < 8. Hence, Dt-Lt(Xo) = m 
holds. 

For the converse, assume that m = D 1-L 1(xo) exists in 1R. and let E > 0. Choose 
some 8 > 0 such that whenever xo E (a, b) and b- a < 8, then 

1
/-Lf((a,b)) -ml <E. 

b-a 

Let b > xo satisfy b- xo < 8. Since f has at most countably many discontinu
ities (Theorem 39.7), there exists a sequence {a,:} such that (1, < x0 , limo, =Xo; 
b-an < 8, and f is continuous at each a,. Thus, t-L tCCa11 , b))= f(b)- f(an+) = 
f(b)- f(an). and so 

I f(b)- f(an) I .:..._-:--____;;.__ - m < E 
b-a, 

for each n. By the left continuity off, it follows that 

I f(b)- f(xo) I .:..._ _ ____;;. __ - m < E 
b-x0 -

for each b > xo with b- xo < 8. This means that f is differentiable from the right 
at xo and thus, it is right continuous at xo. Reason: 

. . [ f(b)- f(xo) ] 
hm[f(b)- f(xo)] = hm · (b- xo) = m · 0 = 0. 
h~xu h~xo b - Xo 

Now, by the symmetry of the situation, we have 

l
.:...f..;...(a..;...)_-.....:f;_(;_x.:..:...o) _ m I < E 

a -xo -

for all a < xo with xo- a < 8. Thus, f'(xo) exists, and f'(xo) = m. The proof of 
the theorem is now complete. · • 

By Theorem 39.7 we know that a monotone function has at-most countably 
many discontinuities. Now, we are ready to prove that a monotone function also 
has a derivative at almost every point. 
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Theorem 39.9 (Lebesgue). Eve1y monetonefwzction is differentiable almost 
eve1ywhere. 

Proof. Let f be a monotone function. Replacing f by - f (if necessary), we 
can assume that f is increasing. Define a new function /.: IR. --+ IR. by 

fAx)= f(x-) =lim f(t) = lim f(t). 
rtx t->x+ 

Clearly, f*(x) ~ f(x) holds for all x. Moreover,/. is increasing and left continu
ous. (Indeed, for each x, there exists a sequence {x,} such that x, t x and with f 
continuous at each x,; therefore, /. (x-) = lim fAx,) = lim f (x,) = f (x-) = 
J.(x).) Also, a similar argument shows that WJ.(x) = WJ(x) = f(x+)- f(x-) 
holds for each x. In particular, this shows that f and /. have precisely the same 
points of continuity. 

Now, let t-L f. be the Borel measure induced by/ •. By Theorem 39.6, t-L f. is differ
entiable almost everywhere, and hence, by Theorem 39.8, /.is also differentiable 
almost everywhere. 

Assume that m = t:(a) exists at some point a. Then/. is continuous at a, and 
so /.(a) = f(a). Given E > 0, choose some 8 > 0 such that 

f*(x)- f(a) 
m-E < < m + E holds whenever 0 < ix- al < 8. 

x-a 

Now, fix some x with 0 < ix- al < 8, and then choose a sequence {x,} such that 
x, .j. x, 0 < lx,- al < 8, and with f continuous at each x,. It follows that 

nz-E< 
/.(x)- f(a) f(x)- f(a) f(x+)- f(a) 
~----~- < < ~----~--

x-a x-a x -a 

I. f(x,)- f(a) < + = 1m m E. 
n-+oo x,.- a -

Therefore, 

1.:..../_(-~-~ -=...:..~_(a_) - m I ~ E 

holds whenever 0 < lx - al < 8. Hence, f'(a) exists and f'(a) = t:(a) = m 
holds. That is, at every point where /. is differentiable, so is f. Therefore, f is 
differentiable almost everywhere. • 

For the rest of the section, only real-valued functions defined on a (finite) closed 
interval [a, b] will be considered. To simplify matters (when the circumstances 
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require it), a function defined on [a, b] will also be tacitly assumed defined on all 
ofJR by f(x) = f(a) if x <a and f(x) = f(b) if x >b. 

We start by reviewing some basic properties of functions of bounded variation. 
Recall that a collection of points P = {t0 , ... , t11 } is a partition of an interval 
[a, b] if a= to< t1 < · · · < t,. = b holds. 

Let f: [a, b] ~ JR be a function. Then the (total) variation V1 off over [a, b] 
is defined to be 

Vt =sup! t lf(t;)- /Ct;-I)I: P =Ito, ... , 111 } is a partition of [a, b] I· 
If V1 < oo holds, then f is said to be a function of bounded variation. 

A function of bounded variation is necessarily a bounded function. [Reason: If 
a< x < b, then 

(lf(x)l -IJ(a)l) + (lf(x)l-lf(b)l) :5 lf(x)- f(a)l + lf(b)- f(x)l :5 Vt.] 

Also, it is a routine matter to verify that if f and g are functions of bounded 
variation (on [a, b]) and a E JR, then f + g, af, Jg, and 1/1 are all functions 
of bounded variation. Thus, if B V [a, b] denotes the collection of all real-valued 
functions of bounded variation on [a, b], then the latter shows that BV[a, b] is a 
function space and an algebra of functions. 

Every monotone function f is of bounded variation, and Vt = lf(b)- f(a)l 

holds. [Indeed, iff is increasing, and a =to < t1 < · · · < tn = b, then 

n n 

I: lt<r;)- t<r;-!)l =I: ucr;)- t<ri-!)] = t(b)- t<a).] 
i=l i=l 

Therefore, every function that can be written as a difference of two monotone 
functions is of bounded variation. In actuality, these are the only types of functions 
that are of bounded variation. The following discussion will clarify the situation. 

Now, let f: [a, b] ~ JR be a function of bounded variation. Then f restricted 
to any closed subinterval [c, d] of [a, b] is of bounded variation there. As a matter 
of fact, if for any closed subinterval [c, d] of [a, b] we denote the (total) variation 
off over [c, d] by Varf(c, d), i.e., 

P = Ito, ... , t,} is a partition of [c, d] I, 
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then it is easy to verify (and the reader should do so) that 

Varf(c, d)= Varf(c, e)+ Varf(e, d). 

for all a ~ c < e < d ~ b. Therefore, we can define a new real function V1(-) 
by Vf(a) = 0 and Vt(X) =the variation off over [a, x] for a < x ::: b. Note 
that V1 (b) = V1 . The function Vt(·) is called the variation function off, and its 
basic properties are included in the next theorem. 

Theorem 39.10. For a function f: [a, b] ~ JR. of bounded variation, the 
following state_ments hold: 

1. The total variationftmction VtO off is increasing. 
2. lf(y)- f(x)l :5 Vt(Y)- Vt(x) holds for all a :5 x < y ~b. 
3. The function g: [a, b] ~ JR. defined by g(x) = Vt(x)- f(x) is increasing. 
4. The function f is continuous at some x0 E [a, b] if and only if its total 

variationfimction Vt is continuous at xo. 

Proof. (1) Assume a < x < y ::: b. If a = to < t 1 < · · · < t11 = x < y 
holds, then 

II 

L lf(t;)- f(ti-l)l + lf(y)- f(x)l :5 Vt(y). 
i=l 

Hence, Vt(X) :5 Vt(x) + lf(y)- f(x)l :5 Vt(Y) holds. 
(2) The preceding inequality immediately gives (2). 
(3) If a ::: x < y ::: b holds, then (2) implies 

f(y)- f(x) :5 lf(y)- f(x)l :5 Vt(Y)- Vt(x), 

so that g(y)- g(x) = [VJ(Y)- f(y)]- [Vf(X)- f(x)] ~ 0. 
(4) If Vt is continuous at xo, then it should be obvious from (2) that f is also 
continuous at xo. For the converse, assume that f is continuous at Xo E [a, b ]. We 
shall establish that V1 is right-continuous at x0 , and we shall leave the identical 
arguments for the left continuity of V f at x0 for the reader. 

So, assume a ::: xo < b and let E > 0. Choose some 8 > 0 such that x E [a, b] 
and lx- xol < 8 imply lf(x)- f(xo)l < E. Next, fix some xo < s < b such that 
s - x0 < 8, and then select a partition P = {a = to < t 1 < · · · < t11 = s} of [a, s] 
such that 

II 

Vt(S)- E < L lf(t;)- f(t;-r)l. 
i=l 
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By adding the point x0 to the partition P, we can assume without loss of generality 
that 

P = {a =to < t 1 < · · · < tj = x0 < tj+l < · .. < t,. = s}. 

Now, assume thatxo < x < tj+l· Then, we have 

II 

Vf(x)+Varf(x,s) = VJ(S) < Llf(t;)-f(t;-J)I+E 
i=l 

j 

S L lf(t;)- f(t;-J)I + lf(x)- f(xo)l + lf(x)- /Ctj+J)I 
i=l 

n 

+ L lf(t;)- /Ct;-J)I + E 

i=j+2 

S Vf(xo) + lf(x)- f(xo)l + Varf(x, s) + E 

< VJ(xo)+Varf(x,s)+2E. 

This implies 0 S Vf(x) - Vf(Xo) < 2E for all Xo < x < tj+h and so Vt is 
right-continuous at xo, as desired. • 

An immediate application of the preceding theorem is the following: 

Theorem 39.11. If f: [a, bJ ~ 1R is of bounded variation, then 

I. f is the difference of two increasing functions (which, in addition, can be 
taken to be continuous iff is also continuous), and 

2. f is differentiable almost everywhere. 

Proof. For (I) apply Theorem 39.10 to f(x) = Vf(x)- [Vf(X)- f(x)], and 
for (2) use Theorem 39.9. • 

Let f: [a, b] ~ 1R be an increasing function and consider it defined on all of 1R 
by f(x) = f(b) if x > band f(x) = f(a) if x <a. Then the set function 

fLJ([c, d))= f(d-)- f(c-) 

defines a measure on the semiring {[c, d): c, d E IR and c S d). Clearly, the 
measurable sets of fL f contain the Borel sets of 1R, and hence, fL I is a Borel 
measure. Also, ll f vanishes off [a, b ]. That is, Supp ll 1 s;; [a, b], and therefore, 
fL I is a finite Borel measure. 

Now, consider a function f: [a, b] ~ 1R of bounded variation. Again, f is 
considered defined on all of 1R by f(x) = f(b) if x > b and f(x) = f(a) if 



Section 39: DIFFERENTIATION AND INTEGRATION 379 

x < a. By Theorem 39.11, there exist two increasing functions g and h defined 
on [a, b] such that f = g - h on [a, b ]. Then the set function 

for each Borel subset E of JR. defines a finite Borel signed measure. It is easy to 
see (by Theorem 15.10) that the value J.L 1(£) does not depend upon the particular 
representation of f as a difference of two increasing functions. In addition, note 
that J.L 1 vanishes off [a, b] and that 

J.Lt([c, d))= f(d-)- f(c-) and J.LJ({x}) = f(x+)- f(x-). 

The finite Borel signed measure J.L 1 is referred to as the Lebesgue-Stieltjes5 

measure generated by the function of bounded variation f. 
Which Lebesgue-Stieltjes measures are absolwely continuous with respect to 

the Lebesgue measure? The answer is provided by the next theorem. 

Theorem 39.12. For a continuous function f: [a, b] ~ JR. of bounded varia
tion, the following statements are equivalent: 

1. J.L 1 is absolutely continuous with respect to the Lebesgue measure. 
2. For each E > 0, there exists some 8 > 0 such that if (a~. b1 ), ••• , (a,, b,) 

are disjoint open subintervals of [a, b] satisfying I:;'= I (b; -a;) < 8, then 
I:;'=1 1/(b;)- f(a;)l < E holds. 

Proof. (1) ===? (2) Assume (2) is false. Then there exists some E > 0 so that 
given any 8 there exist disjoint open subintervals (a~. b1), ••• , (a,, b,) of [a, b] 
such that 

II II 

~)b;- a;)< 8 and L lf(b;)- f(a;)l 2: E. 
i=l i=l 

Note that the open set CJ = U;'=1(a;, b;) satisfies A.(CJ) = I;;'=1(b;- a;)< 8 and 

II ll II 

E 5 L lf(b;)- f(a;)l = L IJ.LJ((a;, b;))l 5 L IJ.Ltl((a;, b;)) = IJ.Lti(CJ). 
i=l i=l i=l 

Thus, for each n there exists an open set CJ,. f; (a, b) such that A.( CJ,) < 2-" 
and IJ.Lti(CJ,.) 2: E. Let A= n::1 U~,. CJ;, and note that A is a Borel set. Since 

5Thomas Jan Stieltjes (1856-1894), a Dutch mathematician. He published extensively in all parts 
of analysis in his time. He is remembered today mainly for his generalization of the Riemann integral. 
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it follows that A.( A)= 0. On the other hand, 

holds for each 11, and so, IJ.Lti(A) = limiJ.L f I( u~ .. 0;):::. E, contrary to IJ.L tl «A 
(recall that IJ.L f I « A. if and only if J.L f « A.). Hence, (2) must be true. 

(2) ~ (!)LetA beaBorelsetwithA.(A) = 0. WecansupposethatA f; (a, b). 
Let E > 0. Choose some 8 > 0 so that statement (2) is satisfied. 

Since ll 1 is a finite regular Borel signed measure and A.( A) = 0 holds, there 
exists an open set 0 such that A f; 0 f; (a, b), illt(O)- llJ(A)I < E, and 
A.(O) < 8. Let 0 = U(a;, b;) be written as an (at most countable) union of 
disjoint open intervals. Then, it is easy to see that 

1 .. -('"'I -I '\'"-''a· "·') 1-1 '\' r f'(h.\_ f'ta·)] I < '\' lf'b·'- ffn.\1 <"' ,... 1 v J - ~,... 1 \\ I. "I J - ~ LJ "I J J \ I I - ~ \ II J ,_, - ~. 

I I I 

Hence, ill J(A)I ~ ill J(A)- J.L f(O)i + IJ.L f(O)I < 2E holds for each E > 0. That 
is, J.L J(A) = 0, so that J.L f « A., and the proof of the theorem is complete. • 

Statement (2) of the preceding theorem is taken as the definition of absolute 
continuity of functions. 

Definition 39.13. A function f: [a, b] -+ JR. is said to be absolutely contin
uous if for every E > 0 there exists some 8 > 0 such that whenever (a1, b1 ), ..• , 

(a,., b,.) are disjoint open subinten•als of [a, b], then 

II 

L(b;- a;)< 8 implies 
i=I 

II 

L lf(b;)- f(a;)l <E. 
i=l 

It should be clear that an absolutely continuous function is necessarily contin
uous. The converse is false; see Exercises 7 and 8 at the end of this section. Also, 
it is easy to verify that iff and g are absolutely continuous functions on [a, b] 
and a E IR., then f + g, af, fg, and If I are all absolutely continuous functions. 
Thus, the collection AC[a, b] of all absolutely continuous functions on [a, b] is a 
function space and an algebra of functions. 

Theorem 39.14. For an absolutely continuous function f: [a, b] -+ JR., the 
following statements hold: 

I. f is of bounded variation, and hence, AC[a, b] is a vector sublattice of 
BV[a, b]. 
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2. The variationfunction Vf(·) is absolutely continuous, and hence, f is the 
difference of two increasing absolutely continuous functions. 

Proof. (l) For any closed subinterval [c, d] of [a, b ], we denote (as usual) by 
Var1 (c, d) the total variation off over [c, d]. Keep in mind that if c < e < d, then 

Varf(c, d)= Varf(C, e)+ Varf(e, d). 

Next, choose some 8 > 0 so that the definition of absolute continuity is satisfied 
withE = I. Now, fix some natural number n with b~a < 8, and let a =to < t1 < 
· · · < t11 = b be the partition of [a, b] with t; - t; _ 1 = b~a for each i. Clearly, 
Var f (t; -I , t;) .::: 1 holds for each i, and thus, 

II 

Vf = Varf(a, h)= LVar!Ui-1· t;) .5 n < oo. 
i=l 

(2) If [c, d] is a closed subinterval of [a, b] and P = {to, t1, ... , t11 } is a partition 
of [c, d], then write v(c, d, P) = I:;'=• 1/(t;)- /U;-1)1. Note that 

V1(d)- V1(c) = Varf(c, d)= sup{v(c, d, P): P is a partition of [c, d]}. 

Now, let E > 0. Choose some 8 > 0 for which the definition of absolute 
continuity off is satisfied. Assume that (a 1, b 1 ), ... , (an, bn) are pairwise disjoint 
open subintervals of [a, b] such that I:7=1 (b; -a;) < 8. For each 1 .5 i .::: n, let P; 
be an arbitrary partition of [a;, b; ]. Each P; subdivides (a;, b;) into a finite number 
of open subintervals. Clearly, these open subintervals taken together are pairwise 
disjoint, and the sum of their lengths equals I:7=1 (b; - a;) < 8. The absolute 
continuity of f applied to the open subintervals yields 

It follows that 

II 

LWJ(b;)- VJ(a;)] .5 E, 

i=l 

so that Vf(X) is absolutely continuous. • 
The final theorem of this section is a classical result. It asserts that for the 

Lebesgue integration, the fundamental theorem of calculus holds true precisely 
for the absolutely continuous functions. (As is customary, the Lebesgue measure 
on 1R is denoted by dt.) 
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Theorem 39.15. A function f: [a, b] --+ 1R is absolutely continuous if and 
only if!' E L.1 ([a, b]) and 

f(x)- f(a) = 1x f'(t)dt 

holds for each x E [a, b]. 

Proof. Assume that f is absolutely continuous. By Theorem 39.14, we can 
suppose that f is increasing. Also, by Theorem 39.12, JLt «)...holds, and so, by 
the Radon-Nikodym theorem JLt(E) = JEgd)... holds for some g E LJ([a, b]). 
Now, combine Theorems 39.4 and 39.8 to obtain that g = f' a.e. To get the desired 
identity let E = [a, x). 

The converse is straightforward and is left as an exercise for the reader. See also 
Exercise 3 of Section 37. • 

EXERCISES 

1. If J.l. is a Borel measure on IR~, then show that J.l. ..1. A holds if and only if D JL(x) = 0 
for almost all x. 

2. Generalize Theorem 39.5 to Lebesgue measurable subsets of JR.k. That is, show that 
if E is a Lebesgue measurable subset of IR~, then almost all points of E are density 
points. 

3. Write B,(a) for the open ball with center at a E IRk and radius r. Iff is a Lebesgue 
integrable function on IR~, then a point a E IRk is called a Lebesgue point for f if 

lim A 8
1 ) { !f(x)- f(a)l dA(x) = 0. 

,__.o+ ( ,(a ) 1 B,Cal 

Show that iff is a Lebesgue integrable function on IRk, then almost all points of IRk 
are Lebesgue points. 
[HINT: Let Q be the set of all rational numbers in JR. Apply Theorem 39.4 to conclude 
that for each a E Q there exists a null set Ea such that 

lim 1 ) f 1/(t)- a! dA(t) = lf(x)- a! 
r-->0+ A(B,(x) 1 B,Cx) 

holds for all x rt Ea. Let E = UaeO Ea. and then show that every point of Ec is a 
Lebesgue point.] -

4. Let f: IR -+ IR be an increasing, left continuous function. Show directly (i.e., with
out using Theorem 38.4) that the Lebesgue-Stieltjes measure J.l. f is a regular Borel 
measure. 

5. (Fubini) Let lfn) be a sequence ofincreasing functions defined on [a, b] such that 
2:;~ 1 fn(x) = f(x) converges in IR for each x E [a, b]. Then show that f is differ
entiable almost everywhere and that J'(x) = 2:;~ 1 f~(x) holds for almost all x. 
[HINT: Replacing each fn by fn- fn(a), we can assume that fn ~ 0 holds for each 
11. Let Sn = !1 + · · · + f,,, and note that each Sn is increasing and sn(x) t f(x) for 
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each x. By Theorem 39.9, f and all the f,, and s11 are differentiable almost every
where. Since sn+l - s11 = /,1+1 (an increasing function), s;,+l (x) ::: s;,(x) must hold 
for almost all x; similarly, f' (x) ::: s;, (x) for almost all x. Now, choose a subsequence 
{sk.,) of {s"} such that 2:::~ 1 [f(x)- Sk.,(x)] ~I:::"= I [/(b)- sk.(b)] < oo. Observe 
that {f - Sf...} is a sequence of increasing functions. Use the preceding arguments to 
obtain that sf. ~ f' a.e., and then conclude that I:::"= I t,; = f' a.e. holds.] 

6. Suppose {f,,} is a sequence of increasing functions on [a, b] and that f is an increasing 
function on [a, b] such that J.l. f,, t J.l. f. Establish that f' (x) = lim t,; (x) holds for 
almost all x. 

7. This exercise presents some basic properties of functions of bounded variation on an 
interval [a, b]. 

a. Iff is differentiable at every point and lf'(x)l ~ M < oo holds for all x E [a, b], 
then show that f is absolutely continuous (and hence, of bounded variation). 

b. Show that the function f: [0, 1] ~JR. defined by /(0) = 0 and f(x) = x2 cos(x-2) 

for 0 < x ~ 1 is differentiable at each x, but not of bounded variation (and hence, 
f is continuous but not absolutely continuous). 

c. If f is a function of bounded variation and lf(x)l ::: M > 0 holds for each 
x E [a, b ], then show that J is a function of bounded variation. 

d. If a function f: [a, b] ~ JR. satisfies a Lipschitz condition (i.e., if there exists a 
constant ,'y[ > 0 such that lf(x)- f(y)l ~ Mix - yl holds for all x, y E [a, b]), 
then show that f is absolutely continuous. 

8. This exercise presents an example of a continuous increasing function (and hence, of 
bounded variation) that is not absolutely continuous. 

Consider the Cantor set C as constructed in Example 6.15. Recall that C was 
obtained from [0, 1] by removing certain open intervals by steps. In the first step 
we removed the open middle third interval. At the nth step there were 211 - 1 closed 
intervals, all of the same length, and we removed the open middle third interval from 
each one of them. Let us denote by I!', ... , ~~~·-• (counted from left to right) the 
removed open intervals at the nth step. Now, define the function f: [0, 1] ~ [0, 1] as 
follows: 

i. /(0) = 0; 
ii. ifx E 1p for some 1 ~ i ~ 2"- 1, then f(x) = (2i -1)/2"; and 

iii. if x E C with x # 0, then f(x) = sup{f(t): t < x and t E [0, 1] \C). 

Part of the graph of f is shown in Figure 7 .1. 

a. Show that f is an increasing continuous function from [0, 1] to [0, 1]. 
b. Show that f' (x) = 0 for almost all x. 
c. Show that f is not absolutely continuous. 
d. Show that J.1. f .l .1.. holds. 

9. Let f: [a, b] ~ JR. be an absolutely continuous function. Then show that f is a 
constant function if and only iff' (x) = 0 holds for almost all x. 

10. Let f and g be two left continuous functions (on JR.). Show that J.l. f = J.l..~ holds if 
and only if f - g is a constant function. 
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11. This exercise presents another characterization of the norm dual of C [a, b ]. Start by 
letting L denote the collection of all functions of bounded variation on [a, b] that are 
left continuous and vanish at a. 

a. Show that L under the usual algebraic operations is a vector space, and that 
f ~ J.l.J, from L to Mb([a, b]), is linear, one-to-one, and onto. 

b. Define f :: g to mean that f - g is an increasing function. (Note that f :;:: g does 
not imply f ::g.) Show that Lunder:: is a partially ordered vector space such 
that f :: g holds in L if and only if J.l. f :;:: J.l-11 in Mb([a. b ]). 

c. Establish that L with the norm 11/11 = V111 is a Banach lattice. 
d. Show, with an appropriate interpretation, that C*[a, b)= L. 

12. If f:[a,b]--+ lR is an increasing function, then show that J' E Lh([a,b]) and 
that J: J'(x)dx ~ f(b)- f(a) holds. Give an example for which fa J'(x)dx < 
/(b)- f(a) holds. 
[HINT: Letg,(x) = n[f(x+ ~ )- /(x)] for each n andx E [a. b). Note thatg, --+ !' 
a.e. holds. Now, apply Fatou's lemma to the sequence (g,).] 

13. Iff: [a, b)--+ lR is an absolutely continuous function, then show that 

holds. 
14. For a continuously differentiable function f: [a, b) --+ JR., establish the following 

properties: 

a. The signed measure J.l. f is absolutely continuous with respect to the Lebesgue 
measure and d J.l. f I d 'A = !' a. e. 
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b. If g: [a, b)~ lR is Riemann integrable, then gf' is also Riemann integrable and 

JgdJ.LJ = lb g(x)J'(x)dx. 

15. For each n, consider the increasing continuous function J,,: lR ~ lR defined by 

f,,(x) ~ (•(x -:I)+ I if X> 0, 
if I_!< X< I 

II ' 

if r <I- 1 . • - II 

Iff: lR ~ lR is a continuous function, then show that 

a. f is J1. f., -integrable for each 11, and 
b. limffdJ.LJ,, = /(1). 

16. Let f: lR ~ lR be a bounded function and let 

E = (x E lR: /'(x) exists in IR}. 

If A.(£) = 0, then show that A.(/(£)) = 0. 
17. This exercise presents an example of a continuous function f: lR ~ lR which is 

nowhere differentiable. Consider the function cp: [0, 2] ~ lR defined by cp(x) = x if 
0 ::: x ::: I and cp(x) = 2 - x if I < x ::: 2. Extend cp to all of lR (periodically) so that 
cp(x) = ¢(x + 2) holds for all x E lR. Now define the function f: lR ~ lR by 

00 (3)" /(x) = L 4 cp(4"x). 
11=0 

Show that f is a continuous nowhere differentiable function. (Compare this conclusion 
with Exercise 28 of Section 9.) 

40. THE CHANGE OF VARIABLES FORMULA 

The objective of this section is to establish the familiar formula known as the 
"change of variables formula." To do this, we need some preliminary discussion. 
For the rest of the section, V and W will be two fixed open sets of some Euclidean 
space JR.k. Also, II· II will always denote the Euclidean norm on JR.k. 

We remind the reader about the representation of a linear mapping on JR.k by a 
matrix. LetT: JR.k --+ JR.k be a linear mapping, and let { e1, ••• , ek} be the standard 
basis of JR.k (that is, the ith coordinate of e j is 1 if i = j and 0 if i =1= j). 
For each j, there exist constants alj, ... , akj (uniquely determined) suoh that 

"\'k . T(ej) = L...i=l aije;. If we define the matnx 

["" 
a12 

""] a21 a22 a2k 
A= . ' 

a~, ak2 Gkk 
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then 

T(x) =Ax 

holds for each x E IRk. The matrix A is called the matrix representation of the 
linear mapping T (with respect to the standard basis). Conversely, any k x k matrix 
A = [aij] defines a linear operator T: IRk --+ IRk by the formula T(x) =Ax for 
each x E IRk. Also, it is easy to see that if M = k ·max{laijl: i, j = I, ... , k}, then 
II Ax II :::; M llx II holds so that each matrix defines a continuous linear operator. The 
determinant ofT is simply the determinant of the matrix A; that is, det T = det A. 

A function T: V --+ IRk is said to be differentiable at some point a of (the open 
set) V if there exists a linear operator A: IRk--+ IRk and some r > 0 such that 

T(x) = T(a) + A(x -a)+ o(x- a) 

holds for all x E V with llx -a II < r. Here (as usual) o(x -a) is a function from 
V to IRJ. such that 

I. o(x- a) 0 
liD = . 

x-+a llx- all 

The linear operator A is denoted by T '(a) and is called the derivative ofT at the 
point a. It should be clear that if T is differentiable at a, then T must be continuous 
at a. 

A function T: V --+ IRk is said to be differentiable if T' (x) exists at each point 
x E V. Moreover, if T = (T1, •.. , T,) is differentiable, then it follows that each 
partial derivative 

aT· . T(x +he;)- T·(x) 
- 1 (x) = hm 1 1 
ax; /z-..0 h 

exists at every point x E V. In addition, the matrix representation of T'(x) is 

[

lli(x) 
ox1 

aT, (x) 
ax1 

aT1 (x)] ax, 

. . 

aT, (x) ax, 

This matrix is called the Jacobiart6 matrix, and its determinant is called the 
Jacobian. The Jacobian determinant is denoted by h(x); that is, h(x) = 
detT'(x) = det[(aT;jaxj)(x)]. 

6Carl Gustav Jacob Jacobi (1804-1851), a Gennan mathematician. He was a prolific writer who 
contributed to many diverse mathematical disciplines-including number theory, mathematical physics, 
mechanics, and the history of mathematics. 
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A function T: V ~ IRI. is said to be C 1.-differentiable if T is differentiable 
and all of its partial derivatives are continuous functions on V. Observe that if T 
is C 1-differentiable, then the Jacobian hO is a continuous real valued function 
on V. 

It is important to know that C 1 -differentiable mappings carry null sets onto null 
sets. The details follow. 

Lemma 40.1. Let V ~ IRI. be open and letT: V ~ JR. I. be a C 1-differentiable 
function. If A ~ V satisfies A.(A) = 0, then A.(T(A)) = 0 also holds. 

Proof. Assume first that there exists some M > 0 such that I(8T;/8xj)(x)l .::: 
M holds for each x E V and i, j = I, ... , k. Let C = k M + I. If a E V, then 
by the differentiability ofT there exists some open ball Ba ~ V with center at a 
such that 

IIT(x)- T(a)ll < kMIIx- all+ llx- all= Cllx- all 

holds for each x E Ba. 
Let E > 0. Choose an open set 0 with A ~ 0 ~ V and A.(O) < E, and 

then select a sequence {K,} of compact sets such that 0 = U:1 K,. Since T is 
continuous, each T(K,) is compact, and the identity T(O) = U:1 T(K,) shows 
that T(O) is a Borel set. 

Now, let K be an arbitrary compact subset of T(O). For each y E K fix some 
z E 0 withy = T(z). By the above, there exists an open ball By ~ 0 with center 
at z such that 

IIT(x)- Yll < Cllx- zll 

holds for each x E By. Let B; be the open ball with center at y, and radius C times 
that of B.v; clearly, T(By) ~· B;. Since K is compact, there exist y1, ... , y, E K 
such that K ~ U;'=1 B;,. 

By Lemma 39.2, there exist pairwise disjoint balls Bj, ... , B,;, among the 
B;,, ... , B; .. such that 

( 
11 ) m m 

A. ~ B.~. _::: 3k f; A.(Bj) = (3C)k f; A.(B j ). 

Note that the corresponding B1, ••• , Bm are necessarily pairwise disjoint open 
balls. Therefore, 

A.(K).::: A(0B.:.) _:::(3C)ktA.(Bj)=(3C)kA.(OBj) 
1=1 j=l J=l 

_::: (3C)kA.(O) < (3C)I.E 
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holds for each compact subset K ofT ( 0). Since T ( 0) is a Borel set, the regularity 
of A. implies A.(T(O)) ~ (3C)kE, and hence, A.(T(A)) ~ A.(T(O)) ~ (3CiE for 
each E > 0. That is, A.(T(A)) = 0. 

For the general case, let B1, B2, ... be an enumeration of the open balls with 
"rational" centers and rational radii whose closures lie entirely in V. Clearly, V = 
U:1 B,.. Since each B,. is compact and T isC 1-differentiable, it follows easily that 
T: B,. --+ 1R.k satisfies the hypotheses of the preceding case. Thus, A.(T(AnB,.)) = 0 
holds for each II, and consequently, we have A.(T(A)) =A.( u:l T(A n B,.)) = 0, 
~~~ . 

The notion of a diffeomorphism plays an important role for this section. Its 
definition follows. 

Definition 40.2. Let V and W be Mo open sets of1R.~. A function T: V --+ W 
is said to be a diffeomorphism if 
a. T is one-to-one and onto, 
b. T is C 1 -differelltiable, 
c. h(x)::j:Oholdsforallx E V,and 
d. Tis a homeom01phism (from V ollto W). 

We remark that (a), (b), and (c) are enough to ensure that T is an open map
ping and thus, a homeomorphism. However, property (d) has been added to the 
definition of a diffeomorphism in order to emphasize its importance. Also, it 
should be noted that the inverse mapping T -I: W --+ V is necessarily a diffeo
morphism. For details about this and other properties of differentiable functions 
see [2]. 

The next theorem tells us that a diffeomorphism preserves the Borel and the 
Lebesgue measurable sets. 

Theorem 40.3. LetT: V --+ W be a diffeom01plzism betv.>een Mo open sub
sets of JR.~, and let E be a subset of V. Then: 

a. T(E) is a Borel set if and only if E is a Borel set. 
b. T(E) is Lebesgue measurable if and only if E is Lebesgue measurable. 

Proof. (a) Let Bv and Bw denote the Borel sets of V and W, respectively. 
Clearly, T(Bv) = {T(E): E E Bv} is a a-algebra of subsets of W containing 
the open sets of W; hence, Bw £;; T(Bv ). By the symmetry of the situation, 
Bv £;; T- 1(Bw) holds, and from this·we get T(Bv) = Bw. The conclusion now 
follows e~ily from the l~t identity. 

(b) Let E be Lebesgue measurable. We can suppose A.(E) < oo (why?). Choose a 
Borel set B withE s;; B f V and A.(B \ E) = 0. By Lemma 40.1, ).(T (B \E))= 0, 
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so that T(B \E) is Lebesgue measurable. ~ow from (a) the set T(B) is a Borel 
set, and hence, the relation 

T(E) = T(B) \ T(B \E) 

shows that T(E) is Lebesgue measurable. The converse should be obvious from 
the symmetry of the situation. • 

Now, assume that T: V ~ W is a diffeomorphism. From the preceding theorem 
it is easy to see that the set function 

!-L(E) = A(T (E)) 

defined for each Lebesgue measurable subset E of V is a measure. On the other 
hand, it follows from Lemma 40.1 that 1-L « A holds. The proof of the "change of 
variables formula" rests upon the fact that the Radon-Nikodym derivative d!-L/dA 
satisfies (d!-L/dA)(x) = lh(x)l for each x E V. 

To establish this identity, we need to know how a linear operator alters the 
volume of the unit cube of JR.k. 

Lemma 40.4. If A: JR.k ~ JR.k is a linear operator (which we identify with a 
matrix), then 

A(A(E)) = I det A I · A(E) 

holds for all Lebesgue measurable subsets E ofJR.k. 

Proof. If A is not invertible, then A maps JR.k onto a linear subspace of! ower di
mension, and hence, onto a set of measure zero (why?). Hence, A(A(E)) = ldet AI· 
A(E) = 0 holds trivially. 

Now, assume that A is invertible; clearly, A is a diffeomorphism. Let /-L(E) = 
A(A(E)) for each Borel set E. Then 1-L is a Borel measure, and by Theorem 15.10 it 
is enough to establish 1-L = ldet A I· A on the Borel sets. Start by observing that 1-L is a 
translation invariant Borel measure on JR.k, and hence, by Lemma 18.7, there exists 
a constant C such that 1-L = C A holds. In particular, if U = [0, 1] x · · · x [0, 1], 
then C = /-L(U). To complete the proof, we must show that C = ldet AI. 

To this end, note first that if A = A 1 o A2 and C, C 1, and C2 are the constants 
associated with A, At. and A2, respectively, then 
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If we denote the matrix representing A by A again, then the matrix A can be 
written as a product of matrices A = A 1 A2 ···A,, where each A; is either 

1. a matrix obtained from the (k x k) identity matrix by multiplying one of its 
rows by a nonzero constant, 

2. a matrix obtained from the identity matrix by interchanging two of its rows, 
or 

3. a matrix obtained from the identity matrix by adding to one of its rows a 
nonzero multiple of some other row of the identity. 

(The three types of matrices described previously are known as elementary ma
trices.) Thus, since C =C1C2 · · · C, [where C; =A.(A;(U))] and detA = detA1 · 
det A2 • • • det A,, in order to complete the proof it suffices to verify the formula 
for the above three types of matrices. 

Type 1. Without Joss of generality we can assume that the matrix A is obtained 
from the identity matrix by multiplying its first ro\1! by a nonzero number a~ Note 
that det A = Ia!. Here U is mapped onto [0, a] x [0, 1] x .. · x [0, 1] if a > 0 and 
[a, 0] x [0, 1] x .. · x [0, 1] if a < 0. In either case, C = A.(A(U)) = Ia I= ldet A 1. 

Type 2. In this case, det A = -1. It is easy to see that U is mapped under A 
onto U. Hence, C = A.(A(U)) = A.(U) = 1 = ldetAI. 

Type 3. It is easy to see that this case is reduced to the matrix A obtained from 
the identity matrix by adding to its first row the second one. Clearly, det A = I. 

Now, observe that if x = (Xt, x2, ••. , xk), then Ax =(xi + x2, X2, X3, ••• , xk). 
In particular, when k = 2 the unit square in lR? is mapped under A onto the 
parallelogram P as shown in Figure 7 .2. Obviously, A.(P) = 1. On the other hand, 
if we consider the Lebesgue measure on JR.k (where k > 2) as the product measure 
of the Lebesgue measure on lR2 and the Lebesgue measure on lR.k-2, then U is 
mapped under A onto the set P x U 1, where U 1 is the (k - 2)-dimensional unit 
cube. By Theorem 26.2, A.(A(U)) = A.(P) · A.(U1) = 1 = ldetAI, and the proof of 
the lemma is complete. • 

xz 

'. 
Q 

0 0 

FIGURE 7.2. The Transformation of the Unit Square 



Section 40: THE CHANGE OF VARIABLES FORMULA 391 

Now, we are in the position to establish the identity diJ./dA. = lh 1. 

Theorem 40.5. Let T: V --+ W be a diffeomorphism between two open sub
sets of IRk. If ~J.(E) = A.(T (E)) for each Borel set E of V, then iJ. is a Borel 
measure on V whose derivative satisfies 

DiJ.(x) = lh(x)l 

for all x E V. 

Proof. Let a E V. Replacing T by S(x) = T(a + x)- T(a), we can assume 
without loss of generality that a = 0 and T(O) = 0. We shall prove first the result 
for the case when the Jacobian matrix equals the k x k identity matrix I, and so 
h(O) = 1. 

LetE > 0. Fix 0 < ex < ~ such that 1 - E < (l - 2cx)k < (l + 2cx)k < 1 + E, 

and then select some 8 > 0 so that 

IIT(x)- xll < cxllxll 

holds for each x E V with llxll < 8. (Since T(x) = T'(x)x + o(x) = x + o(x) 
such a 8 > 0 always exists.) 

Now, let B ~ V be an open ball containing zero with center at xo and radius 
r < ~·Let B 1 and B2 be the open balls both with center at xo and radii (1 - 2cx)r 
and (1 + 2cx)r, respectively. We claim that 

Indeed, note first that if x E B, then llx II ~ llx - xo II + llxo II < 2r < 8, and so 

IIT(x)- xoll ~ IIT(x)- xll + llx- xoll < cxllxll + r < (1 + 2cx)r 

for each x E B, which shows that T(B) ~ B2. Now, write 

B1 = [B1 n T(B)] U [B1 \ T(B)], 

and note that the two sets of the union are disjoint. Since T is a diffeomorphism, 
T(B) is an open set, and hence, B 1 n T(B) is also open. Since 

IIT(xo)- xoll < cxllxoll < 2cxr < (1 - 2cx)r, 

it follows that T(xo) E B1 n T(B), and so B1 n T(B) 1= (/).Also, if llx- xoll = r 
holds, then llx II < 2r < 8 implies 

r = llx- xoll ~ llx- T(x)ll + IIT(x)- xoll < 2cxr + IIT(x)- xoll, 
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and so IIT(x)- xoll > (1 - 2a)r. This shows that no boundary point of B is 
mapped under T into B1. In other words, B1 \ T(B) = B1 \ T(B) holds. Since 
T is continuous, T(B) is compact, and hence, B1 \ T(B) is also an open set. But 
then, it follows that B1 \ T(B) = 0 (see Exercise 1 at the end of this section), and 
so, B1 = B1 n T(B) ~ T(B) holds. 

Now, if cis the Lebesgue measure of the open ball with center at zero and radius 
one, then 

(1- E)A.(B) = c(l- E)rk < c(l- 2a)krk = A.(B1),::: A.(T(B)) 

= JL(B) .::: A.(B2) = c(l + 2a)krk 

< (1 + E)crk = (1 + E)A.(B). 

Thus, 1 - E < JL(B)/A.(B) < 1 + E holds for all open balls B ~ V containing 
zero and having radius less than o /2. That is, D JL(O) = I holds. 

For the general case, let A be the Jacobian matrix at zero. Since det A = 1r (0) =I= 
0, the matrix A is invertible. Then S(x) = A -I (T (x)) defines a diffeomorphism 
between V and A -I (W) whose Jacobian matrix at zero equals I. By the preceding 
case, it follows that the Borel measure v(E) = A.(S(E)) satisfies Dv(O) = 1. Now, 
by Lemma 40.4, we have 

v(E)= ldetA- 11· A.(T(E))= ldetAI-1 • JL(E). 

This implies DJL(O) = ldet AI = lfr(O)I and the proof is finished. • 
A particular case of the "change of variables fonnula" is stated next. 

Theorem 40.6. LetT: V --+ W be a diffeomorphism betv.>een two open sub
sets of JR.k such that A.(W) < oo. Then for each Lebesgue measurable subset E 
ofV we have 

A.(T(E)) = lllrldA.. 

Proof. Let JL(E) = A.(T(E)) for each Lebesgue measurable subset E of V. 
Then, by Lemma 40.1, JL « A. holds, and hence, by the Radon-Nikodym theorem 
JL(E) = JE(dJLfdA.)dA. holds for each Lebesgue measurable set E. Now, com
bine Theorem 39.4 and the preceding theorem to obtain dJ.J.fdA. = DJ.J. = lfrl. 
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Therefore, 

)..(T(E)) = llhl d)... 

holds for each Lebesgue measurable subset E of V. • 
We now come to the main result of this section. 

Theorem 40.7 (The Change of Variables Formula). LetT: V ---+ W be a 
diffeomorphism between two open sets of lR.k. Then for every function f E 

L 1 (W), the function (f o T) · lh I belongs to L 1 (V) and 

£fdA= i(foT)·Ihld).. 

holds. 

Proof. Assume first that )..(W) < oo. Let f = X£, where E is a Lebesgue 
measurable subset of W. By Theorem 40.6, we have 

{ f d).. = )..(£) = )..(T(T-1(E))) = { I hi d).. 
lw JT- 1(£) 

= fvcxEoT)·IhldA= fv(foT)·IhldA. 

Thus, the conclusion is valid for characteristic functions of Lebesgue measurable 
subsets of W. It follows that the formula is true for step functions, and then by a 
simple continuity argument for each f E L 1 (W). 

Now, if )..(W) = oo, then let W, = (x E W: llxll < n} and V11 = T- 1(W11 ). 

Clearly, )..( W,) < oo for each n, and so, if 0 :::: f E L 1 (W), then by the preceding 
case (and Levi's Theorem 22.8) 

{ f d)..= lim { f d)..= lim { (f o T) · lhl d)..= { (f o T) · lhl d).., Jw n-+oo Jlv,, n-+oo Jv, Jv 
and the conclusion follows. • 

The formula appearing in the preceding theorem is referred to as the change of 
variables formula and is commonly written as follows: 

{ f(y)dy = { f(T(x)) · lfr(x)l dx. 
jT(V) lv 
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The following version of Theorem 40.7 is most often used in applications, and 
its proof follows immediately from the preceding theorem. 

Theorem 40.8. LetT: A ~ B be a a mapping between two Lebesgue mea
surable subsets of 1R.k. Assume that there exist two open sets V ~ A and 
W ~ B suchthatT(V) = W, T: V ~ W is a diffeomorphism, and A.(A \ V) = 
A.(B \ W) = 0. Then for each f E L 1 (B), the function (f o T) · lh I (defined 
a.e. on A) belongs to L 1(A) and 

lfdA.= /}foT)·IhldA. 

holds. 

EXERCiSES 

1. Show that an open ball in a Banach space is a connected set. That is, show that if B is 
an open ball in a Banach space such that B = 01 U 02 holds with both 01 and 02 
open and disjoint, then either 01 = 0 or 02 = 0. 
[IDNT: If a e 01 and b e 02, then let a = inf[t e [0, 1]: ta + (1 - t)b e 01 }, and 
note that c = aa + (1 - a)b e B. To obtain a contradiction, show that c ¢ 01 and 
c ¢ 02.] 

2. LetT: V -+ lRk be C 1-differentiable. Show that the mapping x ~--+ T'(x) from V into 
L(lR.k, lRk) is a continuous function. 

3. Show that the Lebesgue measure on lR2 is "rotation" invariant. 
4. (Polar Coordinates) Let E = [{r, 9) e lR2: r ~ 0 and 0::; 9::; 2rr}. The transfor

mation T: E-+ lR2 defined by T(r, 9) = (r cos9, r sin9), or as it is usually written 

x = r cos 9 and y = r sin 9, 

is called the polar coordinate transformation on lR2, shown graphically in Figure 7.3. 

a. Show that A.(E \ £ 0 ) = 0. 
b. If A = {(x, 0): x ~ 0}, then show that A is a closed subset of lR2 whose (two

dimensional) Lebesgue measure is zero. 
c. Show that T: E0 -+ JR2 \A is a diffeomorphism whose Jacobian determinant 

satisfies lT(r, 9) = r for each {r, 9) e £ 0 • 

d. Show thatifG is aLebesguemeasurablesubsetof E withA.(G \ G0 ) = 0, then T(G) 
is a Lebesgue measurable subset of lR.2. Moreover, show that iff e LJ(T(G)), 
then 

r fdA. = f. r f(r cos 9, r sin 9)r dr d9 
jT(G) Ja 

holds. 
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9 y 

21r 
y 

r r 

FIGURE 7.3. The Polar Coordinate Transfonnation 

5. This exercise uses polar coordinates (introduced in the preceding exercise) to present 
an alternate proof of Euler's formula J000 e-x2 dx = .,f7r /2. 

a. For each r > 0, let C,. = ((x, y) E IR.Z: x 2 + y2 ::: r 2 , x ::: 0, y ::: 0} and 
S,. = [0, r] X [0, r]. Show that c,. ~ S,. ~ c,...j'i· 

b. If f(x, y) = e-<x2+Y\ then show that 

1 f d).. ::: { f d).. ::: 1 f d).., 
C, is, C,.n 

where ).. is the two-dimensional Lebesgue measure. 
c. Use the change of variables to polar coordinates and Fubini 's theorem to show that 

k/ d)..= fort fo' e-12 tdtde =~(I- e-'} 
d. Use (b) to establish that 

and then let r --+ oo to obtain the desired formula. 

6. In IR.4 , "double" polar coordinates are defined by 

X = r COS e, y = /" sine, Z = p COS cp, W = p sin cp. 

State the change of variables formula for this transformation, and use it to show that 
the "volume" of the open ball in IR4 with center at zero and radius a is !.rr2a 4 . 

7. (Cylindrical Coordinates) Let E = ((r, e, z) e IR.3: r ::: 0, 0 :::; e :::; 2.rr, z e IR}. 
The transformation T: E --+ IR.3 defined by T(r, e, z) = (r cos e, r sine, z) or as it is 
usually written 

x = r cose, y = r sine, z = z, 
is called the cylindrical coordinate transformation, shown graphically in Figure 7 .4. 
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(r, 0, z) 

r 
! 211" 

z 

(x, y, z) 

(} 

FIGURE 7.4. The Cylindrical Coordinate Transformation 

a. Show that J...(E \ £ 0 } = 0. 

y 

b. If A= {(x, 0, z) e JR3: x 2: 0, z e JR.}, then show that A is a closed subset ofJR3 

whose (three-dimensional) Lebesgue measure is zero. 
c. Show that T: E0 --+ JR3 \A is a diffeomorphism whose Jacobian determinant 

satisfies h(r, 9, z) = r for each (r, 9, z) e £ 0 • 

d. ShowthatifG isaLebesguemeasurablesubsetof E with'J...(G \ G0 } = O,then T(G) 
is a Lebesgue measurable subset of JR3• Moreover, show that iff e L 1 (T(G)}, 
then 

f fd'J...=Jjf f(rcos9,rsin9,z)rdrd9dz 
JT(Gl la 

holds. 

8. (Spherical Coordinates) Let 

E = {(r, 9, ¢) e JR3: r 2:0, 0 ;E. 9 ;E. 2rr, 0 ;E.¢ ;E. rr}. 

The transformation T: E --+ JR3 defined by 

T(r, 9, ¢) = (r cos 9 sin¢, r sin 9 sin¢, r cos¢), 

or as it is usual! y written 

x=rcos9sin¢, y=rsin9sin¢, z=rcos¢, 

is called the spherical coordinate transformation, shown graphically in Figure 7.5. 

a. Show that J...(E \ £ 0 } = 0. 
b. If A = {(x, 0, z): x 2: 0 and z e JR.}, then show that A is a closed subset of JR3 

whose (three-dimensional) Lebesgue measure is zero. 
c. Show that T: E0 --+ JR3 \A is a diffeomorphism whose Jacobian determinant 

satisfies h(r, 9, ¢) = -r2 sin¢. 
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z 

(x, y, z) 

(} y 

FIGURE 7.5. The Spherical Coordinate Transformation 

d. Show that if G is a Lebesgue measurable subset of E with .I..(G \ G0 } = 0, then 
T(G) is a measurablesubsetofJR3. In addition, show that iff E L1(T(G}), then 

r f d.l.. = !!1 f(r cos9sin¢, r sin9 sin¢, r cos¢)r2 sin¢drd9dcp 
}T(G) G 

holds. 
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